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In the previous articles of this series, dealing with the inter 
action between a number of molecules and the electromagnetic 
field in a resonant cavity, both the molecules and the field were 
treated by perturbation theory. The perturbation restriction on 
the field is removed in the present article, allowing large changes 
in the field, but the molecules are still assumed to undergo a small 
change during the time under consideration. The justification for 
this type of analysis, involving the generalization of the conven- 
tional concepts of induced and spontaneous emission, the applica 
bility to a molecular amplifier during the buildup period, and the 
re-examination of a calculation by Serber and Townes concerning 
the fundamental limits of molecular amplification, is discussed. | 

Two different molecular distributions are considered. In one 
(the resonant case) all molecules have the same frequency as the 
cavity, and in the other (the nonresonant case) there is a uniform 
frequency distribution. The molecules are assumed to be initially 
in an emissive state. Several types of driving fields are considered: 
Expressions are obtained for the field operators by the solution of 
a Volterra integral equation, and expectation values are obtained 
for the field strength and field energy 


INTRODUCTION 


N the first three articles of the present series,' the 

interaction between a number of two-level atomic 
systems, referred to as molecules, and the electromag- 
netic field in a resonant cavity was analyzed by means 
of perturbation theory. The results were therefore 
correct only as long as both the molecules and the field 
underwent small changes in the course of time. In the 
present article we remove the perturbation-theory re- 
striction on the field; that is, we analyze the problem 
in such a manner that the results are valid for large 
changes in the field. The perturbation restriction on the 
molecules is retained, however; they are assumed to 
undergo only slight changes during the time under 
consideration. 

There is justification for undertaking an analysis of 
this type. From a practical viewpoint, the experimental 
situation in a molecular amplifier can be such that the 


1T. R. Senitzky, Phys. Rev. 111, 3 (1958); 115, 227 (1959); 


119, 1807 


respectively. 


(1960), hereafter referred to as I, II, and III, 


In the resonant case, both the coherent and incoherent fields 
increase exponentially after a sufficiently long time, no matter 
how small the initial gain is. Their ratio becomes constant and is 
equal to the number of photons in the driving field only in the 
absence of dissipation. An interesting related result is the fact 
that the signal-to-noise ratio for constant signal input power in- 
creases as the cavity dissipation increases. An estimate of the 
total time for which the theory is valid is obtained from a con- 
sideration of the energy emitted by the molecules. Contact is 
made with perturbation theory for ‘sufficiently small gain and 
short time 

In the nonresonant case the effect of the molecules is shown to 
be that of a negative dissipation. In contrast to the resonant 
case, the gain becomes exponential only if the negative dissipation 
exceeds, in absolute value, the true dissipation. The ratio of in- 
duced to spontaneous emission is, in this case also, equal to the 
number of photons in the driving field only in the absence of dis- 
sipation. However, the signal-to-noise ratio for constant input 
power drops with increasing cavity dissipation 


molecules undergo only a small perturbation while the 
field is amplified manyfold; this is so when the initial 
signal is very weak, and the number of molecules is 
sufficiently large so that adequate output may be ob- 
tained with little emission per molecule. Also, there 
may be either a replacement of molecules before their 
characteristics are changed significantly or a restoration 
of the molecules to their initial state by some other 
method. It should be made clear, however, that the 
present article is not a complete analysis of a molecular 
amplifier. Thus, the amplifier achieves a steady-state 
condition after a buildup period; our theory does not 
apply to the steady-state conditions (which will be 
discussed in later work), but does apply to the buildup 
period when the only interaction taking place is that 
between a given group of molecules and the field.2 From 
a theoretical viewpoint, it is interesting to note that the 
situation considered is the most general one in which a 
clear-cut differentiation may be made between induced 


2 Restoration of the molecules to their initial states is not part 
of this interaction. 
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and spontaneous emission. As soon as higher order 
perturbation effects significantly alter the state of the 
molecules, it is no longer possible to separate induced 
and spontaneous emission, since one affects the other 
through the reaction on the molecules.’ The conven- 
tional textbook definition of induced and spontaneous 
emission refers to the lowest order effects with respect 
to both the molecules and the field. In the case, how- 
ever, where the space into which the molecules radiate 
is enclosed by conducting walls and the field can build 
up, it is useful to introduce a more general definition, 
which will present itself in the course of the analysis. 
There is a further reason that makes the present dis- 
cussion interesting from a theoretical viewpoint. The 
situation being considered (small molecular change but 
possibly large field change) is the same as that con- 
sidered by Serber and Townes‘ in a treatment of funda- 
mental limits of molecular amplifiers, except for the 
fact that they do not consider cavity losses. It turns 
out that when losses are taken into account, the results 
obtained are different from theirs. 

The notation and some of the preliminary aspects of 
the present article are the same as those of the earlier 
articles, but will be summarized briefly for the sake of 
completeness and intelligibility. There will be, however, 
a treatment of cavity dissipation which is formally 
different from that of the preceding two articles of the 
present series. In these, a special model was used for 
the loss mechanism. Since they were written, a method 
for treating dissipation more generally has been de- 
veloped®; although the results obtained with both 
methods are identical, the general method has more 
appeal and will be used in the present analysis. 

In the previous articles of the series, the cases con- 
sidered were those in which all the molecules were in 
perfect resonance with the cavity (I and II) and also 
those in which there was a prescribed finite spread in 
the molecular frequencies (III). In the present article 
we will consider two extreme cases: one in which all the 
molecules have the same frequency as the cavity, and 
another in which the frequency distribution is flat in 
the neighborhood of the cavity frequency. In other 
words, we will consider the perfectly resonant and com- 
pletely nonresonant cases. As may be anticipated, the 
former will turn out to be the more interesting one. 
Part I consists of the preliminary development of the 
problem up to the point where a frequency distribution 
for the molecules is selected. Part II considers the 
resonant case, and Part III is devoted to the nonreso- 
nant case. 

PART I 

The electromagnetic field in the cavity of the single 
mode under consideration,® with angular frequency w, 
31. R. Senitzky, Phys. Rev. 121, 171 (1961). 

*R. Serber and C. H. Townes, in Quantum Electronics, edited 
by C. H. Townes (Columbia University Press, New York, 1960). 
57. R. Senitzky, Phys. Rev. 119, 670 (1960). 
* Since cavity losses are taken into account, a question might 
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is described in the usual manner by 


E=—4rcu(r)P(t), H=¥Xu(r)Q(d), (1) 


where u(r) is a normalized function describing the 
spatial dependence of the field in the cavity, and Q(¢) 
and P(t) are the quantum-mechanical field operators 
satisfying the commutator relationship [Q(¢),P(¢) ]=ih. 
Each molecule is considered to be a two-energy-level 
quantum-mechanical system coupled to the field 
through an electric dipole moment y. The energy dif- 
ference between the two levels of the mth molecule is 
hw. The representation to be used is one in which the 
energy of the free molecules is diagonal, and the analysis 
will be performed in the Heisenberg picture. 

The equations of motion may be derived from the 
Hamiltonian 


H=H;+HitAptd |. 
+42cP (Yom tm¥mtupD), (2) 


where H; is the Hamiltonian of the electromagnetic 
field, H; is the Hamiltonian of the loss mechanism, H ;; 
is the coupling term of field to loss mechanism, H,, is 
the Hamiltonian of the mth molecule, and the last term 
describes the coupling between molecules and field and 
between driving mechanism and field. The driving 
mechanism is represented by the classically prescribed 
dipole moment, 


D(t)=d(t) sin(wi+8), (3) 


where d(t) varies much more slowly than sin(wf+8), 
but is left arbitrary at present for reasons which will be 
apparent later. The component of y, along u,, is de- 
noted by ym. Only the field Hamiltonian need be 
specified explicitly : 


Hy = 2x P?+ (w?/82) 0%. (4) 


It is shown in reference 5 that the equation of motion 


for P is 


P+8P+2P=F (t)— (w/c) (Som Un¥mt+upD), (5) 


be raised concerning the validity of a single-mode treatment. The 
justification for such a treatment depends, of course, on the 
magnitude of the losses that are being considered. The losses are 
greatest when the cavity walls absorb without reflection power 
radiated inside the cavity. Under those circumstances the cavity 
appears no different from free space to a molecule inside the 
cavity, if thermal radiation from the walls is ignored. The spon- 
taneous transition probability in free space is 4w*}*/3hc*, where 
¥ [defined by Eq. (12a)] is the absolute value of the molecular 
electric dipole moment. The expression for the spontaneous 
transition probability inside a cavity in which only a single 
mode is in resonance with—and coupled to—the molecule is 
[see Eq. (II 87)] 8xQ77/hV, where Q and V are, respectively, the 
quality factor and volume of the cavity. The ratio of cavity to 
free-space spontaneous emission is therefore 3\40/4x°V. If we 
consider the situation in which V~A*, we see that free-space 
effects become comparable to single-mode cavity effects for Q~10. 
For significantly larger values of Q, the single-mode treatment is 
justified. These larger values of Q are required by the restrictions 
explicitly imposed in the development of the theory in the present 
and preceding articles. 
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where @ is the cavity loss constant, related to the cavity 
quality factor Q, by the relationship 


B=0/Q.; 


and where F(t) is an operator expressing both the 
thermal and quantum-mechanical fluctuation prop- 
erties of the loss mechanism. This operator is defined by 


(5a) 


(F(f))=9, (6) 


hwB 
(ows) (7) 


where & indicates principle value, and 
f(T)=14+2(e*?—1)-, (8) 


T being the temperature of the cavity. If P is known, Q 
may be obtained from Eqs. (2) and (4): 


O=— (4nc?/w*)P. (9) 


The differential Eq. (5) may be recast into an in- 
tegral equation more suitable for our purposes. Assum- 
ing 8/w<1, and ignoring the frequency shift of the 
cavity due to the losses (which is a second-order cor- 
rection in 8/w), we have 


P=pptprt+?’, (10) 


where 


w t 
po=- wf dt; D(t,)e“°—™ sinw(t—t,), (10a) 


C —20 


1 t 
= f dt F (t;)e—#8*-™ sinw(t—t;), (10b) 


w 2 


@ t 
p=" f di rmltde 18(t—t1) sinw(t—t,). (10c) 
cm 0 


In transforming the differential equation to an integral 
equation, we have assumed that the loss and driving 
mechanisms have been coupled to the field from the 
time ‘= — and that the molecules have appeared in 
the cavity at time ¢=0. It is worth noting that one 
could begin the analysis with Eq. (10), in which case 
no specific mechanism need be assumed but rather a 
prescribed driving field, given by pp. 

We have two more integral equations of motion that 
are essentially equivalent to the two differential equa- 
tions of motion for ym and H,, obtainable from the 
Hamiltonian of Eq. (2): 


2CUm ' 
H,,,' J fia 
ih 0 


X {CH (41) ¥m (4) 1,P(4)}, 


H(t) 


(11) 


SPONTANEOUS EMISSION 


IN COHERENT 


4rcum ¢' t1 
¥m(t)=Y¥m")()+ fan f dl» 
2” 0 0 


bo l = (t—t1)[¥m(t1),[¥m(t2), Am (te) |P (te) J 
xO, '(t—4,), 


FIELD 


(12) 
where 


Um(r)=expl(i/h)Hm™ 7], 


ym") is the dipole moment of the free molecule given by 


0 € iwmt 
wnign( 
eremt 0 


H,,"! is the Hamiltonian of the free molecule, and the 
notation {A,B}=AB+BA is used. Equations (9)—(12) 
describe completely the behavior of the system of mole- 
cules and field and may be taken as the starting point 
of our calculation. 

We come now to the essential approximations that 
permit the solution of our problem. In view of our 
assumption that the molecules are affected only slightly 
by the interaction with the field, we replace the mo- 
lecular variables ym and H,, by ym"! and H,,"!, re- 
spectively, in the interaction term of Eq. (12). This is 
the first essential approximation. The second essential 
approximation consists of two steps: We ignore the 
commutator of P(t:) with both y,,!°! (¢;) and H,,! (t—), 
and bring it out either to the right or left of the mo- 
lecular variables; then we replace the factor containing 
the molecular variables by its expectation value. The 
physical significance of the second approximation may 
be explained [after one notes that ym(¢) will be substi- 
tuted into Eq. (10) and that our final results will be 
expectation values] by the statement that we are 
ignoring quantum-mechanical effects—or correlations 
of quantum-mechanical fluctuations—of higher order 
than the second. It should be pointed out that the 
compounding of second-order quantum-mechanical 
effects is not excluded by our approximation. These 
approximations are identical to the ones used in 
reference 5 in analyzing the interaction between a 
conservative system and a dissipation mechanism of 
large heat capacity in order to obtain a quantum- 
mechanical description of dissipation. 

Carrying out the above approximations, we obtain 
in place of Eq. (12), 


(12a) 


¥m(t)=Ym"!(t) 
Src . 
ot nn) f dl; P(t) sinw,,(t— 1), (13) 
hi 


1 0 


—1 @ 
ys 9 
0 1 


m 


where 


(13a) 


the index indicating that this operator operates only on 
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the state vector of the mth molecule, and is the unit 
operator for the others. Substituting from Eq. (13) 
into Eq. (10), we have 


P= pot+prt+p,+P, (14) 


where 


DL tm f dy Ym"! (tye 38 


m J 


sinw(t—-/;), (14a) 


> ten? I 4, faf dls 


XK P(ts)e~ 8 - (14b) 


sin(t{—t) sinwp(t;— le). 


Equation (14) is an integral equation for only one un- 
known P. We cannot go further with it, however, until 
we choose a frequency distribution for the molecules. 


PART II 


We treat first the case in which there are V mole- 
cules all having the same frequency w. The analysis of 
this case may be conveniently divided into three sec- 
tions. In Sec. A we derive the operator expression for 
P, in Sec. B we study the expectation value of the field 
strength, and in Sec. C 
value of the energy. 


we analyze the expectation 


Section A 


Setting w,=w in Eq. (14b) and carrying out the 4; 
integration first, we have 
S2rw 
= Tate Ya A | 


13 


xX [1— e738) | P(te) cosw(t—te), (15) 


where we have dropped an oscillatory term in the inte- 
grand (of the ¢; integral), and set 
D> tn?(Im)= Nw). (16) 


We can now write Eq. (14) in the standard form of a 
Volterra integral equation: 


P(t vot f an K (t—h)P(h), 


¥(L)=potprt+hpr; 


(17) 


where 
(17a) 
and 

K (t)= (2k?/B) (1—e—***) coswt, (17b) 
with 


| — (4or h wuy" \i ] . (17« 


We proceed to solve this integral equation. A well- 
known method of solution when the kernel is a function 
of t—t, consists of the utilization of the Laplace trans- 
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formation. Applying the Laplace transformation to both 
sides of Eq. (17), we have 


P(s)=$(s)+K(s)P(s), (18) 
where 


K(s)=2£{K()}= [ dt e~*'K(t), 


0 


(19) 


and similarly for the other functions. From Eq. (18) 
we obtain 


P(s)=(s)/(1—K(s) ], (20) 


so that the solution of our integral equation is given by 
the inverse Laplace transfermation of the right side of 
Eq. (20): 

P(t)=2-'{Y(s)/[1—K(s)]} 


1 e+ix ¥(s) 
2riv, 1—K(s) 


ix 


(21) 


where € is a suitably chosen real positive number. (It 
should be pointed out that this method gives a solution 
for ‘20 only.) Equations (17b) and (19) yield 


1—K(s)= o(s){ (s+o*)[ (s+38)2+e ]}-, 


where 


¢(s)=(s?+or)[(s+38)?+o7 ] 
— FL (s?—w?) +485] 


(22a) 

It is important, for further calculations, to find the 
roots of ¢(s). We can do this easily if we consider only 
those situations in which 


k w< 1. 


(23) 


Condition (23) is similar to the condition 8/w<1 which 
we have already assumed, the former applying to the 
gain and the latter applying to the loss. We do not 
want to make any comparison between & and @ at this 
time; we will therefore treat both k/w and 8/w as small 
quantities of the first order. It will be a simple matter 
to consider those cases where one is much smaller than 
the other in the final results. We therefore set a root 
of ¢(s), denoted by s’, equal to the sum of a zeroth- 
and first-order quantity (we have already ignored 
second-order quantities by neglecting the frequency 
shift due to the loss) 


(24) 
and obtain immediately 
sO =+Ww, 
sHD=— —18+ (8?+8k*)!. 
This gives us the four roots of ¢(s): 


S$} iw ao, S —iwtay, 
| 


53> lw+ay, Sg= —-WTQ), 
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where 

ao= —48+4(8°+ 8k), 

a\= —48—4(@+8k*)!. 
The relationships 

agtai= = 38 
and (26b) 
Ens 1k? 
will prove useful. 
From Eqs. (21) and (17a) we see that P consists of 

a sum of three parts: 


P()=Pp()+Pr(O+P,(b, (27) 
where 


P4(t)=2L£-'{pa(s)/T1—K(s) J}, 


(27a) 


with A standing for either D, F, or y. We derive the 
three parts separately. For the sake of simplicity, we 
consider first the case in which the driving field has a 
constant amplitude, 


Po (t)= poo cos(wt+6). (28) 
In terms of the driving mechanism, constant amplitude 
is achieved when the driving dipole moment is given by 


cBP po 
D(t)=— 


WUD 


sin(wi+@)= Dy sin(wit+@). (29) 


From Eq. (28) we obtain 
5 cos#—w sind 
asians 
Pp (s)= ppo—— 
+o 


Substituting into (27a), we have 


P,(t}= 1s 


1 cr e*'(s cos8—w sin8)[ (s+ 38)?+a? | 
( . e aha — —— . ° 
i 


¢(s) 


2rd «ix 
(31) 


The value of Pp(t) is equal to the sum of the residues 
of the integrand at the four roots of ¢(s), which are 
given by Eq. (26). Neglecting quantities in the residues 
of higher order than the first we obtain, after some rou- 
tine calculation 


Pp'(t)= Po’ (t) (ave™—aye™)/ (ayp—a). (32) 


The physical significance of this result will be discussed 
later. 

We consider now the situation in which the driving 
mechanism has been acting from ‘= — to t=0, and 
is then shut off suddenly when the molecules appear. 
We have, then, 


po" (t)= po’ (Hem. (33) 


Using the same method as that with which Eq. (32) was 
derived, we have 
Pp" 


(t) = pp’ (t) (age! —aye*") (ay—a)), (34a) 


= pp” (t) (aye~™'—aye~")/ (ayp—ay). (34) 


E 
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Finally, for future use, we will need the value of Pp(t) 


when the driving field has an arbitrary attenuation 


bo” (t)= po’ (He, (35) 


but still with aw. For this case we obtain, with the 
above method 


QQ} ext 


emit 
Po"()=po'(| : ( Pn edits ) 
ao—a;\ai+3a aot za 


a(B—a)e~*** 


- } (36) 
4(aot+4a) (ai +}a) 


It is easily seen that Eqs. (32) and (34) are special 
cases of Eq. (36). 

We evaluate now the other two parts of P(¢) in 
Eq. (27), namely, P,(¢) and P(t). Using Eq. (12a) for 
y(t) and substituting in (14a) we obtain, with previ- 
ously used approximations, 

—i¢twnt 
). 6 
0 ” 


n 


wy 0) 
py (t)=—(1—e- #4) © inl 
l€ 


cB = Fpiwmt 


Since we are considering now the case in which w,=a, 
the Laplace transform of this expression is given by 


—iA(w) 
) , (38) 


A (w)=[(stiw) (s+38+iw) P. 


wy 0 
py(s)=— > nl 
2c m 1A (—w) 


where 


Substituting in Eq. (27a 
methods, 


we obtain, by previous 


; ant 0 
> tm 
Qo—a, ™ se" 


For Pr we write simply 


Po()= f asf auf dts F(t,s,t1,l2)F (ts), (40) 


exp[s(¢—t1)—38(4i— te) ] 


wl1—K(s) ] 


where 


F(t,s,t1,t0)= sinw(t;—/2). (40a) 


We cannot (and have no need to) evaluate this expres- 
sion any further, since we have no explicit expression 
for F(t). 


Section B 


Now that we have the operator expression for P, we 
can calculate its expectation value. The expectation 
value of Pp is, of course, the same as Pp itself (since it 
is already a c number), and is given by either Eq. (32), 
(34), or (36), depending on the kind of driving field 
we are considering. In order to obtain the expectation 
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value of P,, we must describe the initial state of all the 
molecules. Setting the wave function for this state 
equal to a product of one-molecular wave functions, 
each being given by 


Vn= Ani Omit Am2 Ym2 (41) 


in obvious notation, we obtain 


w erot— eat 
(P,)=—-¥—— © ttn! Gt 4m2| Sin(wlt+On), (42) 


Cc ag—- a aa 


where 6,, is the phase difference between d@2 and dm, 
and has its physical significance illustrated by the 
fact that 


(Ym!) (t))=2 | dyn1dm2|¥ COS(wi+8,,). (43) 


The expectation value of Pr is obtained immediately 
from Eqs. (40) and (6): 


(Pr)=0. (44) 


The final result for the expectation value of P is there- 
fore given by 


(P)=Pp+(P,), (45) 


Pp» standing for either Pp’, Pp”, or Pp’”. 


We now consider the physical significance of our re- 
sults for the expectation value of P. It is clear that Pp 
is produced by the driving field, and (P,) is independent 
of the driving field. Pp is therefore (when multiplied 


by —4nc) the superposition of driving field strength and 
induced field strength, or the amplified driving field. 
Let us discuss it in greater detail. 

Consider first the case of the constant driving field 
po’ (t), given by Eq. (28). Then the amplified field is 
Pp’ (t), given by Eq. (32). The amplifying factor is 


(46) 


(ape™! —aye™*) / (ap—ay), 
which, for sufficiently large time, becomes 


(47) 


—a;(ap—ay)1e™, 


since ap is positive and a is negative. We see that the 
gain is eventually exponential in time. (We must re- 
member, of course, our original restriction on the time, 
which requires that it be less than that during which 
the molecules undergo substantial change.) If k?=0, 
(i.e., no molecules in the cavity), then ao=0, a;= —}8, 
and the complete amplification factor is identically 
unity, as it should be. 

It is interesting to see under what conditions the 
amplification factor (46) reduces to a perturbation 
theory expression. For perturbation theory to be valid, 
the amplification factor must be only slightly larger 
than unity. This condition is satisfied when ¢ is suffi- 
ciently small. However, if we want the time during 
which perturbation theory is valid to be longer than 
the cavity relaxation time 8~', expression (47) must be 
only slightly larger than unity. Perturbation theory is 
therefore applicable (when the time under considera- 
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tion extends to values larger than the cavity relaxation 
time) if axa; and «ay~'. The former inequality im- 
plies that 

PKB, (48) 
so that 


ayo= k? B, ay = —436[1+2(2 8?) }. (49) 


The amplification factor (46) then becomes, up to the 
first power in both k?/G? and apf, 


1+2(k/6*)[48t— (1—e-48*) J, (50) 


Comparison with II' [Eq. (55) ] shows complete agree- 
ment with the perturbation theory derivation used 
there. 

We consider now the case in which the driving field 
is given by Eq. (33), i.e., it decays with the factor e~!**. 
This is the situation in which the driving mechanism 
is shut off at /=0. From Eq. (34a) the field becomes, for 
t sufficiently large,’ 


(51) 


Po’ (t) (age™) (ap—a)). 


This result seems puzzling at first, for it indicates that 
no matter how small the number of molecules (which 
makes k? small), the gain due to the molecules seems to 
outweight the decay due to the cavity losses, for suffi- 
ciently large ¢. The explanation lies in the very last 
phrase. Our analysis assumes that the molecules are 
affected only to lowest order by the field. The lowest- 
order induced emission of molecules that are all in 
resonance with the field increases with time. (The situa- 
tion is different for a significant frequency spread, as 
shown in III.)' Therefore, in our analysis the amplify- 
ing property of the molecules increases indefinitely and 
eventually compensates for the cavity losses completely. 
The fewer the molecules, the longer it takes for this to 
happen. If k? is very small, the coefficient of the decay- 
ing exponential e*'' is much larger than the coefficient 
of the increasing exponential e** in expression (34a). 
One can see readily that this expression decreases at 
first. (Note that this is not so for expression (39) which 
refers to a constant driving field and is a monotonically 
increasing function of ¢.) It begins to increase after a 
time, the length of which depends on k*, and becomes 
large as k? becomes small. This time may be larger than 
the time during which our calculation is valid. An esti- 
mate of the time during which the analysis is valid will 
be given later in the discussion of energy. Beyond the 
time of validity, higher-order effects reduce the in- 
duced emission of the molecules, bringing about satura- 
tion of the amplification properties. 

We consider finally, as far as the field is concerned, 
(P,) given by Eq. (42). It is the part of the field that is 
generated by the initial oscillation of the dipole moment 


7 Note that the sufficiently large ¢ in this case is larger than in 
the case of the constant driving field. Here ¢ must satisfy the 
relationship age**>>|a,|e"', while for the case of the constant 
driving field we must have |a;|e%*>>ape™*. Since |ai| >ao, the 
second inequality holds for smaller ¢. 
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of the molecules. If the molecules have all been pre- 
arranged to oscillate in phase, the (P,) may be large. 
If, however, the molecular phases are random, then 
(P,) vanishes. 


Section C 


We come now to a discussion of the expectation value 
of the energy in the field. We divide this section into 
three subsections. In subsection 1 we derive and discuss 
the expectation value of the energy; in subsection 2 we 
obtain an estimate of the length of time for which the 
present theory is valid; in subsection 3 we compare the 
coherent to the incoherent field. 


Subsection 1 
The expectation value of the field energy is given by 
(H 4) = 2nc?{ P*)+ (w?/8mc?)(Q0*). (52) 


It is easy to show that, when averaged over a cycle, 

the magnetic energy (the Q* term) is approximately 

equal to the electric energy (the P? term). We therefore 

need to calculate only (P*), average over a cycle, and 

multiply by 4c? in order to obtain the total energy. 
For the square of the field, we have 


(P*)=(Po*)+(P)?)+(Pe*), 


the cross terms vanishing in the expectation value. 
The first term on the right side of Eq. (53) is obtained 
immediately from Pp, since the latter is a ¢ number 
given by Eq. (32), (34), or (36), depending on the type 
of driving field being considered. It is clear that 4c 
XP p*)av is the sum of the driving field energy and in- 
duced emission energy. (Note that the induced emission 
energy as now defined is not merely the lowest-order 
perturbation term.) For the three types of driving field 
we have the following relationships: 


(53) 


4rc*{ P p’*) y= Ep’T(ave™!—aye™)/(ap—an) P (54) 


for the case in which the driving field is of constant 
amplitude, where Ep’ is the energy of the driving field 
(i.e., the field in the absence of the molecules) ; 

4rc?( Pp” *)ay= Ep’[ (ape™'—aye*"")/(ao—ann) P (55) 
for the case in which the driving mechanism is turned 
off at ¢=0, and therefore the driving-field energy is 
given by 

Ep" =Ep’e—*. (56) 

and lastly 


the > 7 Aya} "al ew 
dae!” qe En! ——| ————— 
ag—-Q, ait 3a aot sa 

a(8—a)e~** ' 

4(ao+4a)(ai+}a) 


(57) 


for the general case (which will be needed in later dis- 
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cussion) in which the driving field energy is given by 
Ep’ = Ep’e ef. 


(58) 
(53), 


The second term on the right side of Eq. 
(P,"), is obtained easily from Eq. (39): 
(P52) = (w*u?7?/4c2) NL (e%!—e™")/(ao—an) P. (59) 
For sufficiently large ¢ this becomes 
(P,2) = (wu? 7?/4c2)N (220) /(ao—ay)2. (60) 


The only term in Eq. (53) which has yet to be evalu- 
ated is (Pr*). From Eq. (40) we have 


n th x ti’ 
(Pr)= fas f asf ats f asf au f dt.’ 


X F(t,5,t1,t2)F (t,s" tr’ te’) 3({ F (te), F (te’)}). (61) 


The symmetrized product in the integrand of Eq. (61) 
is obviously twice the symmetric part of the right side 
of Eq. (7). We have, therefore, 


3({ F (ts), F (t2’)} (62) 


which we can also write as 
huw8 ” 
1({ F (ts), F (te’)}) = f(r) f dy e”(t2-#2.), (63) 
82°C" £ 
Substituting in Eq. (61), we obtain 
huw®B 


jt) f dv Z(v)Z(—»), (64) 


82 - 


2(0)= fas f ats f dts e °F (t,s,ty,to). (64a) 


The evaluation of Z(v)Z(—v), 
Appendix, yields 


hin - 
(Pr(t))= sry f dx 
422 


TC 0 


where 


carried out in the 


Cyt 1 ext emit 
x ? ; ‘iP . . a ' . 
Qo—ay 2x +718 \agtix ayt+ix 
xe sxe 


ar coos 7 
2(ao tix) (ai +ix) 


(65) 


Although the integration in Eq. (65) may be carried out 
explicitly, it is not worth the effort because our interest 
is mainly in those values of ¢ for which the integrand 
can be considerably simplified. We note that for ¢ 
sufficiently large, only the e%* term in the integrand 
contributes significantly to the integral. In that event 
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we have 


hw aya, \? 
(Pr (t))=— f(D)(- ane ) 
167°c* ao— oO} 
2 dx 
xen f entntienenenepin . 
» (2°+436*) (x? +a") 


The integral in the above expressionis 2x[ Bao (ao+38) }". 
Making use of Eq. (26b), we have 


(66) 


hw 
(P r*(t))=——- — f(T )e* (67) 
162c* (ap—a;)" 
for sufficiently large ¢. 
It will also be interesting to know the value of 
(Pr*(0)). The expression within the absolute value 
signs in Eq. (65) becomes, for ‘=0, 


+hiBx—ayay 


2(ao+ix) (a: +x) (x+318) 

— (ap +ix) (ay+ix) 
ionamin. Cie 
2(ao+ix) (ay +ix) (x+418) 


so that 


hw " dx 
(P r*(0))= f(t) f —- 
167°C" x (x?+16°) 


(69) 
he 
f(T). 


Src" 


We have now all the terms in Eq. (53). We saw that 
4irc*(P p*)av is the energy of the amplified driving field, 
or the signal energy. The sum of the remaining two 
terms obviously represents spontaneous and thermally 
induced emission energy. It is incoherent (see I for a 
discussion of coherence)' and may be regarded as 
noise. We have, for >| a), 


Tuk? 
4nc*(P,?+ P r*)=————_f[1+(I)f(T) ]e, (70) 
4(ao—a,)?(7) : 

where use has been made of Eq. (17c). This expression 
has the factor [1+(/)f(7)], which is characteristic of 
spontaneous and thermally induced emission.’ In order 
to separate the two, we may set T=0 [yielding 
f(T)=1], thus obtaining an expression for spontaneous 
emission only. Subtracting the latter from the right 
side of Eq. (70) leaves thermally-induced emission only. 

It is interesting to note the value which our formalism 
gives for the expectation value of the incoherent field 
at time ‘=0 (before the molecules begin to amplify). 
The same result is, of course, also obtained in the 
absence of molecules for arbitrary ¢. From Eqs. (59) 
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and (69) we have 


4ncXP,2(0) +P £2(0))=4aeX(P £2(0)) 
= thw f(T) 
= thwtthw(ere!*?—1)-1, 


which is just the sum of the zero-point energy and the 
thermal energy of the field, the latter being in accord- 
ance with Planck’s radiation law. 
Subsection 2 
Let us consider spontaneous emission for the case 
{I)=1 (which means that the molecules are all in the 
upper state) in somewhat greater detail. It is given 
(for ¢ sufficiently large) by 


(Hs) spont™ [Frw 2 (ao— ay)? ]R7e22". (71) 
From Eq. (71) we can easily obtain the power radiated 
by the molecules spontaneously. Using the fact that 
the energy in the cavity comes mainly from the mole- 
cules, since the amplification is large, we have 


d d 
—— > (An) =8(H;)+—(H»), (72) 
dt m dt 
which states that the rate of increase in the field 
energy plus the power dissipated is equal to the power 
radiated by the molecules. This relationship may be 
applied separately to the induced- and spontaneous- 
emission fields (see II).!' The spontaneous. emission 
power radiated by the molecules is therefore given by 


' 


[ —a,k? (ap—ay)? Je?™*, (73) 


where use has been made of Eq. (26b). The total spon- 
taneous-emission energy radiated by the molecules 
E(t) is thus obtained, with some obvious approxima- 
tions, as 
E(t)=[ay?/ (ao— ay)? we?" (74) 
Equation (74) is an expression for the minimum 
energy which may be radiated by the molecules up to 
time /, namely, that which is radiated in the absence of 
a driving field. If we consider a situation where the 
signal energy is comparable to the spontaneous emis- 
sion energy,* so that the total energy radiated by the 
molecules is, e.g., 2 (t), then Eq. (74) gives us a method 
of determining the time during which the present 
analysis is valid. It was pointed out previously that this 
time must be less than that which produces a sub- 
stantial change in the molecular properties. If the 
molecules are all initially in the upper state, for example, 
they will stop amplifying by the time they have lost 
half their energy, and some time before this the theory 
will have become invalid. If we require that 
(75) 


2E(t)<eNhw, 


8 This is often considered a limiting situation in amplifiers 
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then e might range, for instance, from 3/5 to } depending 
on whether we want a quantitative or merely qualitative 
description of the situation. Of course, if the expecta- 
tion value of the initial energy of the molecules were 
only slightly above }Nhw, « would have to be much 
smaller. Substituting from Eq. (74) into the inequality 
(75), and noting that the factor a;?/(ao—a;)? is of the 
order of unity (it varies from 1 in the limit of small k?/6” 
to } in the limit of large ?/8"), we have approximately 


2aol <In(eN). (76) 


Thus, we obtain the upper limit on the time during 
which the theory is valid for the conditions considered. 

Some of the expressions derived so far have assumed 
simpler form when we considered ¢ ‘‘sufficiently large.” 
It follows that this “sufficiently large” value’? must be 
much smaller than the upper limit indicated by the 
inequality (76); otherwise, the complete unsimplified 
expression must be used. 


Subsection 3 


A quantity which is always of interest is the ratio of 
induced- to spontaneous-emission energy in the cavity 
(which we will denote by R). We consider the situation 
for ¢ sufficiently large, so that only the term containing 
the exponent with the positive exponential is significant. 
From Eqs. (54) and (71) we obtain, for the case of a 
constant driving field, 


R’= Ep'2a;"/hwk’. (77) 
We note first that this ratio is a constant, independent 
of the time, in contrast to the value obtained in II for a 
perturbation situation and exact molecular resonance.* 
The factor Ep’/hw is obviously n, the number of photons 
in the driving field energy. We see (as has already been 
shown in II and III) that the ratio of induced to spon- 
taneous emission is vol, in general, equal to the number 
of photons in the driving-field energy. It is interesting 
to study the factor 2a,*/k? more closely. We have 


2a,?/k?=14+467/k?+48/k(6?/k?+8)}. (78) 
It is seen that only in the limit of vanishing 8/& or in 
the absence of cavity loss does the ratio of induced to 
spontaneous emission become equal to n. For the situa- 
tion in which 6/& is large compared to unity—which 
is the more usual case experimentally—the ratio of 
induced to spontaneous emission energy in the cavity 
is 5(8°/k*)n (for ¢ sufficiently large). For the case in 
which the driving mechanism is shut off at /=0 and the 
driving field decays as Ep’e~*', we have from Eqs. 
(55) and (70) 
R” = Ep'2a¢?/hwk? 
® Under perturbation conditions, which were discussed earlier, 
the spontaneous emission energy in the cavity approaches a 
steady-state value, while the induced emission energy does not. 
The latter is obtained immediately from the square of the ex- 


pression in Eq. (45), and the former may be calculated from Eqs. 
(59) and (65). 


(79) 
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for ¢ sufficiently large,’ where Ep’ is not the energy of 
the driving field but rather the energy which existed 
in the cavity when the driving mechanism was shut off. 
If the cavity loss is zero, R’’= R’=n, as would be ex- 
pected. However, in the opposite limit, in which k?/#?<1, 
we have 

R” = Ep'2k?/hae, (80) 
a quantity which is obviously much less than Ep’/hw. 

It is convenient at this point to refer to the work of 
Serber and Townes‘ concerning fundamental limits of 
molecular amplification. Their argument rests on the 
supposition that the ratio of induced to spontaneous 
emission energy is ”, which they derive without con- 
sideration of cavity losses. (If we let 8 approach zero, 
our results for induced and spontaneous emission be- 
come equivalent to theirs.) It can be seen, however, 
that this is not so in a realistic situation. 

Thus far we have considered two types of driving 
field: one which is maintained constant by the driving 
mechanism, and one which decays freely with the 
driving mechanism shut off. A third type of driving 
field of interest is one for which the driving mechanism 
sends a constant amount of power into the cavity. In 
the absence of amplification the latter is equivalent to 
the constant driving field, but when the driving mecha- 
nism must interact with the amplified field, the two 
types of field are different. 

The power transmitted to the field by the driving 
mechanism is given by 


S=4acupD(t)P(t). (81) 


We consider a driving dipole moment described by 
D(t)= Doe? sin(wt+68), (82) 
where a<w. Then the driving field is 
po (t)=[Dwup cos (wi+6)/c(B—a) |(e**—e- #8"), (83) 
We assume that a, so that for (>6 we have 
Po(t)= poo cos(wt+O)e—!**= pp’ (2), (84) 


namely, the driving field given in Eq. (35). Pp(t) is 
therefore the field of Eq. (36) and the power delivered 
by the driving mechanism for ¢ sufficiently large is ob- 
tained from expression (81) as 


= 2ac* p vB — aya) (ao—a1) ] 
X [Le(eo-39)*/(ao+ha)]. (85) 
This will be a constant if 


(86) 


1 
24> dQ. 


We have thus the case of constant driving power by 


choosing a to satisfy Eq. (86). Since we have assumed 
that a<p, Eq. (86) implies that ao, which in turn 
holds only if 


R/B<1. (87) 
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Equation (85) becomes 


S= 2c ppeL(—a1)/2(ao—ar) J= ae ppi’B. (88) 


The energy in the cavity is obtained from Eq. (57), 
for sufficiently large /, as 


4ncP yp!” *)sy= Ep'[ar/(ao— ay) Phe? 


: ,#9 
~ 1E D erat 


(89) 


~1(§/B)e20t, 
The ratio of induced to spontaneous emission energy is 
| g) 
R’'’=BS/4Phw. (90) 


At this point the following question arises: What power 
need be sent into the cavity to produce a signal equal 
to the spontaneous emission? Setting R’’=1, we have 


S=4(k/8)hw. (91) 
Equations (90) and (91) reveal an interesting fact. The 
amplification sensitivity (as measured either by S or 
by R’’’) increases as the cavity losses increase, although 
the amplification itself, of course, decreases. The obvious 
explanation for this fact is that an increase in cavity 
losses decreases the incoherent energy in the cavity 
more than it does the signal energy, as can be seen by 
comparing Eq. (70) with Eq. (89). 


PART III 


The consideration of a uniform molecular frequency 
spread is now in order. We are interested here in the 
same question as those considered in the case of exact 
molecular resonance. Since the ideas involved in the 
two analyses are similar, the treatment of the non- 
resonant case will be more concise than that of the 
resonant case. 

A mathematically idealized situation is one in which 
the molecular density in frequency space, p(w»), is 
constant for all frequencies. It will be apparent from 
the calculations, however, that approximately the same 
results as those in the idealized situation are obtained 
for the case in which p(w,,) is constant only in the 
neighborhood of the resonant frequency of the cavity 
w, the neighborhood being somewhat larger than the 
inverse cavity relaxation time 8 (or cavity frequency 
width). 

Our starting point is Eq. (14), where the summations 
of Eqs. (i4a) and (14b) must now be carried out dif- 
ferently from the previous manner. Since the main 
contributions to the integrals in Eqs. (14a) and (14b) 
come from w,~w we can, firstly, drop terms in the 
integrand which oscillate with frequency w,-++w when 
they are compared with those which oscillate with 
frequency w,,—w. We therefore have 


T,* 
0 ) és 


(92) 


w 0 
fy" —-F p 2 nf 
:" m im 
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where 
(eiomt— @—18t+ iwt) 


T,.= ———————. (92a) 
[2(w—wm) +78] 
Also, 
t 


p=—(8u/h)ws? E tte? In) f it, 


XP (ts) L(@m—w, t—te), (93) 


where 


L(x,r)= — (x? +48)! 
X[(48 coswr+x sinwr) (cosxr — e~ #87) 


+(x coswr—}8 sinwr) sinxr]. (93a) 


We carry out the summation over m in Eq. (93) by 
converting it into an integration over x. The first factor 
in Eq. (93a) shows that most of the contribution to the 
x integration comes from a neighborhood about x=0 
which is of the order of 8. We see, therefore, that this 
is the neighborhood in which p(a,,) should be constant. 
We assume that w,,2{/,,) varies slowly in this neighbor- 
hood and replace it by its average w(J). We then 
approximate the x integration by taking the limits to 
be —« and + «. The odd terms in the integrand drop 
out and we have 


t 
p=of dls P (toe #8 2 cosw(t—tes), (94) 
0 


where 


b= (49? /h) wu?7*{T) p(w). (94a) 


Thus, there results another integral equation for P 


Po=vo+t f dt, K (t—t;) P(t) (95) 


of the same form as Eq. (17), but with the kernel now 
given by 

K (t)=be-** coswt, (95a) 
and with 


¥(1)=prt+pothy, (95b) 


where pr and pp are still specified as previously [Eqs. 
(10a) and (10b)] but p, is now given by Eq. (92). 
The integral equation (95) may be converted into a 
differential equation from which some results can be 
read off immediately. However, we will maintain a 
uniform procedure and obtain the solution directly 
from the integral equation by means of the Laplace 
transformation. This procedure involves no greater 
effort than that of obtaining all the necessary informa- 
tion from the differential equations and initial condi- 
tions. Since the method was explained in detail previ- 
ously, only the results will be presented here. As in the 
case of the resonant molecules, the solution consists of 
three parts coming from the three terms in Eq. (95b) 


P(t)=Ppt+P,+Pr. (96) 
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Pp is the induced field and depends on the type of 
driving field being considered. If we take as our driving 


field 
(97) 


(97a) 


bo’ (t)= poo cos(wt+O)e***= pp’ (te 3, 
where 
0< aw, 
then 
be} (>-8)t4. (a—B)e-te" 
Pp!" (t)= po’ (t)—— 
(b—8+a) 


From this general case of arbitrary a we obtain immedi- 
ately two interesting special cases. Setting a=0, we 
have the case of a constant driving field pp’(d), re- 
sulting in 





(98) 


bei (-#)'—B 


P.'h=t.'t)—_——- 
p (t)= po’ (0) b 


(99) 


setting a=, we have the case of a freely decaying 
driving field pp’ (t)e~#* (the driving mechanism having 
been shut off at ‘/=0), resulting in 

Pp" (t)= po’ (tel ?-*. (100) 


The other two parts of the field are given by 


ve 
0 ) iy 


(eh (0-8) t— gi(om—w)t 


[ (om—w)-+4i(0—8)]) 


w 0 
P,=--7 > in (101) 
¢ mn 


where 


Vn= teiwt 





(101a) 


and 
Pr=L"{pr(s)/(1—K(s)}}, (102) 

which reduces to Eq. (40) but with K(s) being the 
Laplace transform of the present kernel [Eq. (95a) ]. 
The expectation value of Py is zero for the same reasons 
as in the previous case, and the expectation value of 
P,—if there is no correlation between the phases of the 
molecules—is also zero. The expectation value of P, 
in the presence of molecular phase correlation may be 
derived easily but is of no present interest to us. 

Equation (100) shows immediately that these mole- 
cules behave like a loss mechanism described by a loss 
constant —6 just as the true loss mechanism is de- 
scribed by the loss constant 8. [This fact would have 
been evident immediately had we converted the integral 
Eq. (95) into a differential equation. ] There is in this 
instance, however, the possibility of obtaining negative 
“loss” or gain, since b is positive when (/) is positive 
and (/) is positive when the molecules are mostly in the 
upper state. The fact that a nonresonant distribution 
of molecules acts like a linear loss mechanism is hardly 
surprising, since such a distribution was used as a 
specific model for a loss mechanism in II. At present, 
however, we are interested in the amplifying properties 
of the molecules and consider, therefore, only the case 
in which (/) and 6 are positive. 
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It is interesting to consider the situation of a constant 
driving field, described in Eq. (99), in some detail. For 
b=0 the field is, of course, equal to the driving field. 
For 0<b< the field approaches a steady-state value 
after a transient period which is of the order of (6—8)"". 
The steady-state value is larger than the driving field; 
the gain produced by the molecules reduces the loss, 
but not entirely. [For b<@ the situation is one to which 
perturbation theory may be applied, and it can be 
shown, with little difficulty, that the expression in 
Eq. (99) reduces to a special case of the perturbation 
theory expression in III."°| For b=8 the losses of the 
cavity are overcome completely, and an expansion of 
the exponential term shows that the field increases 
linearly with time, as though the cavity were lossless. 
Only for 6>8 do we have an exponential amplification. 
This behavior is to be contrasted with that in the case 
of the resonant molecules, where there is eventual ex- 
ponential amplification (subject to the restrictions in- 
herent in our approximation method) no matter how 
small the gain. 

The final subject under consideration is the energy. 
The signal energy is obtained immediately from the 
square of P (which should be averaged over a period 
and multiplied by 4c*, as previously) P being 
given by Eqs. (98), (99), or (100), depending on the 
type of driving field we are considering. For a constant 
driving field and sufficiently large ¢ [#>(6—8)~*], the 
energy in the cavity is 


Ep'[b/(b—B) Pe*-®*, (103) 


where Ep’ is the energy of the driving field, and in the 
case in which the driving mechanism is shut off at =0, 
the energy in the cavity is 


Ep’e 8 t 


(104) 


As previously, we are also interested in the situation 
in which the signal power sent into the cavity is con- 
stant. By the same arguments which were used in the 
corresponding case for the resonant molecules, we find 
that this situation results, again for sufficiently large ¢, if 


a=b—8 (105) 
and provided that 


b—B<KB. (106) 


The amplified signal energy in terms of the power S fed 
into the cavity is 
(S/28)[b/(b—B) je". (107) 


As far as the incoherent energy in the cavity is con- 
cerned, we have from Eq. (101), with a little calculation 


1 /wuy\? 7 
(Pe)=(=) ols) fer-—19, (408) 
2 b—B 


C 


10 The theory in III was developed for the distribution p(wm) 
= Narn~* exp[—a?(wm—w)?]. In order to convert the expressions 
in III into those for a uniform distribution p, one must substitute 
for N the quantity z4p/a and then let a go to zero. 
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and from Eq. (102), by methods similar to those used 
previously in deriving Eq. (65), 


(x+4iB)e'*'+ Jibei O-8)#|2 


(2-+-36*)[22-+3 (b—8)"] 


(109) 


It is easy to verify that for ‘=0 or b=0, (P’) satisfies 
the same relationship [Eq. (69) ] as that in the case of 
resonant molecules. For >(6—8)~' we have for the 
incoherent (spontaneously emitted plus thermally in- 
duced) energy in the cavity, 


4c P p+ P,?) 


= thw b/ (6—8) KI) "[1+() f(T) Je". (110) 


If we set T=0 and (/)=1, we have the simple express- 
ion for the spontaneous emission energy 


hw(b/b—B)e®*! (111) 


We consider now the ratio R of signal energy to 
spontaneous-emission energy. For the case of constant 
driving field, Eqs. (103) and (111) yield 


R’= Ep'b/hw(b—B8). (112) 


As shown previously in the case of the resonant mole- 
cules, this ratio equals the number of photons in the 
driving field only if the cavity is lossless. In the case of 
constant driving power, we have 


R’'" =35S/Bhw. (113) 


If we ask what the driving power must be in order that 
this ratio be unity, we obtain 


S= 2Bhw. 


Contrary to the situation in the case of the resonant 
molecules, we see that in this case the sensitivity de- 
creases as the cavity losses increase, a result which 
causes no surprise. 


R,(v)= 


i(vt+w)—ay 
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APPENDIX 


We derive here Eq. (65) from Eq. (64). From Eqs. 
(40a) and (64a) we have 


1 €+ 1x ® ti 
2v)=-f asf ats f dls 
WY ein 0 —2 


exp[s(¢—4) —}38(ti— te) ] sinw(t,— fs) 
aceite = » (A.1) 
1—KA(s) 


where the denominator of the integrand is given by 
Eq. (22). The fz and ¢; integrations may be carried out 
successively in a routine manner bearing in mind that 
the real part of s is positive. The result is 


Z(v)=(1 «) BQ) f ds{C1—R(s) loin) . tax 
where 
B(v)=[2(v—w)—i18 | '—[2(v+w)—ipt. (A.3) 
The integrand in Eq. (A.2) may be written as 
(s?+-w*)[ (s+38)*?+a? Je* 
——e - (A.4) 
[¢(s)(s—iv) ] 


where ¢(s) has the four roots given in Eqs. (26) and 
(26a). The integral in Eq. (A.2) is therefore given by 


(A.5) 


5 
; R;(v), 
j=1 


2 


where R;(v), 7=1, 2, 3, 4, is the residue of (A.4) at the 
jth root of g(s), and Rs is the residue at s 
are given by 


=iv. These 


(A.9) 


(w*— v*) (w?— v?+71vB)e 


R;(v)= _ 


[i(v—w) —ao |Li(v+w) — a [i (v—w) — ay |[i(v+w) —ay i" 


(A.10) 





INDUCED AND SPONTANEOUS 


where 
A=aa;/ (ay—a)). 
One can see by inspection that 
B(—v)=B*(v), 30; Rj(—v) =D; R*(v). (A.11) 
We therefore have 


* 


f wzma-n-= f dv|Z(v)|?. (A.12) 


—@ 


x 


a 


It is easily seen that the main contribution to the in- 
tegral (A.12) comes from the neighborhoods of v= +a, 
and the contributions from both neighborhoods are 
equal. Setting x=v—w we have, in the neighborhood 


of v=a, 


x(2x—iB)eiet=® 


.~ 


a 


(A.13) 


2ix—ao)(ix—a) 
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Also, in the same neighborhood, R» and R, are negligible 
compared with R; and R3, and the second term in 


B(v) is negligible compared to the first. We can thus 


write 
( ext emt 
iX— ay J 


xe'*! 


2(ix—ay) (ix—ay) 


2x—iB8 


=Z(x), (A.14) 


and 


DL 


f dv Z(v)Z(—v)=2 


x 


0 


f dx|Z(x)|2. 


—w 


(A.15) 


Substituting into Eq. (64), we obtain Eq. (65), with 


Z replac ed by —Z*. 
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Space-Charge Limited Current Relation in High-Pressure Gas Diodes 


R. ForRMAN 
Parma Research Laboratory, Union Carbide Corporation, Parma, Ohio 
(Received April 17, 1961 


A theory for space-charge conditions in high-pressure diodes has been developed which shows that the 
current obeys a V! power relation rather than the usual assumed V? relation. In addition, the theory predicts 
that the current in high-pressure diodes, at a constant anode voltage, varies as p+. Experimental data, 
taken in diodes filled with the inert gases, argon, neon, and helium, are presented to illustrate the validity 


of the theory. 


HE Child-Langmuir' expression for space-charge 
conditions in a vacuum diode, showing that the cur- 
rent varies as the three-halves power of the voltage, has 
been verified by experiments over a wide range of condi- 
tions and been found to be true for any electrode that 
permits the escape of electrons or ions in a vacuum. 
Although it is generally assumed that space-charge 
conditions apply to high-pressure gas diodes, there have 
been no widespread attempts to verify a relationship of 
this nature. The usual theoretical expression? which is 
considered applicable shows that the diode current 
follows a voltage-squared dependence given by 


J =9.95 XK 10-“kV2/23 (amp/cm?) (1) 


in the planar case and by 


J=0.56X 10-?2V2/r? (amp/cm) (2) 
in cylindrical geometry. J is the current expressed in 
the units shown, & the mobility in cm?/v sec, and x and 
r are anode distances in centimeters. 

11. Langmuir and K. T. Compton, Revs. Modern Phys. 3, 191 
(1931). 

2J. D. Cobine, Gaseous Conductors (Dover Publications, Inc., 
New York, 1958), p. 129. 


When space charge limited current measurements in 
high-pressure (1-300 mm) rare-gas diodes are made, 


they yield results which are at variance with the V? 


dependence of Eqs. (1) and (2). Figure 1 shows the 





Fic. 1. Anode cur- 
rent-voltage charac 
teristics of a cylin- 
drical diode with a 
0.009-in. diameter 
thoriated tungsten 
filament and a 1.0 
cm diameter anode. 
The diode has an 
atmosphere of argon 
at 265 mm and the 
filament temperature 
is the other param 
eter. 
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results of some measurements in a cylindrical diode 
containing an ambient of argon at 265 mm mercury. 
If the data of Fig. 1 are analyzed, one finds they do not 
obey a J vs V? law. In addition, Eq. (2) yields results 
orders of magnitude too low to explain these data. 

The concept of a constant electronic mobility is basic 
to the derivation of the above equations. However, the 
usual analysis of elastic scattering of electrons in a 
high-pressure gas does not lead to this result. Instead, 
it indicates the following relation is valid. 


va=c(E/p)!, (3) 


where vg is the drift velocity, ¢ a proportionality 
constant, E the electric field, and p the pressure. An 
analysis of the space charge equation using the concept 
of the drift velocity proportional to »/£Z rather than 
proportional to E (constant mobility) yields a result 
more consistent with the experimental data. 

If one assumes that the drift velocity in a high- 
pressure diode (where \ the mean free path for electrons 
is much smaller than the cathode-anode spacing) obeys 
Eq. (3), one obtains the following two relations: 


&V /dx?= —4np, (4) 
and 
J=—pta= —pc[ (dV dx) p}}. (5) 
If Eq. (5) is solved for p, inserted into Eq. (4), which is 
then solved using the boundary conditions, 
dV/dx=0 at x=0, (6a) 
V=0 at x=0, (6b) 


one obtains 
J=[(cp3 6x (3)9)(V3/x5). (7) 


Similarly it can be shown (see Appendix) that the 

















50 
z:"%, 


Fic. 2. F(ra,r-)/ra VS 2, fa is the anode radius, r, is the filament 
radius, and z is the ratio of anode to filament radius. 


>P.M. Morse, W. P. Allis, and E. S. Lamar, Phys. Rev. 48, 412 
(1935). 

*A. von Engel, Ionized Gases (Oxford University Press, New 
York, 1955), p. 104. 
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space-charge equation in practical units for a diode 
with cylindrical symmetry is 


J=5.56X10-"cp- amp/cm, (8) 


F(ra,fe) 


where F(r4,7-) is defined by Eqs. (A8) and (A9). A plot 
of F(ra,r-) is shown in Fig. 2 showing its variation in 
units of rg (anode radius) as a function of the ratio of 
anode to cathode radius. Figure 2 shows that when 
ra>r., Eq. (8) approaches 


cp 
J=5.56X10™—_Vak amp/cm. (9) 
To 


Equations (7), (8), and (9) indicate two unique 
features of high-pressure diodes which can be experi- 
mentally verified; namely, (1) J follows a V! depend- 
ence at constant pressure and (2) J follows a p~ de- 
pendence at a constant anode voltage. 


EXPERIMENTAL VERIFICATION 


The two diode models used are illustrated in Fig. 3. 
These tubes were evacuated and processed on an ultra- 
high-vacuum system. The details of the vacuum and 
gas-handling system have been described elsewhere.® 

The electronic circuits employed in these measure- 
ments are illustrated in Fig. 4. Figure 4(a) is the circuit 
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(a) (b) 


P Fic. 3. (a) Cylindrical diode. A is the filament (about 0.01 in. 
diameter and 3.5 cm long). B is a tungsten or tantalum cylindrical 
anode 1 cm diameter and 1.25 cm long. C is a tantalum spring 
support and D a Pyrex glass envelope. The supporting leads were 
either tungsten or tantalum. (b) Guard-ring diode. E is a 0.01-in. 
diameter tungsten filament about 4 cm long. F is two guard-ring 
tantalum anodes approximately 1 cm in diameter, 1.28 cm length, 
and G is the center anode having the same diameter but being 
0.64 cm long. H is a Pyrex envelope and the supporting leads were 
either tungsten or tantalum. 


®R. Forman, J. Appl. Phys. 32, 1651 (1961). 
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used to test the ordinary cylindrical diodes and 4(b) is 
that used to test the guard-ring-type diodes. 

Filament temperatures were determined by an appli- 
cation of the Jones-Langmuir® tables to the vacuum 
filament current. The temperature of the filament was 
then checked pyrometrically, through a small hole in 
the anode, by the use of a Pyro micropyrometer. After 
these measurements were made, the vacuum pyrometer 
settings for a given temperature were then used in 
succeeding experiments with high-pressure gases to set 
filament temperatures. 

Figure 5 shows space-charge limited data plotted as 
J vs V3 power for three high-pressure inert-gas diodes 
containing argon, neon, and helium. Although these 
data are all above 100 mm, it should be pointed out that 
similar experimental results were obtained with pres- 
sures down to 1 mm. They all showed the same linear 
relation between J and V! power. 

Figure 6 is a plot of the current at a given anode 
voltage for tube 10C (used to obtain the data of Fig. 1) 
as a function of pressure to the minus one-half. Similar 
results are obtained in the neon and helium ambients. 

These data verify the qualitative features of Eq. (8), 
which states that J vs V! and J vs p~ are linear. It was 
found, however, that the experimental slope of the 
J vs V' power curves were higher by at least a factor of 
2 than the theoretical value given by Eq. (8). As an 
example, consider the helium data of Fig. 5. The slope 
of the J vs V! power plot is 2.6X10-7 amp/v}. The 
theoretical value of the slope is dependent on the value 
of ¢ given by Eq. (3), which can be obtained from the 
data of Pack and Phelps’ or Brown.’ From the latest 





(b) 


Fic. 4. (a) Electrical circuit for measuring current-voltage 
characteristic of the gas diodes shown in Fig. 3(a). AB is the 
filament and C the anode of the tube. The filament supply is Vy 
and the anode supply is measured by V,. D is an Ayrton shunt and 
G a galvanometer. I, is a milliammeter. (b) Electrical circuit for 
measuring current-voltage characteristic of the gas diode shown 
in Fig. 3(b). E is the filament, F the anode, H the guard-ring 
anode, and S is an oscilloscope. The filament circuit consists of a 
Variac source J, a half-wave silicon rectifier I, and a filament 
dropping resistor Ry. The top of the filament in this diagram was 
always positive during the forward half-cycle. The other electronic 
components in this diagram are the same as their counterparts 
described in (a). 


®H. A. Jones and I. Langmuir, General Electric Rev. 30, 310 
(1927). 

7J. L. Pack and A. V. Phelps, Phys. Rev. 121, 798 (1961). 

8S. C. Brown, Basic Data on Plasma Physics (The Technology 
Press of the Massachusetts Institute of Technology, Cambridge, 
Massachusetts, 1959). 
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Fic. 5. Current vs (voltage)! for: (a) cylindrical diode 10C 
having a thoriated tungsten filament operating at 1916°K in an 
argon ambient at a pressure of 265 mm Hg; (b) cylindrical diode 
7B having a tungsten filament operating at 2800°K in a neon 
ambient at a pressure of 123 mm Hg; (c) cylindrical diode 7B 
having a tungsten filament operating at 2800°K in a helium 
ambient at a pressure of 263 mm Hg. 


data,’ one can estimate that c for helium is approxi- 
mately 1.0 10° cm! (mm Hg)!/v! sec to an accuracy 
of about 10-20%. If this value and the value of the 
geometrical dimensions of the tube [given by Fig. 3(a) ] 
are inserted into Eq. (8), a theoretical slope of 1.1 10-7 
is obtained which results in a value of 2.4 for the ratio 
of experimental to theoretical slope. 
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Fic. 6. Current vs (pressure)~+ at a constant anode voltage of 
8 v for cylindrical diode 10C having a thoriated tungsten filament 
operatingfat 2030°K. The ambient is argon and the pressure 
range was from 1 to 265 mm _ Hg. 
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Fic. 7. Current vs (voltage)! for guard-ring diode 12B having a 
tungsten filament operating at temperatures of 2320° and 2560°K. 
The ambient is helium at a pressure of 37 mm Hg. 


There are two obvious difficulties involved in inter- 
preting the previous data on ordinary cylindrical 
diodes. They are (1) the difficulty of eliminating edge 
effects on single anode structures and (2) the need for 
a dc filament voltage to heat the filament. To confirm 
the above results and to make more precise measure- 
ments of space-charge conditions, a tube identical to 
that in Fig. 3(b) was used in a circuit shown in 4(b). 
The use of the guard ring minimized any end effects 
and the circuit of Fig. 4(b) is a modification of that de- 
scribed by Harnwell and Livingood,’ and is used to 
eliminate the effects due to a filament voltage drop. The 
voltage drop across Ry, in the forward direction 
about 90% of the total filament circuit voltage. The 
anode current pulse was a 60-cycle square wave. These 
measurements were made in a helium ambient and a 
typical result of J vs V! plot at 37 mm is shown in Fig. 7. 
These data were fitted by the method of least squares 
and a slope of 1.0X10-* amp/v! for the 2320°K curve 
and 1.110-* amp/v! for the 2540°K curve was ob- 
tained. If the theoretical value for the slope at this 
pressure is calculated from Eq. (8), one again finds that 
the experimental slope is greater than the theoretical 
slope; this time by a factor of 3. 

Table I shows the comparison between theory and 
experiment for the guard-ring helium diode data as the 
pressure was varied from 1 to 324 mm. In addition, 


Was 


*G. P. Harnwell and J. J. Livingood, Experimental Atomic 
Physics (McGraw-Hill Book Company, Inc., New York, 1933), 
p. 210. 
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Fic. 8. Current vs (pressure)? at a constant anode voltage of 
10 v for guard-ring diode 12B having a tungsten filament operating 
at 2320°K. The ambient is helium and the pressure range was 
from 1 to 324 mm Hg. 


Fig. 8 is a plot of J vs p“ for these data taken in helium 
with the guard-ring type of diode. 

A fairly simple explanation of these differences 
between theory and experiment and their variation 
with pressure exists. As the pressure decreases and the 
mean free path through the gas becomes comparable 
to tube dimensions, one can expect the slope of the 
J vs V! curve to become independent of pressure and 
approach 3.6X10-> amp/v! (assuming r.=0.415 cm), 
which is the vacuum characteristic slope.! An examina- 
tion of Table I shows this to be true: At low pressures 
where the ratio difference is greatest one approaches the 
value of the vacuum slope. In addition, the theoretical 
values given in column 2 of Table I are derived by using 
the physical dimensions of the filament and anode 
(r-=0.013 cm, r,=0.415 cm) in obtaining the value 
of F(r.,r-) from Fig. 2. In this case F(ra,r-)/fa is very 
close to unity. If the actual filament radius were taken 
as r.=0.13 cm, the theoretical slope for the high- 
pressure data (37 mm or above) would be in excellent 
quantitative agreement with experiment. This assump- 
tion, that the virtual cathode has a larger radius than 
the geometrical cathode, is a valid one for the following 
reason. The basic assumption involved in the validity 
of Eq. (3), that vg is proportional to (/2/p)', is that the 
electron in the high-pressure gas attains its final drift 
velocity after it has gone through a distance orders of 
magnitude greater than the electronic mean free path. 
Since the electronic mean free path in helium at 100 mm 
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TABLE I. Comparison between theory and experiment 
for the guard ring helium diode data. 


Theoretical 
slope of 
J vs V3 


Experimental 
slope of 
Jvs V! 
(amp/v!) 


Ratio of 
exp/theor 
slope 


Helium 
pressure 
(mm Hg) (amp/v!) 


324 1.3X 10 
53 3.2 10 
37 3.9X 10 
13 6.5X 10 

3 1.4X10~° 
1 2.4X 10 


3.2K 1077 
iam 
1.0X10~° 
2.0 10-6 
7.1X10~° 
1.31075 


MNANN hd 
eR AAW UI 


is approximately 5X 10~4 cm, a virtual cathode at 1-mm 
radius would imply that the electrons undergo approxi- 
mately 200 collisions before they attain the steady-state 
drift velocity given by Eq. (3). This seems to be a 
reasonable assumption.! No attempt was made to refine 
the theory by considering the thermal distribution of 
the emitted electrons because it is probable that the 
uncertainty in the position of the virtual cathode is the 
most significant error in the theory. 

It should be mentioned that there seems to be ex- 
perimental evidence that vq follows a (£/p) relation in 
argon at low field and high pressure.’ If such a relation 
is substituted for Eq. (5) in a new derivation, the rela- 
tion which follows predicts that J varies as V,° and as 
p-*. It may be possible to plot the argon data in Fig. 5 
this way and obtain a reasonable straight line, but this 
is not true for the data in Fig. 6. A plot of these data as 
J vs p-* is not linear; however, J vs p-} is linear. 
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APPENDIX 


In the case of cylindrical symmetry, the two equa- 
tions needed to express space-charge conditions are 


lds dV 
(: : ) — 4p, 
rdrX\ dr 


J = —2rrpva= — arp [(dV dr) pi. 


(Al) 


(A2) 


If p, evaluated from (A2) is substituted in (A1), one 
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d f dV dV\-3 
A )-*(G) 
drX\ dr dr 


K 2J p' Cc. 


obtains 
(A3) 


where 


(A4) 


An integration of Eq. (A3) leads to the following 
solution : 
dV 1 
—=-[A+Kr']!, 
dr r 


(A5) 


where A is an arbitrary constant of integration. If one 
now assumes the usual space-charge condition at the 
cathode, namely, the electric field is zero at the cathode 
radius r,, the following equation results: 
dV (k)3 
a j 272 
—= [ri—r Jf, 
dr r 


(A6) 


If Eq. (A6) is solved using the boundary conditions 


V=0 at r=r,, one obtains the solution 


V=K'iF(r,r.), (A7) 


where 


.. 
F(r,r-)=-3 (s'—1)?—In 


1+(2!—1)! 


2 2(s3—1)!—1 1 
—— tan | |- 
v3 : v3 : 


2=T7/T 


(A8) 
and 
(A9) 


If the value of K from Eq. (A4) is inserted into (A7), 
the following relation results: 
J= cp {V/F(r,r.)}3. (A10) 
Setting V=V, at r=r., the resulting space-charge 
equation in cylindrical geometry becomes 
J= cp -{Va/F (rare)}3, (A11) 


relating the current per unit length of filament to the 
anode voltage. In practical units, Eq. (A11) becomes 
J=5.56X10-"cp{V./F}i amp/cm, (A112) 


the anode and 


ra re 
where cp™? is expressed in cm?}/v? sec, 
cathode radius in cm, and the anode voltage in volts. 
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Electron Transport at High Temperatures in the Presence of Impurities 


H. L. Friscu 
Bell Telephone Laboratories, Murray Hill, New Jersey 
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J. L. Lesowrrz* 
Graduate School of Science, Yeshiva University, New York, New York 
(Received March 6, 1961) 


We investigate the linear transport properties of electrons in a solid when both phonon and impurity 
scattering are important. The problem is treated for the case where Maxwellian statistics apply and the 
electrons are described by a classical distribution function in position and velocity, f(r,v). This function 
satisfies a space-dependent equation in which the interaction with the impurities is treated as part of the 
Hamiltonian and the phonon scattering is described by a linear Boltzmann-type collision term. This equation 
is solved formally in the presence of a weak external electric field in a form convenient for perturbation 
expansions in the relative strength of the different scattering mechanisms, some of which are carried out 
explicitly. We also show rigorously that the change in conductivity due to the presence of impurities is 


negative. 


1. INTRODUCTION 
HE electrical resistivity of a solid at high tempera- 
tures is often due primarily to the scattering of 
electrons by phonons and by impurities. It is usually 
assumed (Matthiessen’s rule)! that the effect of these 
two contributions to the resistance are simply additive, 
i.e., 1/¢=1/¢ phon +1/¢;, where o is the conductivity and 
Ophon, Fi are respectively the conductivities when there 

is only phonon or impurity scattering. 

This additivity is true only if the effect of both im- 
purity and phonon scattering can be represented by 
means of single relaxation times whose ratio is inde- 
pendent of velocity. Kohler has also shown! when both 
effects were represented by space independent transition 
probabilities, that the resistance is larger than that 
given by Matthiessen’s rule. It is the purpose of this 
note to treat the action of the impurities rigorously as 
part of the Hamiltonian of the system while continuing 
to treat the effect of phonon collisions by means of 
stochastic transition probabilities. We now have to use a 
space- and velocity-dependent distribution function. 
This introduces important changes in the problem and 
there does not appear to be any simple method now for 
proving Kohler’s result. We only show here that the 
addition of impurities will always decrease the con- 
ductivity. 

The deviation from the results obtained by using a 
space independent distribution function could be espe- 
cially important in the case where the effective phonon 
mean free path is small compared to the range of the 
impurity electron forces. In this case, which certainly 
occurs for ionized impurities in a semiconductor at high 
temperatures, the electrons will suffer many collisions 
with the phonons while traversing the field of a single 
impurity. We investigate this situation explicitly in 
Sec. 3. 


* Supported by the U. S. Air Force Office of Scientific Research. 

1A. H. Wilson, The Theory of Metals (Cambridge University 
Press, New York, 1953), Chap. 10; see also R. A. Logan and A. J. 
Peters, J. Appl. Phys. 31, 122 (1960). 


We consider a sample of total volume Q, which con- 
tains a number of (possibly charged) fixed impurities. 
There are to be .V impurity centers in each macroscopic 
unit volume V, located at fixed positions {r;}, 7=1, 2, 
-++, NV. The electrons are assumed to act (effectively) 
independent of each other. The average number of 
electrons in the unit volume V is ». The number of 
electrons with velocity v lying in dv and position r lying 
in dr is f(r,v; {ri})dvdr. This f satisfies a classical 
transport equation. 

A representative electron located at r, will be acted 
on by forces due to (1) the externally applied electric 
field E causing transport, where | E) is so small that 
quadratic terms in | E| can always be neglected, and (2) 
the potential of interaction with the fixed impurity 
centers U=U({r—r;}), 

U=>; ¢(r—r,), (1.1) 
where ¢ is the potential energy of interaction of an 
electron with the impurity center at rj. 

The effect on the electrons of collisions with the 
lattice will be described generally in terms of a proba- 
bility density per unit time K (x,x’) for an electron in a 
state x’= (r’,v’) making a transition (i.e., a discontinu- 
ous jump) to a new state x= (r,v). The properties of K 
will be discussed in the next section. 

By virtue of the above assumptions the equation 
satisfied by the electron distribution / is 


of of 1 OUN of 5f 
—+y-— +(e ): -( ) , Rom 
at or m or OV 6L 7 colt 


where (6f/6t).o1 represents the effect of phonon scat- 
tering, m is the isotropic effective mass and e the charge 
of the electron. We will be strictly interested only in the 
steady-state electron distribution f(r,v) which satisfies 
Eq. (1.2) with 0f/dt set equal to zero. 

The equilibrium distribution function, fo, in the 
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ELECTRON 


absence of an external field E, is fo(r,v; {r:}) 


m \3 —my*e-Ul kT 
folry)=n(——) exp — Ei | , 
2ekT 2#T I Z 


with 7 the temperature and Z the configurational parti- 
tion function of the electron-impurity system, 


(1.3) 


(1.4) 


The phonon collision term, (6//6¢)..1, must have the 
property that (6f/o/5t)eon vanishes, so that fo is the 
stationary solution of Eq. (1.2) when E=0. 

The spatial integration in Eq. (1.4) is over a unit 
volume V which is chosen to be large enough for the 
system to be uniform on this scale, i.e., surface effects of 
V can always be neglected. The value of Z is thus inde- 
pendent of the location of V inside the total volume Q 
of our sample. 

We insist that the steady-state distribution f that we 
are looking for must have the property that if A (v,r) is 
any vector or tensor that is itself uniform in r over V, 


then 
fia div f A(w,n)fav=0. 
. 


This insistence [which is analogous to the assumption 
that in the case of vanishing U, f= f(v) only ], reflects 
the physical fact that in our sample of volume 2 we are 
dealing with an open system with electrons entering one 
side and leaving the other. In the limit, as 2 approaches 
infinity in such a way that the density of electrons and 
impurities remains constant, we are dealing with an 
infinite system which is uniform on the scale of V. An 
alternate approach corresponds to assuming periodic 
boundary conditions, this necessitates using an electric 
field produced by a changing magnetic field, which dees 
not essentially affect the results. 

This requirement of uniformity can be made more 
precise, and some other complications avoided as well, 
by considering an ensemble of systems in which 
the distribution of impurity centers is governed by 
an @ priori joint probability (density) distribution, 
Py(t,:+-,tv).2 The expectation value of any physical 
quantity Q in our system will then be found by aver- 
aging Q both over f and over Py. The averaging over 
Py will eliminate the dependence of the macroscopic 
quantities on the {r,} and also on r, assuring complete 
uniformity. Thus, for example, the current density is 


(1.5) 


2W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957). 

§ This reduces to the previous situation of specific location for 
the impurity centers when Py is chosen to be a product of delta 
functions, Py(n’,-++,rn’) = 421% 6(r;’—r,). However in order to 
make the system manifestly uniform Py should be a function of 
the (r;—r;). 
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given by 


(N) N 
ime of fosew: {r:})Pw({1,})dv [J dr; 
V i=l 
=e f v(s(v))ndv, 


where 
(N) 
(f(v) w= f ‘as f Pyfdry, ++, dew; 
» 


the (---)w always denoting averaging over Py. 

In Sec. 2 we find a general expression for the con- 
ductivity. In Sec. 3 we carry out some explicit calcula- 
tions for the change in conductivity due to impurity 
scattering when the phonon collisions dominate. There 
we make use of a simple relaxation time approximation 
for the phonon collisions, writing 


(6 f/6t) cou= (fo—f)/r. (1.7) 


In Sec. 4 we discuss the relation of our results to 
Matthiessen’s rule using the electron velocity autocorre- 
lation functions. 


2. GENERAL TRANSPORT EQUATION 
AND CONDUCTIVITY 


The transport Eq. (1.2) can be written 


af f(x) eE of 
- +(fH)= f K (xx) fx’)ax—— ——:-—, 
dl T(x) m Ov 


(2.1) 


with H the single electron, impurity centers Hamil- 
tonian 


H=i}mv?+U, (2.2) 


(f,H) is the complete Poisson bracket with respect to 
the electron coordinates r, v and the kernel K(x,x’) is 
the transition probability per unit time from x’ to x 
describing the electron scattering due to the lattice. As 


usual 
1 
-- = [ K(w xx, 
T(x) 


with the integrations in Eqs. (2.1) and (2.3) being taken 
over the electron phase space. Since (6 f0/6t).o1 vanishes, 
we must have 


= a fo(x) 
PR cox) folx)ae’= J K(x fla)av'= —. 
7 (x) 


We shall also assume that K yields detailed balancing in 
equilibrium which implies 


(2.3) 


K (x,x’) fo(x’) = K (x’,x) fo(x) = W (x,x’) = W(x’,x). (2.5) 


In general we expect that “collisions” with phonons will 
change the momentum of an electron but not its position 
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so that A will have the form‘ 


K (x,x’)=K(v,v’; r,{r,})6(r—r,), (2.6) 


where K is the transition rate from one momentum state 
to another which may depend on the position of the 
electron in the vicinity of an impurity. We note here 
however that the relaxation-time approximation [of 
Eq. (1.7) discussed in Sec. 3] does not correspond to a 
K having this form.‘ In this case the probability that an 
electron will have the phase space coordinates r and v 
after a collision is equal to fo(1,v), which means that the 
position of the electron may also change abruptly in a 
collision, 

We seek solutions of Eq. (2.1) which retain terms of 
order |E} but neglect all higher powers of | E|. To this 
end, we set 
(2.7) 


f=fo(1t+¢), 


where fo is the electron equilibrium distribution Eq. 
(1.3) and ¢(x,/; {r,}) is a correction term satisfying 


fo(dg/dt)+ fol ¢,H) = @e+eBE-v fo, (2.8) 


with 8=1/kT and @ is an operator such that 


ae= fas’ W (x,x’)L¢(x’)— (x) ]. (2.9) 


It is convenient to break up the correction term ¢ 
into two additive contributions g(x,/) and /(x,t). q(x,/) 
characterizes the lattice scattering of the electrons, i.e., 
q(x,t) satisfies the inhomogeneous equation 


fodq/ t= Gq+eBE-v fo. (2.10) 


Actually g will still depend on the impurities through fo 
and possibly also through A(v,r; v’,r’). Only when the 
two processes are completely independent, i.e., K in Eq. 
(2.6) is independent of r, and also in the constant 
relaxation time approximation, does g become the same 
as in the complete absence of impurities. The other term 
k(x,t) gives the further correction due to the presence of 
the impurity centers and must satisfy by virtue of Eqs. 
(2.8) and (2.10) the inhomogeneous equation 


fodh/Ot= fol(H,k)+@h+fo(H,q). (2.11) 


We are interested in the stationary solutions of Eqs. 

(2.8), (2.10), and (2.11), which will be denoted by ¢(x), 

q(x), and A(x), and which are obtained by setting the 

time derivatives equal to zero in these equations. 
Following Kohler,' we now define 


(a,b)}=— ff a(x (xx) [6(x’)— (0) Mua’ 


1 
= fcabix- f fre 
2 


< [La(x’)— a(x) ][b(x’) — b(x) Jdxdx’ 
= {b,a}. 


». P. Gross, Phys. Rev. 97, 395 (1955). 


(2.12) 


AND 
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Since {c,c} is always positive, we can easily show by 
letting c=Aa+6 that 


{a,a}{b,b} > {a,0}°. 


(2.13) 


It follows further that the correct ¢ which is the 


stationary solution of Eq. (2.8) satisfies 


(a,¢)=Bek: f favix— fof (y,H)dx 


={¢,a}, (2.14) 


and in particular, see Eq. (1.6) (where we omit here and 
wherever it is not important the indication of averaging 
over Py), 


(ee) = BE: ff foevdvdr- ab: f jar 


=BE-J=,E-o-E. (2.15) 


Here J is the total current, since we are always inte- 
grating over a unit volume, and @ is the conductivity 


tensor. The last equation was derived by noting that 


1 


fo(¢,H)= —-(¢,fo), (2.16) 
8 


and 


J elestoax 
1 
= fcesoax 


1 0 0c 0 0c 
2 faf?.(22)-2.622)], com 
2 OV or or Ovi | 


The first term in the last integral of Eq. (2.17) vanishes 
by virtue of the fact that fo goes to zero for large 
velocities and the second term vanishes in accordance 
with Eq. (1.5). 

We have similarly for the stationary g of Eq. (2.10), 


{a,q} =k: f foavér. 


{9,9} =BE- J non =BE- enon: E, 


(2.18) 


Thus, 
(2.19) 
and 


{¢,g} =BE-J={¢,¢}, (2.20) 


where @phon is the conductivity in the absence 
impurities. [See the discussion after Eq. (2.10). ] 
Replacing now a and bd in Eq. (2.13) by ¢ and q, 
find 
fe, ch{agh = laer, (2. 


BE: @pnon* E= {9,9}>{9,¢} =BE-e-E. (2. 


or 


Since @pnon and @ are both symmetric the above implies 
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that the eigenvalues of @phon are greater than those of 
@, which is what we wanted to prove. Combining Eqs. 
(2.14), (2.15), and (2.19), we also find 


(J- Jpnon) = E 


=—] 8 f aflemdx- —1, 8 f fooHaax 


=—1 8 f foh(t1,g)dx=E-A0-B, 


where the last two equalities follow by arguments 
similar to those developed after Eq. (2.15). 

The stationary value #(x) may be written formally as 
the value of (x,t) as t > ©. This leads to the expression 


ji)= f as { P(xx'|s) 


XC (x’),q(x’) | fo(x’)dx’, (2.24) 


where the Green’s function P(x,x’|s) is the solution of 
the homogeneous equation, 

oP 

—+ (PH) = ff dx" LK (xx") POR" s) 

Os 


— K (x’’.x) P(x,x’|s) ], 
under the initial condition, 


P(x,x’|0)=6(x—x’). (2.26) 


P(x,x’|s)dx is thus the probability that an electron 
initially at the phase point x’ will be found in the region 
dx about x at time s later. Substitution of Eq. (2.24) 
into Eq. (2.23) yields the autocorrelation function 
expression, 


E-Ao-E=—1 af ds f (1) PCxx'|s)0(8) fale’) dx 


=—] af ds((Q(x’| s)Q(x'|0))y)o, 


with 


Q(x) =Q(x|0)=(H,9), 


and (---)9 representing, as usual, an average over the 
equilibrium electron distribution, and the (---)y repre- 
senting an ensemble average over the impurity dis- 
tribution. 

Now since we are dealing here with a stationary 
stochastic process, we have 


((Ge(s))vo=(P(S)O(O)) wo 


- 
= lim1 rf (Q(t+s)Q(t))w)odt, (2.28) 
Tx 


where ((t+s) and Q(s) are the values assumed by the 
function Q (thought of here as a random variable) at the 


AT HIGH 


TEMPERATURES 1545 


times s and /+s. Use of the Wiener-Khintchin theorem 


now yields 


(Gals))wyo= | ((Ge(v))w)o cos2rvsdy, (2.29) 


where Ge(v) is the power spectrum 


‘ 
Ge(v)= lim2 r| f O(t)e2** tdi 
Tx 


‘i 
xf owneratl, (2.30) 


which is assumed to exist. This yields finally 
E- Ao- E= — (1/8)r((GQ(0))x)o, 


where Gg is positive. 
For the case where the kernel randomizes velocities,*® 
1.€., 
K (x,x’) = K (x*,x’), (2.32) 
with x*=(r, —v), g(x) is given by 


g(x) = 7(x)eBE-v. 


Cphon= o8 f (ve fur a 


QO=e8(H,rv)-E. 


(2.33) 
This yields 


(2.34) 
and 


(2.35) 


3. RELAXATION-TIME APPROXIMATION 


In the relaxation-time approximation 
satisfied by f is 


the equation 


of fo—f 
+ (f,H)= _- 


al T m OV 


eE of 


For 7 constant this corresponds to the choice 


K (x,x’) = fo(x)/r, 


while there is no choice of K which would yield Eq. (3.1) 
for 7 not constant. This may be seen most easily by 
noting that the correct collision term conserves the total 
number of particles while the relaxation time approxi- 
mation does so only for 7 a constant. While it is true 
that when K randomizes velocities, the form of g would 
be unchanged if one used Eq. (3.1) with the correct 
T(x), i.e., 
q= —TeBE-v, 


this would no longer be true of #. We shall therefore 
consider here only the case 7 constant, for which 


P(x,x’|s)=e—*/6(x_,—x’)+(1—e~"'") fo(x), (3.2) 


where 
X_;=x(x, —/) (3.3) 


5C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 
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are the phase space coordinates, x_;=(r_.,v_1) of an 
electron, moving solely under the action of the forces 
due to the impurities, at time —/ when its coordinates 
are x at ‘=0. From the time reversibility of the equa- 
tions of motion derived from the Hamiltonian H it 
follows that 

r_,=r(r,v; —)=r(r, —v; +2), (3.4) 
v_;=v(r, v; —) =—Vv(r, —v; 2). 


By using Eq. (3.2), Eq. (2.27), giving the change in 
conductivity due to the presence of the impurity centers 
Ae, becomes 


se=—< f ds ((Q,(x)e~""Q,(x_,))w)o, (3.5) 


where Q,(x) is given by 


Q,(x)=7(H,v) = —(r/m)F(r). (3.6) 
Thus 
esr x 
Ac= -— f ds e~*!*((F(r,)F(r))~)o (3.7) 


m Jo 


eBr* 


=-—— f ds e~*/"((F(r)F(r,))w)o. (3.8) 


m> J) 

To derive the last equality we have made use of time 
reversibility, F(r_,.)=F(r, —v; —s) and of the time 
invariance of fo. Thus Ae is equal to its transpose, i.e., 
Ae is symmetric as expected in general. We note also 
that in Eq. (3.7) the effect on Ae of the electron-phonon 
interaction is “separated” from that due to the forces 
exerted on the electron by the impurity centers. For 
central forces and an isotropic distribution of impurity 
centers, it follows from symmetry, that 


((F(r,)F(r))y)o=((F(r,)- F(r))w)ol, 


(Gr(s))o=(Gr(s))ol, (3.9) 


with Gr(s) the autocorrelation function of any com- 
ponent of F and 1 the unit tensor. By virtue of the 
Wiener-Khintchin theorem used in the last section we 
can now write in analogy to Eq. (2.29) 

e Br? r* “a 
se--——1f av f ds ((Gr(v))w~)oe~"'* cos(2xvs) 

m> Jy 0 

reB f® (Gr(w))n)o 

=—— if dus—— >0, 

2xm (w?+1/7?) 


0 


(3.10) 


with w=2zyv, and 


T 2 
Gr(v)= lim 2 r|f F(t)e-‘*'dt} >0. (3.11) 
y | 


0 


These results can also be obtained quite directly 


AND J. L. 


LEBOWITZ 


from the solution of Eq. (3.1), f= fo(1+¢) 
t 
o(tw=o8 f ds exp{ —s[1/r+i£ }}v-E 


+exp{—/[1/r+i£ }} o(r,v,0), (3.12) 


where i£L=( ,H). The stationary solution is obtained 
from the above by letting /— +, 


¢(r,v) = lim o(ty,)=e3B: f ds exp{ —s[1/r+i£]}v 
tna 


2 
= «ak: f ds e~*/Ty_,, 
0 


as could also have been found by solving directly the 
steady-state equation satisfied by this ¢, 


((£+1/r) e=eBv-E. 


(3.13) 


(3.14) 


Two limiting cases of Eq. (3.13) are of interest: (1) 
when there are no impurities, U’ =0, i.e., v_.=v (though 
we shall formally leave U inside fo), then 


¢(r,Vv) | ve0c=g=eBrE-v, (3.15) 


and (2) when lattice scattering is negligible, in which 
case 


¢(r,v) yar 8B: f v ds. (3.16) 
For what follows, it is convenient to integrate Eq. (3.13) 
by parts, using the relation 

F(r_,) = —m/(d/ds)v_., (3.17) 


to obtain 


rep ns . 
¢(r,v)=q-— Ef ds e~*'"*F(r_,). (3.18) 
m 0 


Substituting Eq. (3.18) into the current given by 
Eq. (2.19), one finds that 


(3.19) 


O phon= (o)v0=ne’r/m, 
while from Eq. (2.23) 


7reB . 7” 
Ag= == f ds e~*!*((vF(r_,)) no. (3.20) 


m 


Carrying out an integration by parts of Eq. (3.20) and 
using the facts that (a) the equilibrium distribution is 
invariant with respect to time translation by the 
operator exp(i£) so that 


(vF(r_,))o=(v.F)o, (3.21) 


and (b) noting that there is no correlation between the 
instantaneous value of F and v at equilibrium, 


(vF)=0, (3.22) 


we recover Eq. (3.7). 
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We shall now investigate the explicit form of Eq. 
(3.13) and Eq. (3.7) for the case when lattice scattering 
is dominant, i.e., 7 is small compared to 7;. This will be 
accomplished by expanding ¢ and Ae in powers of 7. To 
this end we note that 


rv=r—sv-ti/m f as’ f F,ds” 
0 0 


s 
=r—sv+(1/2)—F(r)+0(s°), (3.23) 
m 


which when substituted in Eq. 


(3.18) yields 


rep 
y(r,v) =—E.- 
m 


ra) 
my —7F(r)+72v-—F(r)+--- | (3.24) 
or 


The physical parameter of expansion which is used here 
is essentially the change in the electron impurity centers 
potential over one phonon mean free path, 6U’, divided 


by kT. In this approximation the velocity distribution 
of an electron can be written as 


1 (N) 
af 2k 
V Jy 


=Wau(v)[1 +X(v)], 


dty Ps f f(t,v)dr 
. 


where yy is the Maxwellian distribution, 


Yau(v)=n(2emkT)—3 exp[—Bmv?/2], (3.26) 


and 


rep 
—E: {mv —r23v-((F(r)F(1))y)ot ++). 


m 


X(v)= (3.27) 
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Corresponding formulas for Ae can be obtained by 
substituting Eq. (3.24) in Eq. (2.23) by expanding 
directly Eq. (3.7) or by expanding Eq. (3.11), (rw), 
noting that 


1 C4) 
_ f dux(G r(w))w)o 


1 @ 
“fea nora 
T= 0T J_, 


=((F(r (r))n Yo 


(N) au 
= mn +++ far, +++ dryPyfol(r, bw 
Vv or 


(3.28) 


All three of these methods give directly the desired 
relation 
re 


Ao= ——8((F(r)F(r))w)o+O(r8). (3.29) 
“= 


After some integration by parts, the last identity of 
Eq. (3.28) simplifies to read, for central forces, 


(E()EC))s)o= 89 f r')VVe(r’)dr’ (3.30) 


with p= N/V (V is a unit volume) and g(r’), the radial 
distribution function for an impurity center-electron 
pair, 


(N-—1) 
j ihe r1,°°*,tv) expL— Po ¢(|r—rx|) dro: + -dry 


(82) = 


(N41) 
‘=< fp n(,°°*,¥w) expl—8 z= ¢(|r—rx|) Jdrdr,---dry 


Thus, if g is known, Eq. (3.30) in Eq. (3.29) gives us the 
limiting change of conductivity Ae for sufficiently small 
r valid to all powers of p. 

Unfortunately the problem of carrying out the inte- 
grations shown in Eq. (3.31) is not easier than the 
corresponding problem in the theory of fluids. Just as in 
that theory, progress can be made if the system is 
sufficiently attenuated, i.e., p is very small and we are 
dealing with a dilute “impurity gas.” Expanding g 
straightforwardly in a power series in the density of 
impurities p, one obtains 

g(r’) =e FT 14+0(p) |, (3.32) 
which when substituted in Eq. 
only first-order terms in p, 


(3.30) gives, retaining 


(FF)y)o= Bion f te VV e(r')dr’ 


4irp dog(r') P 
<1 fre] 
3 dr’ 


rdr', (3.33) 


In this double limit of small p and 7, Eq. (3.29) reduces 
by virtue of Eq. (3.33) to Ae=1Ac, 


t*e? Arp dy\? 
Ao= ——6n— fe) rdr. (3.34) 
m? 3 dr 


Equation (3.34) can be explicitly evaluated if the 
force — g’, between the electron and the impurity center 
is known. Possible choices for the potential g for 
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charged impurities are suggested by current theory of 
electrolytes. For example, in the case of a negatively 
charged impurity center ¢ can be given by the Debye 
shielded Coulomb potential ¢gp.s. and in the case of a 
positively charged impurity center (of effective positive 
charge + Ze), imbedded in the solid of effective dielectric 
constant D, ¢ can be the Bogoljubow potential ¢z,° viz. 


Ze; 
¢p.s.= +— exp[—r/Ap], 
Dr 
Ze 
¢gp= ——(1-—e*") expl—r Ap |, 
Dr 


the latter remains finite as r vanishes, with a a distance 
of the order of the effective Bohr radius and Xo the Debye 
shielding distance. A mathematically simpler choice is 
that the force is given by Coulomb’s law with appro- 
priate cutoffs, which are necessary to satisfy the condi- 
tions of the expansion. For an impurity center of 
effective charge Ze imbedded in an impure solid whose 
effective dielectric constant is D, we set 


r<aandr>Ap, 
a<r<Xp, 


—y'(r)=0 for 


=—Ze*/Dr* for (3.35) 


where a and Xp= are the lower and upper cutoff distances. 
Substituting Eq. (3.35) into Eq. (3.34), we find 


4rpnr*® Ze' 


Ao = ————- —[exp(8Ze?/ Da) — exp(8Ze*/ DX) | 
3m? D 


4dr pr Ze 
ae (= —) 
3 m D 


(3.36) 


X Lexp(8Ze?/ Da) — exp(8Ze?/ DX p) | 


where we have assumed for simplicity that all the 
impurities have the same charge; otherwise their effect 
is additive in this approximation. 

The upper cutoff Ap may be chosen, as in the Conwell- 
Weisskopf theory,’’* to be one-half the average distance 
between impurity centers, Ap=4p~}, and Ao will gener- 
ally not be too sensitive to its exact value. The lower 
cutoff distance, a, presents a serious problem in the case 
of negatively charged impurities where Ao given by Eq. 
(3.36) goes to infinity as a vanishes. The origin of this 
difficulty is related to the complete trapping of the 
electrons by the —1/r potential. This is true, classically, 
for any potential with an infinite depth, but this com- 
plete trapping does not occur in a true quantum me- 
chanical theory. Even with the cutoff we do not treat 
correctly the electrons with negative energies, which 


*See for example, G. Kelbg, Wiss. Univ. Rostock, Math.- 
Naturw. Reihe 9, 4 (1959). 

7 E. Conwell and F. Weisskopf, Phys. Rev. 69, 258 (1946). 

*H. Brooks, in Advances in Electronics and Electron Physics, 
edited by L. Marton (Academic Press, New York, 1955), Vol. 7, 
p. 85. 
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ought not contribute to the current at all, but which do 
in our theory, a little. It would seem reasonable to 
choose @ to be of the order of the Bohr radius Dh?/ me’. 
The further elucidation of this question requires a 
quantum mechanical treatment which we are carrying 
out. 

At sufficiently high temperatures, 8 Z| e?/ Da1, Eq. 
(3.36) reduces to 


4rn or? fZe*\"7 1 a 
8 MR A as 
Clin 3 mkT\ D a XD 


We note here that if a is taken to be independent of the 
temperature then Ao/o¢phon has a temperature depend- 
ence which goes as (¢phon)?/ 7, while Matthiessen’s rule 
predicts a temperature dependence of Ag/¢phon © Gphon/@ i- 

Note added in proof. The calculation carried through 
in Sec. 3 for the constant relaxation time approximation 
can also be done quantum-mechanically in the density 
matrix formalism. When the impurity-electron inter- 
action is represented by a screened Coulomb potential 
¢p.s. and only the lowest order terms in ¢ are kept, 
then the quantum formula corresponding to Eq. (3.37) 


here is 
Ac rT Ze\24 128 
Ophon h(mkT)}\ D (187)! 


Here, y is (3/16m*)(A/Ap)* where A is the de Broigle 
wavelength of the electron, A\=//(3mkT)', and 


« s#exp(—}x*) 7° sinh (xy) 
i= f dx— ——— f exp(—}y") y 
w (x*-+-+*)? y 


(Sr)! In(X/Ap) 


and the other symbols have the same meaning as in 
Eq. (3.37). 


4. CONDUCTIVITY AND VELOCITY 
AUTOCORRELATION FUNCTION 


In this section we continue the analysis of the 
conductivity in the relaxation time approximation, par- 
ticularly in reference to the extent to which this con- 
ductivity departs from Matthiessen’s rule. Using the 
stationary value of ¢ (see Sec. 2), one finds after some 
manipulation assuming isotropicity, that 


Be? * 
o—— f J freae s)v’ fo(x’)) vdxdx’ds 


- f C(s)ds, 


where C(s) is the normalized velocity autocorrelation 
function, 


(4.1) 


(4.2) 


C(s)=((v(s)-v)y 
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and 

(v-v)o=3nkT/m. (4.3) 
For the relaxation-time approximation, P is given by 
Eq. (3.2) which yields immediately 


C(s)=e—"/"C'5(s)=Cpn(s)C.(s), (4.4) 


where C,(s) is the velocity autocorrelation in the absence 
of phonon scattering, i.e., 7~!— 0 and Cyn(s) is simi- 
larly defined as C(s). For Matthiessen’s rule to hold, 
C;(s) would also have to be of the form exp(—s/r;). 

Our point now is that there is an essential difference 
between the behavior of C;(s) and C,,(s) near s=0. For 
while Cyn(s) has a cusp at the origin, 


(4.5) 


| s| 
Con(s) =e Isllr 1——+ 0(s’), 
T 


C,(s) must be a smooth even function of s near the 
origin. More explicitly, 


38 
C,(s)=1———((F*) y)os?+O(s*), 


2nm 


(4.6) 


which leads back to Eq. (3.29) for Ac. 

The origin of this different behavior lies in the fact 
that the interaction of the electrons with the phonons 
has been treated as impulsive while that with the 
impurities has been retained as part of a continuous 
Hamiltonian (neglecting any slight complications that 
might arise from a finite cutoff). It is generally believed 
though, in the case of atoms moving in fluids or solids, 
and the same reasoning ought to apply here too, that 
for large times C;(s) ought to decay exponentially. A 
conjectured form of this function which exhibits the 
proper behavior for small and large s,° whose conse- 
quences we shall investigate here briefly, is 

C,(s)=sech(sx/r,), 


(4.7) 


where the factor w has been put in so that o,, the con- 
ductivity when 7<z, is given by 
Da 


ne" ne 
~ f C j(s)ds=—7;. 
m Jo m 


The impurity relaxation time 7; appearing in C;(s) may 
be identified, in this approximation, from Eq. (4.6) as 


(4.8) 


7, ?=(F*)y)o/(3mmkT). (4.9) 
It is clear from this equation that the identification of 
(ne?/m)r, with the conductivity in the limit 7<z, can 
possibly be true only when there is a high concentration 
of impurities. For at low densities of impurities 1/7,” 
given by this equation is proportional to p [cf. Eq. 
(3.34) ] and the resistance would not be linear in p. The 
full conductivity o is now given by 


*D. C. Douglass, J. Chem. Phys. (to be published). 
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ne* f 2 exp(—s/r)ds 

c=" Sears vs _ 
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while for comparison Matthiessen’s rule gives 


<r. 


We see that in the case 7,<r, the two essentially agree. 
This corresponds to the case where the probability of 
scattering by a phonon during the transversal by an 
electron of an impurity atom is very small and the two 
processes therefore add up in the resistance. [Our 
choice of C,(s) rules out the case where 7; is small be- 
cause there are very strong long range forces between an 
electron and an impurity center. Rather 7; small corre- 
sponds to having a large concentration of impurities. ] 
On the other hand, for r<r,, where there are many 
phonon collisions during a transversal time, the devia- 
tion from Matthiessen’s rule will be very large in this 
approximation, and actually corresponds to a larger 
conductivity. We should mention again though, that 
this last discussion depends on the particular form 
chosen for C;(s). 
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The carrier spin-resonance line of neutron-irradiated single 
crystals of graphite at 300°K has been observed as a function of 
the thermal neutron flux up to a dose of 9.6X10!* not. From the 
intensity increase and the g shift for H parallel to the c axis, it is 
concluded that on the average 30 holes become mobile per mvt 
per cm*. This is in agreement with earlier work of Hennig and 
Hove which was based on electrical measurements. It is shown 
that the line they reported in spin-resonance experiments on 
polycrystalline graphite was due to mobile charge carriers and 
not to paramagnetic carbon centers as they assumed. The number 
of holes created is compared to a recent electron transmission 
microscopy investigation of Bollmann where the damage has been 


I. INTRODUCTION 


MODEL of radiation damage in graphite based 

on neutron-irradiated polycrystalline material 
has been proposed by Hennig and Hove.' Bollmann? has 
recently reported the observation of radiation damage 
in graphite with electron-transmission microscopy. 
Wagoner’ investigated the spin resonance line due to 
charge carriers in purified single crystals of graphite. 
We thought that observation of this line as a function 
of the irradiation dose might give additional information 
on the kind and number of created charge carriers as 
given by HH, a correlation to the structural work, and 
some verification of Wagoner’s conclusions for pure 
graphite. 


Il. EXPERIMENTAL 


Ten single crystals of natural graphite with base areas 
between 0.056 and 0.183 cm? and thicknesses from about 
0.1 to 0.2 mm were irradiated in steps to a dose of 
9.6X10'* not (thermal flux) at temperatures of 20° to 
30°C.‘ Four of these crystals were kept loose, and the 
others were cemented on supports. The spectrometer 
used worked at a wavelength of 3.2 cm. The intensity 
of the resonance was compared to calibrated samples 
of DPPH or ZnS powder containing known concentra- 
tions of Mn** ions. The g values, linewidths, and 
asymmetry parameters were determined as indicated 
by Feher and Kip.® Figure 1 shows a record from a 
single crystal of 0.125 cm? base area, for H\\c orientation 
at room temperature, irradiated to a dose of 9.610!" 
nvt. The line shows the characteristic Dysonian shape. 


: * This research was supported fully by AGIP Nucleare, Milano, 
taly. 

1G. R. Hennig and J. E. Hove, Proceedings of the International 
Conference on the Peaceful Uses of Atomic Energy, Geneva, 1955, 
(United Nations, New York, 1956), Vol. 7, pp. 666. Hereafter 
referred to as HH. 

2 W. Bollmann, J. Appl. Phys. 32, 869 (1961). 

3G. Wagoner, Phys. Rev. 118, 647 (1960). 

* Carried out at the Swimming Pool Reactor Saphir Wiirenlingen 
(Switzerland). 

5G. Feher and A. F. Kip, Phys. Rev. 98, 337 (1955). 


observed directly. It is estimated that about one hole per dis- 
placed carbon atom is freed. 

For the unirradiated graphite the linewidth was found to be 
anisotropic, being 4.6 gauss for H parallel and 3.0 gauss for H 
perpendicular to the c axis. This shows for the first time an in- 
complete ‘‘motional’’ narrowing for mobile carrier spin resonance. 
The anisotropy as well as the width decreases monotonically with 
irradiation, and at the highest dose investigated the linewidth is 
isotropic and equal to 1.3 gauss. The change in linewidth with 
irradiation and temperature is interpreted as due to a change in 
spin lattice relaxation time 7; which is caused by carrier scattering 
via spin-orbit interaction. 


It has shifted from the unirradiated position by 68.5 
gauss to a higher magnetic field, its intensity has in- 
creased by a factor of 15, and the line has narrowed 
to 1.3 gauss. 


Ill. g VALUES 


The g values of the unirradiated crystals at 300°K 
for H parallel and perpendicular to the c axis were found 
to be gi:=2.0495+0.0003, g, = 2.0032+0.0002 in agree- 
ment with those reported*® and prove that the carrier 
concentration is intrinsic. The high anisotropy is caused 
by the mainly two-dimensional motion of the carriers 
in the lattice. For H|\c there is therefore a much greater 
orbital contribution Ag,, than for H Lc. The collision 
time rr of holes and electrons with the lattice is about 
3X10-* sec,* or a factor 10° shorter than the time T, 
after which a spin loses its memory. Therefore Ag;; 
represents an average of the g shift of the electrons and 
holes present. 


Fic. 1. The carrier spin-resonance line of a single crystal of 
graphite irradiated to 9.6X10'* mvt at 300°K for H|\c and 9091 
Mc/sec. 


“63. W. McClure, Phys. Rev. 112, 715 (1958). 
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SPIN RESONANCE 


Elliott’ pointed out that Ag is approximately given by 
Ag~n/A, (1) 


where \ is the spin-orbit coupling constant; and for 
Ep>kT in (1), A=Ep, where Er has to be measured 
from the band edge for each type of carrier. Wagoner 
introduced in (1) for pure graphite Er*=200°K for 
electrons and compared this with his experimental 
values at 77°K. He did not consider the contributions 
of the two types of carriers which are opposite in sign. 
The number of holes is about equal to the numberof 
electrons at 77°K and above.® The distance of the Fermi 
level from the top of the valence band Er’ is comparable 
to the distance from the bottom of the conduction 
band Er*.§ This should lead to a small g shift at low 
temperatures. At the higher temperature where Er‘, 
Epr'<<kT, according to reference 7 one has to introduce 
into (1) A=&T for both types of carriers. This should 
again lead to no g shift if the electrons would contribute 
as much as the holes. Therefore, the mean hole contribu- 
tion is greater than that of the electrons. 

With irradiation, Ag,, decreases [Fig. 2(a)]. At 10'° 
nvt the number of carriers created (see Sec. V) exceeds 
the intrinsic value of holes or electrons by a factor of 
over 40. If donors were created even with the greater 
hole contribution to Ag,,, a change of sign of the g shift 
at that dose might be expected. The asymptotic 
approach of Ag,, to zero can be easily explained by a 
lowering of the Fermi level into the valence band 
(growing of Er"). As we observed further a decrease of 
Agi, by introducing (HSO,)~ acceptors electrolytically 
between the graphite layers, we conclude that acceptors 
are created by the neutron bombardment, in agreement 
with what HH! deduced from thermoelectric and Hall 
effect data on polycrystalline graphite. 


IV. LINEWIDTH 


The linewidth for pure graphite was found to be 
anisotropic and, for H_Lc, smaller than the isotropic 
one Wagoner reported for his chlorine-treated crystals. 
We therefore decided not to treat ours at all, since 
according to the g factor they must be as clean as his. 
We find, at 300°K, AH,,=4.6+0.2 and AH,=3.0+0.2 
gauss. From this we conclude that the line at 300°K in 
pure graphite is not completely motionally narrowed, 
and one has to distinguish between the relaxation time 
T, and T». Probably T; is near the time one calculates 
from AM, i.e., T1~2X10-* sec. With irradiation the 
asymmetry in the width decreases, probably the mean 
spread in g values gets smaller, and, at a dose of 10'° nvt, 
AH,=AH;,,=1.3 gauss [see Fig. 2(b) ]. Now complete 
motional narrowing is present and T7,;=7>. 

We do not believe that the spin lattice relaxation 
time 7; is determined by impurity content, as assumed 

7R. J. Elliott, Phys. Rev. 96, 266 (1954). 


81. E. Soule and J. W. McClure, J. Phys. Chem. Solids 8, 29 
(1959), and Ph. Noziéres, Phys. Rev. 109, 1510 (1958). 
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by Wagoner. Rather, we find that a simple application 
of Elliott’s’ formula for T; due to carrier scattering via 
spin-orbit interaction, 


Ti~TR/(dg)’, (2) 


accounts for all observations. It might be thought that 
formula (2), deduced for the diamond lattice, can have 
at most a qualitative meaning in our case. As T; can be 
assumed to be isotropic, Ag has to be regarded as a mean 
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Fic. 2. (a) The g shift for H||c, (b) the linewidths, and (c) the 
intensity of the spin-resonance line of graphite as a function of 
irradiation dose at 300°K. 
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value lying between Ag, and Ag;. We introduced as a 
first check Ag,, and Ag, for 300°K into (2) and found 
that TJ, should lie between 3X10-7 and 10-*. This 
compares favorably with our previous estimate of T}.° 
Secondly, for pure graphite, formula (2) accounts 
qualitatively for the line narrowing with increasing 
temperature. re gets shorter, but Ag,,«<1/T, and 
therefore T, gets longer as reported.’ Thirdly, with 
irradiation at 300°K, Ag,, and Ag, decrease,” and again 
T, should increase, in agreement with our observation 
that both AH, and AH, decrease. That T; is caused by 
the Elliott mechanism is once more supported by the 
narrowing of the isotropic line on cooling crystals 
irradiated to more than 5 X10!* nvt, where Ag,, decreases 
slightly—a width of 0.9 gauss was observed at 90°K. 


V. INTENSITY 


As a measure of intensity, we used the amplitude of 
the derivative per unit base area times the square of 
the linewidth. The values for Hc and H_Lc were the 
same within the experimental error. The mean value of 
both is plotted in Fig. 2(c) as a function of the irradia- 
tion. The unit is 1 for pure graphite. For the given doses 
the number of created carriers should be proportional 
to the dose. The departures from linearity for doses 
higher than 6X10'* net can be interpreted as a change 
in the skin depth 6, and a shift in Fermi level. 

From the slope and magnitude of the intensity at 
zero dose, where the change in skin depth and shift in 
Fermi level can be neglected, knowing the total number 
n, for pure graphite to be 1.45 10'%/cm*,’-" we obtain 
the mean number of holes created per cm* by each nvt 
to be 30." This compares well with the value of 23 (10~ 
per C atom at 5X10" mvt) obtained by HH! in com- 
paring the electronic properties of irradiated poly- 
crystalline graphite with graphite anodically oxidized 
in H2SO,. As the mean free path of a high-energy neutron 
in graphite is 3-4 cm, this gives us a mean value of 
100-120 charge carriers created by each hitting neutron 
at 300°K. 

* Wagoner followed a typographical error in reference 6, where 

2) is printed as 7;~72(Ag)*, and obtained a disagreement by 
a factor of 10’. 

‘© The change of Ag: with irradiation is found to be proportional 
to Agu. 

't Confirmed by spin resonance (see reference 3). 

2 After the present paper was completed, we found in Bull. Am. 
Phys. Soc. 6, 129 (1961) that G. Wagoner has carried out a similar 
investigation. He obtained a value of 2.510" acceptors per cm? 
for 6X 10'* not with energies higher than 1 Mev. It is reasonable 
to assume that the thermal neutron flux is higher. This yields for 
his samples less than 30 created acceptors per thermal mvt per cm? 
and suggests that his irradiation was carried out at a higher tem 
perature where stronger annealing takes place. 


MULLER 


VI. COMPARISON WITH STRUCTURAL WORK 


Bollmann,? in his recent dark-field transmission 
electron microscopy investigation, found black and 
white dots in graphite flakes irradiated to 10” nvt. He 
advanced strong arguments that the black ones are 
“holes” (Brinkman spikes) burned in the layers by the 
high-energy release of primary or secondary carbon 
atoms, and the white dots are crystallized clusters 
between them. The spikes show diameters ranging from 
60 A down to 10A (the lower limit of resolution). 
Taking into account that the smaller events are slightly 
more frequent, a mean size of 25 A seems reasonable, 
which leads to an average of 200 displaced C atoms per 
event. HH! estimate from energy considerations that 
50-100 carbon atoms are displaced per hitting neutron, 
which is somewhat lower than our estimate from 
Bollmann’s work. As at 300°K half of the damage 
anneals out,!® we are led to the conclusion that about 
as many acceptors are created as carbon atoms are 
displaced. 

The model of HH was founded to some extent on a 
paramagnetic resonance investigation on neutron- 
irradiated polycrystalline graphite. The line found, of 
width ~1 gauss, was interpreted as due to single 
interstitial carbon atoms. We have detected no other 
line than the conduction carrier resonance line. For 
high irradiation doses, the g value and the width of our 
line becomes isotropic and AH approaches 1 gauss. It 
seems likely that the line reported by HH is due to 
carrier resonance. The line narrowing they report on 
warming slightly irradiated samples from 77°K to 
300°K might be understood as a change in anisotropic 
broadening by the temperature-dependent Ag), value. 
In comparing their estimated number of displaced 
carbon atoms with their resonance line intensity, they 
came to the conclusion that only a small fraction of the 
displaced C atoms gave rise to paramagnetism in 
contrast to the present investigation. Because of the 
polycrystalline samples, the diffusion, and the skin 
effect, an underestimate seems to have been made. 
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The theory of sound attenuation in structurally perfect di 
electric crystals is extended and applied to recent experiments 
on the absorption of acoustic waves in crystalline quartz at 
frequencies from 10° cps to 2.410" cps. The sound wave is 
assumed to vary the frequencies of the thermal phonons adiabati- 
cally, and the complete Boltzmann equation is used to determine 
the response of the thermal phonon distribution to this disturb- 
ance. The rate of energy transfer from the therma! phonons to the 
temperature bath is computed. In the steady state, energy is 
supplied by the driving sound wave to the thermal phonons at 


1. INTRODUCTION 


NTEREST in the fundamental mechanisms re- 

sponsible for the damping of elastic waves (sound) 
in insulating crystals has recently been stimulated by 
the experiments of Bémmel and Dransfeld' and of 
Jacobsen,? in which the attenuation of such waves in 
quartz was studied for frequencies ranging from 10° to 
2.410" cps at temperatures between 4°K and 160°K. 
This paper is an exposition of a theory of sound ab- 
sorption in insulators which provides an interpretation 
of these experiments. One of the results of the present 
work is to extend and deepen the prior discussion! by 
Bémmel and Dransfeld of their results. The inter- 
pretation given here is not always sufficiently quanti- 
tative because only very rough values of some of the 
parameters entering the theory are available at present, 
so that explicit evaluation of the complicated theoretical 
expressions is not always warranted. Only insulators 
are considered because the theory of sound absorption 
processes involving free electrons has already been 
treated in considerable detail.*~® 

An important contribution to the microscopic theory 
of sound absorption was made by Landau and Rumer, 
who presented a quantum mechanical treatment of the 
problem, valid when Q7>1, where Q is the circular 
frequency of the sound wave and 7 is the mean time 
between collisions of a thermal phonon in the solid. 
They emphasized that their theory no longer applies 
in the range Q7r<1. 

Akhieser’? treated the case 271. Following the 
classical phenomenological analysis* he regarded the 


1H. E. Bommel and K. Dransfeld, Phys. Rev. 117, 1245 (1960). 

2 E. H. Jacobsen, Phys. Rev. Letters 2, 249 (1959); article in 
Quantum Electronics (Columbia University Press, New York, 
1960), p. 468. 

3A. B. Pippard, Phil. Mag. 41, 1104 (1955). 

*E. I. Blount, Phys. Rev. 114, 418 (1959). 

5M. H. Cohen, M. J. Harrison, and W. A. Harrison, Phys. 
Rev. 117, 937 (1960). 

6. Landau and G. Rumer, Physik Z. Sowjetunion 11, 18 
(1937). 

7A. Akhieser, J. Phys. (U.S.S.R.) 1, 277 (1939). 

8 L. Landau and E. M. Lifshitz, Theory of Elasticity (Pergamon 
Press, London, 1959). 


the same rate, which gives the attenuation. Relaxation times are 
assumed for N and U processes. Since the effect of the sound wave 
on a thermal phonon depends on the relative polarization and 
wave-number vectors of both, the phonon distribution in a small 
spatial region tends to relax to a new temperature 7” which is 
determined by requiring local conservation of the total energy to 
first order. The present treatment leads to better understanding 
of the rapid decrease in attenuation with decreasing temperature 
in the range in which the sound-wave period becomes comparable 
to the average relaxation time of the thermal phonons. 


absorption as arising partly from heat flow and partly 
from viscous damping. Our work is related to and was 
in part suggested by his method for calculating the 
viscous damping contribution. We have avoided trying 
to separate the absorption into heat-flow and viscous 
damping parts because as 27 approaches unity this 
separation is difficult to justify. The present work 
resembles Drude’s treatment’ of the absorption of light 
by electrons in its dependence on the linearized Boltz- 
mann transport equation and heuristic assumptions as 
to the form of the collision integral in that equation. 
Like Drude’s theory, it agrees fairly well with experi- 
ment for 27 approaching and even greater than unity, 
though its derivation is rigorously valid only for Q7<1. 

Akhieser’s calculation of the viscous damping con- 
tribution to sound absorption is based on the idea that 
the sound wave modulates the elastic properties and 
hence the thermal phonon frequencies of the medium 
through which it propagates. The modulated phonons 
are no longer in thermal equilibrium but relax towards 
local thermal equilibrium via phonon-phonon collisions 
caused by the anharmonic interaction. This relaxation 
is an entropy-producing process which removes energy 
from the sound wave driving the process and thus 
damps it. The time-independent Boltzmann transport 
equation is used to describe the process. The collision 
integral is written explicitly and exclusively in terms of 
the three-phonon transition probabilities. 

The present analysis differs from that of Akhieser in 
that all field and time-dependent terms of the complete 
Boltzmann equation are considered, in keeping with 
the fact that the driving term has an explicit time 
variation. Further, the collision term is written in 
terms of relaxation times for normal phonon-phonon 
collisions (.V processes) and all other processes (U 
processes), both of which tend to relax the distribution 
function to an equilibrium distribution which is 
characteristic of a local temperature 7’, and, in the 
case of the .V processes, is shifted in phonon wave- 
number space away from the origin. Except for the 
introduction of 7. this procedure is in correspondence 


®P. Drude, Ann. Physik 1, 566 (1900), 
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with Callaway’s treatment” of thermal conductivity in 
insulators. The temperature 7” arises here because the 
perturbation of the distribution function by the sound 
wave driving the system depends on the polarization 
of the thermal phonons. This leads to a local relaxation 
of these phonons, by a process having no analog in the 
theory of thermal conductivity of insulators, towards 
a Planck distribution for which the phonons in all 
branches are at a common temperature 7” different 
from the ambient temperature of the crystal. Finally, 
the energy transferred from the sound wave to the 
thermal phonons is computed differently in the present 
paper. 

Bémmel and Dransfeld! based their discussion of their 
results on some of the ideas underlying Akhieser’s 
calculation of the viscous damping. They emphasized 
the importance of the local relaxation process just 
described in the attenuation of the sound wave. 

We turn now to a survey of the main lines of the 
present analysis. As suggested by Blount in his paper 
on ultrasonic attenuation in metals,‘ it is convenient to 
consider three systems: (a) the driving sound wave; 
(b) the dissipative system, here the assembly of thermal 
phonons; and (c) an external system (thermostat or 
heat bath) to which the thermal phonons deliver energy 
by means of collisions. The dissipated energy is that 
delivered by (a) to (b) or equivalently that delivered 
by (b) to (c). We study the latter process in this paper. 
The driving sound wave is represented as a traveling 
plane wave of elastic displacement of the form 
Uy cosLi(@-r—Q/) ] where up is the amplitude and @ 
and & are, respectively, the wave vector and frequency 
of the wave. As already noted, the principal effect of 
this sound wave is to produce a periodic variation of the 
frequencies of all the thermal phonon modes of the solid 
with frequency 2, which perturbs the distribution. The 
linearized Boltzmann transport equation is set up in 
Sec. 2. In Sec. 3 the rate of energy loss of the phonons 
to the heat bath is computed by a procedure analogous 
to that used by Blount.‘ In the last section (Sec. 4) the 
behavior of the rather complicated expressions for the 
attenuation I is examined for several important special 
cases. 


2. THE PERTURBED THERMAL PHONON 
DISTRIBUTION 

Our first objective is to determine the distribution 
function .V (q; r,t) for the population of thermal phonons 
in a sample of unit volume. .V(q; r,t) is the number of 
phonons of mode q at position r and time ¢. This ap- 
proach is valid so long as ¢<q, the wave number of 
the most abundant phonon excitation or, neglecting 
dispersion in the velocity of sound, so long as 


Q<KT/h. (2.1) 


We let the direction of sound propagation be the 
z axis, and, unless otherwise indicated, assume the 


0 J. Callaway, Phys. Rev. 113, 1046 (1959). 
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polarization index to be included in the specification 
of the wave-number vectors q and @. Similarly, inte- 
gration over q will be assumed to include summation 
over mode type. 

The Hamiltonian for a single phonon q at position z 
at time ¢ under the influence of the externally applied 
sound wave is 


H(q; z,f)= Ho(q) +H (q; 2,1) = hw(q; 2,1), 
where 


Ho=hewo(q), 


H,=a(q; ¢,u0)Ho(q) expLi(oz—22) | 
=W(q; o,uo) exp[i(oz—22) ]. 


Thus the perturbed frequency w is given by: 


w(q; 2,f)=wo(q){1+4(q; o,uo) exp[i(oz—OQ2) }. (2.5) 
Here wo(q) is the frequency of a phonon of mode q in 
the unstrained crystal and a(q;o,u) is a coefficient 
depending in a complicated way on q and @ and linearly 
on Uo for small amplitudes, the case considered here. 
The determination of the coefficient a(q;o,uo) is 
discussed in the Appendix. Throughout this paper it is 
understood that only the real parts of all complex 
expressions such as appear in (2.4) and (2.5) have 
physical significance. Note, too, that in general the 
coefficients in complex expressions [e.g., a@(q; @,uo) ] are 
complex. We wish to distinguish three different distri- 
bution functions: the thermal equilibrium distribution 
at temperature 7, 


No(wo)=[Lexp(hwo/KT)—1}", (2.6) 


the local equilibrium distribution Vo(w) corresponding 
to the perturbed frequencies w, and finally the perturbed 
distribution V (q; z,t). Since in practice the attenuation 
is small ("<o) and we are interested only in effects of 
lowest order in the sound amplitude, we are justified in 
regarding the perturbation of the phonon distribution 
function by the sound wave as small. Hence we can 
write, to first order, the perturbed distribution function 
in terms of the local equilibrium distribution as 


N (q; 2,t)= No(w)— (No'/KT)®(q; o,uo) 
Xexp[i(oz—M)], (2.7) 
where 


No’ =dNo(wo)/d (hiuo/ KT). (2.8) 


Using Eq. (2.4) we can also relate the perturbed dis- 
tribution to the thermal equilibrium distribution in 
first order: 
N (q; 2,t) = No(wo)+ (No'/ KT) (VW —®) 
Xexp[i(oz—22) J 
= No(wo) +1. (2.9) 


The Boltzmann transport equation can be written 


ON On 13 ON 0H ON OH 
(- ) =—-+ > ( cama - ), (2.10) 
AF on IO hi= \Or; 0g: 0g; Or; 
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where the r; are the position coordinates and the hq; 
the momentum coordinates of the phonons, here con- 
sidered as classical particles. That this form of Boltz- 
mann’s equation is equivalent to the more common form 
involving velocities and accelerations is an immediate 
consequence of Hamilton’s equations of motion. Note 
that on the right-hand side of Eq. (2.10) we include 
the term 0\V/dt omitted in Akhieser’s work,’ but not 
terms involving differentiations with respect to tem- 
perature. Omission of the term 0V/0dt is justified, as 
will become clear, for 271; however, it strongly 
affects the results as 27 approaches unity. We believe 
that it is incorrect to introduce the notion of tempera- 
ture in connection with the Boltzmann equation, except 
in describing the boundary conditions or in approxi- 
mating the collision integral. For the present problem 
(2.10) becomes 


ON ON 1/0N 0H ON OH 
(—) -—+-(——-_—); (2.11) 
A Foon OO h\ Os dg. Aq. Oz 


upon retaining only terms of first order, 


oN ON, 1/0N, 0H) ON o OH, 
el de ace ean 
AF ou OO h\ ds Og. Og: 2 


Proceeding heuristically we next construct an ap- 
proximation to the collision term. As noted, the 
scattering processes fall into two classes: (1) NV 
processes, which conserve phonon wave vector, and 
(2) U processes which do not conserve phonon wave 
vector. To describe these two classes of processes we 
introduce the relaxation times, 7v(q) associated with 
class (1) and ry(q) with class (2). Because they con- 
serve wave vector, the normal processes produce 
relaxation towards a distribution which is shifted in 
phonon wave-vector space. Both kinds of processes 
produce relaxation towards Planck distributions which 
are characterized by an effective temperature 


T’ (z,t)=T+AT exp[i(oz—22) }. (2.13) 


T’(z,t) is the temperature which would ultimately be 
attained in a small region around a point at position z 
if at time / this region were isolated from the remainder 
of the solid but maintained in the state of strain existing 
in it at that time. We can roughly specify the region 
around z as a sphere centered at a point having co- 
ordinate z and with radius of order cr, where c is the 
mean velocity of sound and 7 the mean free time for 
the thermal phonon distribution N(q;2,t). The dis- 
tribution function towards which \V processes relax may 
therefore be written 


No(w; 7’,2)= {exp[ (hw-2-q)/KT’]—1}-. (2.14) 


The corresponding relaxed distribution for U processes 
is 


MNo(w; T’)={expLhw/ KT’ ]—1}-. (2.15) 
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The physical significance of the shifted distribution 
characterized by 2 is discussed by Klemens" and 
Callaway.” Note that w(q) and not wo(q) appears in 
the unperturbed distribution function: All collision 
processes tend to relax the perturbed distribution 
towards distributions corresponding to phonon modes 
of the locally strained crystal. 
To first order, 


Now; T’ .X)=No(w)—(No’ KT)[hwo(AT T)+A-q] 
Xexp[Li(oz—M)], (2.16) 


No(w; T’) = No(w)—(No'/KT)hao(AT/T) 


XexpLi(oz—Qt)], (2.17) 


where A is defined by 
~=A exp[i(oz—M2) ]. 
The collision term of the Boltzmann equation is then 


(~~) N (q; 2,t)—No(w; T’,) 
Ot F wil Tn (q) 


N (q > z,t) —_ No (w; 7) 


ro(@) 
= (No’, KT){rwn ' b—hw (AT, T)—A-q] 
+-ry“[—hwo(AT/T)}} 


Xexp[i(ez—M) ]. (2.18) 


The parameters A and AT are determined by the 
following considerations: For the normal processes, 
wave number must be conserved, which implies: 


ON 
fo) eveo 
j al coll, N 


To first order, the total rate of change of the energy of 
the system must also vanish, implying: 


oN 
5 fanto(") aaa 
j Ot F cot 


In Eqs. (2.19) and (2.20) the summation over the 
polarization index 7 has been made explicit to emphasize 
that both integration over the Brillouin zone and 
summation over polarizations are involved. Non- 
energy-conserving processes like radiation and inter- 
actions with external surfaces are excluded throughout 
the present analysis. The irreversible energy changes 
associated with attenuation of the sound wave only 
occur in second order, as discussed below. The con- 
ditions (2.19) and (2.20), which refer only to a single 
point of coordinate z, determine AT in accordance with 
our definition of 7’ only when cr is small compared to 


(2.19) 


(2.20) 


11 P, G. Klemens, in Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, p. 1. 
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the wavelength of sound, or 27<1. It is clear that T’ 
approaches T as Qr becomes greater than unity. This 
incompleteness of the conditions (2.19) and (2.20) 
causes no real difficulty because, as will be seen, terms 
in AT and A disappear from our results as 2r becomes 
greater than unity. Further, the present analysis does 
not really apply in this range, since quantum mechanical 
effects become important. Indeed, this regime is just 
that to which the Landau-Rumer‘ analysis applies. 

Using Eqs. (2.4), (2.9), (2.12), and (2.18) we now 
construct and solve the linearized Boltzmann equation. 
Introducing the total or combined relaxation time 7(q) 
defined by 


(rq) =Erv@P+irv@?, 


we find the solution 


(2.21) 


= {1—i[2—c,(q)o |r} {hwo (AT/T) 
+(7/ry)A-q—i2r¥}. (2.22) 


Upon inserting the solution for ® into (2.18), the 
conditions (2.19) and (2.20) determining AT and A 
may be stated explicitly. We find 


D4.i a(cgrv) Sq, 1—iQ—c,0)r 
X {i(Q—c,0)7r(AT/T)+[(14/try)—-1 
+i(Q—c,0)r |(A-q/hw)—iQra}=0, (2.2: 
and 


Dai S(4,f[1-i(Q—c,0)r J 
X {1(Q—c¢.0)[(AT/T)+ (7/7y)(A-q/ha) | 
—iQa}=0, (2.24) 

where 

S(q,j)= — K[hwo(q,j)/KTPNo (2.25) 
is the specific heat due to the mode q, 7. Equations 
(2.23) and (2.24) must be solved simultaneously to 
determine AT and A. Equation (2.22) may then be used 
to obtain an explicit expression for ®. 


3. THE DISSIPATION 


Next, following Blount’s* approach, we calculate the 
rate at which energy is transferred from system (b) 
(thermal phonons) to system (c). We have noted 
already that the average rate at which energy is re- 
moved from the sound wave is equal in the steady state 
to the average rate Q at which energy is transferred 
from the phonon system to the heat bath. Q is given by 


= (a(—) ) 
al 

where (_ ) denotes time average. In this expression the 
quantities H and (dV /d0T),.\; are to be understood as 
the real parts of the respective complex quantities 
previously considered. Equation (3.1) may be trans- 
formed into a more convenient form with the help of 


(3.1) 


AND H. 


EHRENREICH 


Eq. (2.11): 


ON 1/0N oH ON oH 
oe 
qj ot aN Os ae, aq: 


which can also be written 
OH 2a 10 OH 
Q=>. | y—-—(wn- - (x1 ) 
qd ot a h dz 0q: 


10a OH 
+ (xa )}). (3.3) 
h 0q: Oz 


The second term, which is just the time derivative of 
the total energy, averages to zero. The fourth term 
vanishes when summed over the Brillouin zone. 

In the present case the third term also averages to 
zero. However, in the presence of a uniform temperature 
gradient it gives rise to the entire energy dissipation. 
In this case, 

0H /dz=0H,/ dz=0. 3.4) 


To first order, using Eq. (2.7), 


N (q; 2,t)=No(hw—®). 


Then 


ON aT aT 1 oT 
-= N,’ —— Ny +NVig;2 (3.6) 
Oz E AZ ; T oz 


Only the last term gives a contribution because of the 
angular integration associated with 0H/dq.=hc.(q). 
We thus find 


OH aN 
H 


Q’=- 
hai Og: Oz 


—> hun (q)c: 


qj 


q)-\ (q,2) 


1 
= ——OT-w, 
r 


where w is the thermal current. This is the well-known 
expression for the rate of energy dissipation by heat 
conduction in a uniform thermal gradient. We return 
now to the sound absorption problem. Here, the entire 
contribution to the energy dissipation comes from the 
first term of (3.3). For complex quantities this may be 
written as 

Pst | 

> dq Re| 


16m j ar , 


Substituting V; from Eqs. (2.9) and (2.22) and H, 
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from Eq. (2.4), we obtain as the general expression 
at iQa 
Q=—-3T>d S@,j) Ref 
qi 1+i1(Q—c¢.0)r 
AT* +r A-q 
or Seen 


T tw han 


= ig tra*| ; (3.8) 


which will be discussed in the next section. 
The attenuation I is given by 


r=0/cW, (3.9) 


where IV is the energy density of the sound wave, 


W = pQ?u,?/2. (3.10) 


p is the mass density. 


4. DISCUSSION OF SPECIAL CASES 


The expressions (3.8), (2.23), and (2.24) determine 
Q if the quantities wo(q,j), 7tx(q,j), tuv(q,j), and 
a(q;@,Uo) are known. In view of our incomplete 
knowledge of these functions for most materials, further 
consideration will be restricted to a discussion of Q in 
some simple limiting cases. 

The angular integrations in Eq. (3.8) can be per- 
formed analytically if one assumes wo, ty, Tv, and a to 
be independent of the direction of q. They may still 
depend on .q, and on the mode type 7. The angular 
integrals can then all be reduced to easily evaluated 
forms. In order, however, to obtain tractable expres- 
sions for Q, two further approximations are desirable. 
First, it is assumed that the solid can be represented 
by the Debye model, for which 


w(q,j)=cq, (4.1) 


where c is a constant average velocity of sound. Second, 
tv, Tu, and a are supposed independent of g. Since ry, 
tu, and a may be expected to be sensitive functions of 
q and j in most solids, it is clear that the second as- 
sumption causes the following results to have only 
qualitative significance. 

The angular integrations involved in the evaluation 
of Eq. (3.8) are most easily expressed in terms of 


1 w™(1—p)” 
Tan(Qr) =f ; du. (4.2) 
11-727 (1—p) 


With the preceding assumptions and definition, Eqs. 
(2.23), (2.24) and (3.8) become, respectively, 


107 ,;(AT/T)+ (ry Le e-l) Jon (A hc) 
+HiOTo)(A hc) —i2T ypa=0, 


QT (AT /T)+ rn o(A/hc) —iQIyoa=0, 
O=—10,T Refi@aLIoo*(AT*/T) 
+ (r/r v)Ty0* (A*, ‘he)+iQrI] yo*a* jj, 


(4.3) 
(4.4) 
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where A= (0,0,A) and 


C.=}, S@5) 
q.J 


(4.6) 


is the total lattice specific heat of the solid. 

It is convenient now to specialize our formulation to 
the case of a compressional wave, for which, as is noted 
in the Appendix, 

(4.7) 


a=—iymo, 


where y is Griineisen’s constant. Then using Eqs. 
(3.8)—(3.10), 


l= (C,Ty°Q/2pc*) Im{ (J 00*/a*) (AT*/T) 


oa ( 71 yo*, hcrna* \A*+-iQ7I o0*}. (4.8) 


It is not difficult to solve Eqs. (4.3) and (4.4) for AT 
and A and hence determine T in terms of ry, ty and 
the other parameters. In most solids there is con- 
siderable uncertainty regarding the values of tw and 
tu. Their determination depends on careful experiments 
and analysis such as that given by Callaway’ for 
germanium. We can nevertheless obtain a qualitative 
impression of the content of the present results by 
restricting consideration now to the case (ty/rv)>1 
and associating the remaining ty with the thermal 
conductivity relaxation time. In this limit we consider 
only the second of the two relaxation terms in (2.18), 
A and Eq. (4.3) being eliminated. Then Eq. (4.4) 
becomes 

AT/T=Ia/T«, (4.9) 
and 

P= (C,Ty?Q/2pc*) Im{ (Lo0*?/To1) +iQrT 0%}. (4.10) 

For Q7<1, Eq. (4.10) becomes 

P=C,TYY7/3pc*. (4.11) 


This result can be succinctly expressed in terms of the 
thermal conductivity 
x=4C 


(4.12) 
(4.13) 


Cr, 
P=y7O?Tk/pe°. 


At temperatures greater than the Debye temperature 
of the solid, x~7~'. Thus «7 and hence I become 
independent of temperature, an effect that is experi- 
mentally observed in quartz. 

For Q7>>1, Eq. (4.10) becomes 


P= 7770C,7/4pc°. (4.14) 
It is interesting to note that this expression is inde- 
pendent of 7 and has the same dependence on 2 and 
T as that arrived at by Landau and Rumer‘® in their 
quantum mechanical treatment of the case Qr>1. From 
Eq. (4.10) it is seen that the term arising from AT is 
negligible in the present limit. As already pointed out 
in Sec. 3, the temperature shift A7 could not be main- 
tained with Q7>>1. If we relax for the moment the 
restriction ty/ty>>1, which eliminated the normal 
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Fic. 1. The thermal 
conductivity relaxation 
time r vs temperature. 
7 is computed from Eq. 
(4.12) using experimen- 
tally measured": values 
of « and C,. 
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processes, we see from Eq. (4.8) that the term de- 
pending on A is also unimportant in this limit. Thus 
Eq. (4.14) is valid in this more general case as well. 
The last question concerns the form of I when the 
possibilities of the existence of finite AT and A con- 
sidered here are ignored. It seems physically reasonable 
that relaxation should occur towards the unperturbed 
thermal equilibrium distribution for 2r>1, when on 
the average a thermal phonon travels many sound 
wavelengths between collisions. Under these circum- 
stances one does not expect collisions to occur often 
enough in any local region to alter the distribution 
towards which relaxation occurs. Putting A7=0 as 
well as A=0 leads to the result 


3y°O?T x tan (207) 


ii icealisieie siesta 


pe® 20r 


‘ (4.15) 


which is similar to Eq. (4.10) except that the term 
(Too*)*/Im is absent. For Q7r<1, Eq. (4.15) leads to a 
value of T three times that given by Eq. (4.13); for 
Qr>>1, it leads to the same value given by (4.14). I’ is 
considerably smaller when AT is considered than when 
AT is neglected (for 271) because for finite AT the 
distribution function does not have as far to relax. 
This results in smaller collision terms and 
smaller attenuation. 

In order to check the qualitative validity of the 
present theory, let us compare the results given by 
Eqs. (4.10) and (4.15) with the experimental infor- 
mation available for quartz. Griineisen’s constant y 
will be treated as an adjustable parameter. The thermal 
conductivity relaxation time will be obtained from 
experimental values of x," C,,* and Eq. (4.12). A plot 


hence 


2 J, W. deHaas and T. Biermasz, Physica 2, 673 (1935). 
 R. C, Lord and J. C. Morrow, J. Chem. Phys. 26, 232 (1957). 
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of r vs temperature is shown in Fig. 1. For the Debye 
model an average velocity of sound ¢ can be defined in 
terms of the velocities c,, c; for longitudinal and trans- 
verse waves as follows: 

(3/c8) = (1/c#)+ (2/c?#). (4.16) 

The attenuation is plotted vs temperature and com- 
pared with the theoretical curves for frequencies’ of 1 
and 3.9 kMc/sec in Figs. 2 and 3. The parameters y are 
determined by matching the experimental and theo- 
retical attenuation at 60°K in the case of the lower 
frequency and at 40°K for the higher frequency. 
Despite the grossness of the approximation involved 
in letting a single y represent the coupling between the 
sound wave and the crystal, it is seen that the magni- 
tude of the attenuation is represented quite well by the 
“refined” theory of Eq. (4.10), although the shape of 
the curves is represented better by the “simple” theory 
of Eq. (4.15). 

We note that our Eq. (4.8) becomes identical with 
Eq. (9) of reference 1 if in addition to setting AT=A=0 
we put c.(q)=90, i.e., neglect the velocity components 
of the thermal phonons in the direction of the applied 
sound wave. This is equivalent to omitting all terms 
except the first on the right-hand side of Eq. (2.12). 
The differences between the expression in reference 1 
and our result for Qr>>1 are attributable to the fact 
that the analysis of Bémmel and Dransfeld involves 
an assumption equivalent to neglect of thermal phonon 
velocity components in the direction of propagation of 
the sound wave. Our limiting expression for [ in the 
Qr>>1 range is larger by a factor 27, so that our con- 
siderations lead to markedly different results in this 
range. The difference may appear uninteresting because 
neither theory is really valid in this range. Neverthe- 
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Fic. 2. Absorption of longitudinal waves at 1.0 kMc/sec vs 
temperature. The dashed curve and experimentally observed 
points were taken from reference 1; the solid curves were obtained 
from the theory as described in the text. 
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Following Akhieser,’ we consider only the lowest 
order or linear dependence of Aw(q; z,/) on the state of 
strain and rotation of the medium at (z,/): 
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Fic. 3. Absorption of longitudinal waves at 3.9 kMc/sec vs 
temperature. The dashed curve and experimentally observed 
points were taken from reference 1; the solid curves were obtained 
from the theory as described in the text. 


less, we remark again that except for a multiplicative 
constant of order unity, our result for Q7>>1 is the same 
as that which Landau and Rumer derived from quan- 
tum mechanical arguments. For Q7<1 our result agrees 
with reference 1 because the terms neglected there drop 
out of the complete expressions in this limit. 

We have seen that the present theory has the correct 
qualitative features and makes possible quantitative 
calculations for the range Q7<«1, but it should be 
emphasized that such calculations are at least as 
difficult as calculations from first principles of the 
lattice thermal conductivity. 


APPENDIX. DETERMINATION OF a(q; o,u») 


We treat the calculation of a(q; ¢,uo) defined in Eq. 
(2.4), as a problem in the classical theory of elasticity. 
Given a displacement u(r) defined at every point r of 
the elastic solid, we seek 


Aw(q; 2,1) = a(q; ,Uo)wo(q) expli(oz—2) |, 


the change in circular frequency of the phonon-packet 
of wave vector q. We assume that the phonon packet is 
localized within a wavelength of the elastic displace- 
ment and that its frequency follows the deformation 
adiabatically. Both of these assumptions are valid for 
most of the thermal phonons if 


Q<KT/h. (A.1) 


Aw(q; 2,0)=wo(q) > Cvix(q)eie+6in(q)ix], (A.2) 


i,k 


1 Ou; Ou, : 
ux.=-{ —+ —), (strain tensor) 
2\0r, Or; 


1/ou; Ou, 
Vik _ ~~), (rotation tensor) 
2 Ory. Or; 


(A.3) 


where 7;, 7=1, 2, 3, are the Cartesian position coordi- 
nates and “; are the components of the displacement. 
The tensor y(q) which we call the generalized 
Griineisen tensor, can be computed from the second- 
and third-order elastic constants of the solid and the 
polarization and wave vectors of mode q with the aid 
of an approximate formula given by Ziman" and the 
assumption that the effect on w(q;7r) of a deformation 
at ris the same as the effect on w(q) of a uniform strain 
equal to that at r in a macroscopic piece of solid for 
which the mode q can be defined. The tensor 6;,(q) 
relates a local rotation of the medium to the changed 
frequency with which a phonon of a particular wave 
vector and polarization would propagate in the rotated 
medium. In an isotropic continuum the phase velocity 
and frequency associated with a particular phonon are 
independent of the direction of propagation, and hence 
6;, Vanishes. 

We note that for a displacement described by the 
real part of up exp[i(oz—Q2) ], a(q; o,uo) is a pure 
imaginary number. For a longitudinal wave uo has only 
a z component, call it #o.; the tensor «;, has only a 
22 component, “,,=1%o.0; and 1;,.=0. Then 


Aw= iwyy 2200 exp[i(oz—QL) ], (A.4) 
so that 


(A.5) 


a= VV 22020. 


In this case we can identify —y.. with the constant y 
appearing in Griineisen’s theory of thermal expansion,}5 
so that we have, finally, 


(A.6) 


144 J. M. Ziman, Electrons and Phonons (Oxford University Press, 
Oxford, 1960), page 154, Eq. (3.77). 

18 E. Griineisen, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1926), Vol. 10, p. 21. 


a= —1yN,0. 
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The optical properties of InAs in the fundamental absorption 
edge region have been studied experimentally as a function of 
impurity content over a temperature range extending from 18° to 
300°K. The addition of donor impurities moves the absorption 
edge to higher energies and changes its shape in accordance with 
the theory of Burstein. For nondegenerate material the energy 
dependence of absorption coefficients larger than 10° cm”! is 
oe? =3.0X 108 (E—0.35) cm™ at room temperature and is in good 
agreement with calculations by Stern based on a nonparabolic 
conduction band, Absorption coefficients below 10° cm~! depend 
exponentially upon energy down to at least 3 cm“, a result which 
has not yet been explained. The addition of acceptor impurities to 
the purest material available moves the absorption edge to lower 


I. INTRODUCTION 


HE fundamental absorption edge region of 

indium arsenide, an intermetallic compound 
semiconductor, has been studied previously.'~* As a 
consequence, many of the general characteristics of the 
infrared absorption in this spectral region are well 
established. However, significant discrepancies do 
exist in the early results. For example, the values 
reported for the width of the forbidden energy gap at 
room temperature range from 0.31 to 0.36 ev,?~® and 
values given for the temperature coefficient of the 
forbidden energy gap vary from —2.5X10~ to —4.5 
X10-* ev/°K2575 Recently, single-crystal material 
of higher purity than used by most of the previous 
workers has become available to us. Using this material 
we have repeated some of the early work. We have made 
no effort to resolve the existing discrepancies because 
this would have required detailed information about 
materials and experimental conditions which was not 
available to us. Our results do suggest, however, that the 
discrepancies in the early work are related to the fact 
that the position and shape of the absorption edge is 
impurity content. These impurity 
effects have been studied in detail. In addition, the 
experimental work has been extended into regions which 
are of particular interest because of recent theoretical 
studies of the band structure of InAs.9-" 


sensitive to the 


H. J. Hrostowski and M. Tanenbaum, Physica 20, 1065 (1954): 
2k. Oswald, Z. Naturforsch. 10a, 927 (1955); 14a, 374 (1959). 
3 F. Stern and R. M. Talley, Phys. Rev. 100, 1638 (1955). 
*W. G. Spitzer and H. Y. Fan, Phys. Rev. 106, 882 (1957). 
°F. Matossi, Z. Naturforsch. 13a, 767 (1958 
°S. Zwerdling, B. Lax, and L. M. Roth, Phys. Rev. 108, 1402 

1957 
7R. M. Talley 

§Q. G. Folberth, O 

9a, 954 (1954 


and D. P. Enright, Phys. Rev. 95, 1092 (1954). 

Madelung, and H. Weiss, Z. Naturforsch. 

F. Stern, Bull. Am. Phys. Soc. 2, 347 (1957 
F. Stern and J. R. Dixon, J. Appl. Phys. 30, 268 (1959 

1! Ff, Stern, Proceedings of the International Conference on 
Semiconductor Physics in Prague, 1960 (to be published). 


energies by an amount which increases with the acceptor concen- 
tration. When 2.4X10'? cm™* acceptor atoms are added, the 
absorption edge measured at 100 cm”! is shifted by 0.013 ev. 
The temperature dependence of the forbidden energy gap was 
found to be linear from 300° to 80°K with a temperature coefficient 
of —2.8X10~ ev/°K. Below 80°K the change of the energy gap 
with temperature becomes smaller and nonlinear. It is estimated 
that lattice dilation accounts for only one-fourth of the total 
variation of the energy gap with temperature. The radiative 
lifetime of added carriers in intrinsic material at room temperature 
was calculated from the optical constants by the method of van 
Roosbroeck and Shockley and was found to be 1.3 10-* sec. 


II. EXPERIMENTAL 


Transmission measurements made using a 
Perkin-Elmer model 12B spectrometer with a lithium 
fluoride prism. In some cases, when the optical samples 
were very small, an infrared microscope attachment” 
was used which served to pre duce an image of the exit 
slit reduced by a factor of 8.5 at the position of the 
sample. In this way transmission measurements were 
made on samples having areas as small as 0.10.1 mm. 
The slits were adjusted to give resolutions varying from 
0.001 to 0.008 ev, depending upon the part of the 
spectrum being studied. In all cases it was established 
that the resolutions were small enough so that the 
measured spectral structure was independent of slit 
width. Low-temperature measurements were made 
using an optical cell similar to that described by Duerig 
and Mador.'* 


were 


InAs was produced by reacting the components in an 
evacuated sealed Vycor container as described pre- 
viously.!4 The ingots prepared in this way consisted of 
large single-crystal sections from which samples were 
cut. Parallel flat surfaces of the samples were polished 
using a beeswax lap and aluminum oxide powder. 
Sample thicknesses varied from 34 to 1 mm and were 
determined either by direct measurement or by using 
interference fringes. Unsupported samples having 
thicknesses less than 30 uw were difficult to prepare and 
handle without breaking. For this reason such samples 
were often attached to a sapphire backing with glycol 
phthalate, a thermoplastic resin. The absorption of the 
very thin layer of resin involved was found to be 
negligible in the spectral regions studied. 
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OPTICAL 


Absorption coefficients a@ were calculated from the 
transmissions T using the relationship’® 


T = (1—R)?/(e*!— R°e-@), (1) 


where d is the sample thickness, and R is the reflectivity. 
The reflectivity was measured directly and was found 
to have a constant value of 0.31 through the absorption 
edge region. For samples glued to a sapphire backing, 
an effective reflectivity of 0.22 was used. This was 
determined by comparing the results obtained from 
transmission measurements on a sample before and 
after it was mounted. The difference between the two 
reflectivities is due to the substitution of glue for air at 
the second reflecting surface of the sample. The effective 
reflectivity of mounted samples is a slowly varying 
function of ad. The value stated above applied to large 
values of ad for which the last term in the denominator 
of Eq. (1) is negligible. The data reported were taken 
from this range. 

The carrier concentrations » stated in the paper were 
calculated from values of the Hall coefficient, Ry 
(cm*/coul), measured at room temperature using the 
relationship n= 7.0X10'5/ Ry cm 


III. RESULTS AND DISCUSSION 


A. Position of the Edge as a Function of 
Carrier Concentration 


The experimental curves A, B, and C of Fig. 1 give 
the energy dependence of the absorption coefficients 
for n-type materials of relatively low compensation 
prepared so as to have carrier concentrations ranging 
from 3.6X10'* to 3.8X10'* cm~* as indicated on the 
figure. It can be seen that as the carrier concentration 
the curves shift to higher energies. This 
effect was first explained by Burnstein'® for InSb and 
was studied later by Stern and Talley*® for the case of 
InAs as well as InSb. The shift of the optical absorption 
edge is due to the fact that materials like InAs and 
InSb have low densities of states near the bottom of 


increases 


the conduction band and become degenerate at rela- 
tively small carrier concentrations. The Fermi level 
moves up into the band as the carrier concentration 
making optical transitions to lower states 
less probable and, as a result, the absorption edge 
moves to higher energies. The data of Stern and Talley 
were limited to the low-absorption region. The data of 
Fig. 1 represent an extension of their work to high 
absorption coefficients. 


ink reases, 


B. Energy Dependence of the Absorption 
Coefficient 


All the curves of Fig. 1 are identical at high absorption 
coefficients. This is to be expected since the high-energy 
>H. Y. Fan, Reports on Progress in Physics (The Physical 


Soc iety , London, 1956), Vol. 19, p. 107. 
6. Burstein, Phys. Rev. 93, 632 (1954). 
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Fic. 1. The fundamental absorption edge of n-type InAs at room 
temperature and its dependence upon carrier concentration. 


optical transitions involved are to the upper portions 
of the conduction band and should not be affected by 
the carrier density. At low absorption coefficients the 
shapes of the curves differ. Curve A for the purest 
sample has a much steeper slope than those of curves 
B and C. This result is, also, to be expected. The 
Fermi level of sample A is near the bottom of the 
conduction band whereas samples B and C are de- 
generate and have Fermi levels which are considerably 
higher. For the former case the values of the absorption 
coefficients are characteristic of transitions to the states 
in the conduction band which are nearly all empty. 
Such absorption coefficients would be expected to 
increase rapidly with energy in the edge region. How- 
ever, for a degenerate sample the absorption coefficients 
a are reduced by the fact that many of the states in the 
conduction band are occupied and, consequently, not 
available for optical transitions. The occupancy of 
these states is described by the Fermi distribution 
function. Thus, for a degenerate sample at room 
temperature the increase in the absorption coefficient 
with increasing energy would be less abrupt than for a 
nondegenerate sample. 

For a given photon energy, /iv, the total absorption 
coefficient ar is given by 


kT 


5 


Er—E, . 
ar(hv) =a (hv) f a )-+as(io)4 


where a; and ay are, respectively, the absorption 
coefficients which would be associated with transitions 
from the heavy and light hole bands to states at 


energies £; and F£» in the conduction band, if all these 
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states were empty. f is the probability that the states 
in the conduction band are unoccupied, and is given by 
[ite **-"/'T}-\, Ep is the energy of the Fermi level. 
The energy £: is less than E; by an amount which is 
determined by the relative curvatures of the light and 
heavy hole bands, and the conduction band. If it is 
assumed that the conduction and valence bands are 
parabolic and that the contribution of az to the total 
absorption is small, then Eq. (2) can be written in the 
form given by Kaiser and Fan": 


hy=Eot{Er—hkT In[(a:/ar)—1]}[1+(m./m,)]. (3) 


Eg in this expression is the width of the forbidden 
energy gap, and m, and my are the effective masses of 
the electrons and heavy holes. It follows from Eq. (3) 
that for ar<a; the slope of a Inar vs hv plot for degen- 
erate samples should be {&7(1+ (m./my) ]}~', assuming 
a constant a;. The ratio m,/m, is small for InAs and 
contributes little to the slope. We have used a value of 
0.056 for this ratio. The theoretical slope is drawn in 
Fig. 1 and includes a small correction to take into 
account the variation of a, with energy as given by 
curve A in its plateau region. The theory is in good 
agreement with the experimental data for sample C. 
In addition, the slope of the experimental curve varies 
with temperature as predicted down to the lowest 
temperature studied, which was 78°K. 

The positions of the Fermi level for samples B and C 
can be determined by fitting Eq. (3) to the correspond- 
ing absorption curves. In doing this, Eg was taken as 
0.35 ev and it was assumed that a, is given by curve A. 
A good fit was obtained in both cases for values of ar 
above 1000 cm. At lower absorption coefficients, 
values deduced from Eq. (3) fall slightly below the 
experimental data. This is possibly due to the contribu- 
tion of absorption mechanisms which have not been 
taken into account in the derivation of Eq. (3). In 
this connection, it should be pointed out that the 
near-coincidence of curves A and B for absorption 
coefficients less than 60 cm™ is not in agreement with 
simple model described above. According to this 
model curve B would be shifted to higher energies than 
curve A by approximately 0.02 ev for all values of a 
in this range. It is possible that the near-coincidence 
is due to a lowering of the bottom of the conduction 
band resulting from the addition of donor impurities. 
Such an effect has been predicted by Stern and Talley.* 
Their calculations indicate that for sample B, the 
corresponding shift in the edge to lower energies would 
be 0.03 ev. In general, the mechanisms controlling 
optical absorption for small absorption coefficients are 
not well understood and are sensitive to impurity 
effects as discussed in Sec. III.C. Regardless of their 
origin, the shifts of the experimental curves from the 
ones to be expected on the basis of the simple model are 


17 W. Kaiser and H. Y. Fan, Phys. Rev. 98, 966 (1955). 


AND J. 





O EXPERIMENTAL 


CALCULATED CURVE 


FERMI LEVEL (EV) 








Lt 





4J 
10'9 


ie} 
1o'? 10'8 
CARRIER CONCENTRATION (CM™3) 

Fic. 2. Position of the Fermi level at absolute zero measured 
from the bottom of the conduction band as a function of carrier 
concentration in n-type InAs. The experimental points apply to 
samples B and C of Fig. 1. The calculated curve is based on the 
density of states masses given as a function of donor concentration 
by Stern. The vertical lines attached to the experimental points 
represent the maximum variations which would be expected by 
taking into account the nonparabolic nature of the conduction 
band and the contribution of transitions from the light hole band. 


small and would be expected to have little effect upon 
the results reported here. 

The position of the Fermi level determined from Eq. 
(3) has been plotted as a function of carrier concentra- 
tion in Fig. 2. The ordinate represents the shift in the 
Fermi level with respect to the bottom of the conduction 
band. The usual relationship'’ for the temperature 
dependence of the Fermi level has been used to shift 
these data so that they apply to a temperature of 0°K. 
This was done to permit direct comparison with the 
theoretical curve represented by the solid line which 
applied to InAs at absolute zero. The accuracy of the 
experimental points is dependent upon the validity of 
the assumptions on which Eq. (3) is based. The assump- 
tions were that the bands are parabolic and that the 
absorption associated with the transitions from the 
light-hole band is negligible.'® Estimates of the errors 
involved have been made on the ‘basis of previous 
band-structure calculations.’”° The maximum varia- 
tions which would be expected as a resuit of taking 
into account the nonparabolic nature of the conduction 
band and the contribution of transitions from the light- 
hole band would be reductions of point B by 8% and 
of point C by 10%. These percentages are represented 
in the figure by the vertical lines attached to the experi- 
mental points. The theoretical curve was calculated 
using the density-of-states masses given as a function 


8A, J. Dekker, Solid State Physics (Prentice-Hall, Inc., 
Englewood Cliffs, New Jersey, 1957), p. 216. 

19 A tacit assumption which has been made in deriving Eq. (3) 
is that the bands do not shift relative to one another as a function 
of donor concentration. Stern and Talley (reference 10) have 
shown that the conduction band is lowered by the addition of 
donors. It is expected that donors will also lower the valence band. 
The latter effect has not yet been studied theoretically. For this 
reason, our data are not corrected for the relative band shifts. 

*® We are indebted to Dr. Frank Stern of our Laboratory for 
making unpublished results of absorption coefficient calculations 
available to us. The calculations were based on the parameters 
given in reference 9. 
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of donor concentration by Stern.’ The band-structure 
calculations which led to the density-of-states masses 
were based upon a rather arbitrary choice of parameters. 
The fact that the experimental data deviate by a 
maximum of 12% from the theoretical curve indicates 
that the choice of parameters was not an unreasonable 
one. The density-of-states masses determined from the 
experimental Fermi levels taken to be at the midpoints 
of the deviation lines in the figure are 0.028m and 0.038m 
for points B and C, respectively, where m is the free 
electron mass. These are to be compared with the 
corresponding values of 0.028m and 0.035m calculated 
by Stern. 

The absorption coefficients associated with the 
nondegenerate sample A at room temperature also 
vary exponentially with energy in the low-absorption 
range, but much more rapidly than the coefficients 
associated with the degenerate material. This is 
illustrated by the data of Fig. 3. These data can be 
described by the relationship 


a=A exp(E/kT ets), (4) 


where the effective temperature Ter is 80°K, in 
approximate agreement with a result of Matossi.® 
The effective temperature was found to be dependent 
upon crystal temperature, being approximately 15°K 
at a crystal temperature of 78°K. A similar exponential 
dependence has been reported for several other mate- 
rials. However, in these the effective and 
crystal temperatures were the same. Kurnick and 
Powell” have asserted that the lower portion of the 
absorption edge region of InSb can also be described by 
Eq. (4) with the effective temperature equal to the 
crystal temperature. An examination of their data 
indicates, however, that the effective temperatures are 
considerably lower than reported. For example, Tvs; 
for the purest sample (b) at room temperature appears 
to be approximately 60°K rather than 300°K as implied 
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21 References and a discussion are found in T. S. Moss, Optical 
Properties of Semiconductors (Academic Press, Inc., New York, 
1959), p. 39. 

2S. W. Kurnick and J. M. Powell, Phys. Rev. 116, 597 (1959). 
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by Kurnick and Powell. No mechanisms have been 
proposed which are consistent with any of the results 
described above. It is possible that phenomena of this 
type are related to a tailing-off of the density of states 
into the forbidden band. Such a tailing-off resulting 
from various crystal imperfections has been predicted 
theoretically.?*.*4 

The energy dependence of the absorption coefficient 
which is to be expected in the region of large absorption 
coefficients has been studied theoretically. It has been 
shown®> for materials which have parabolic conduction 
and valence bands that near the edge 


ax (hy—Eg)*/hy, (5) 


where /g is the width of the forbidden energy gap and 
hv is the photon energy. This expression is based on the 
assumption that the matrix element for optical transi- 
tions is constant and that the transition at k=O is 
allowed. Thus, near the absorption edge a? would be 
linear in Av. The data of curve A replotted in Fig. 4 
so as to test this relationship fall on a straight line over 
an extended energy range and are represented by a 
=3.0X108 (£-—0.35) cm. This result is not in 
complete agreement with Eq. (5), which is represented 
by curve 1 in the figure. The discrepancy is due to the 
fact that the parabolic band and constant transition 
matrix element approximations on which the theory was 

*%P. Aigrain, Physica 20, 978 (1954); R. H. Paramenter, 
Phys. Rev. 97, 587 (1955); H. L. Frisch and S. P. Lloyd, idid. 120, 
1175 (1960). 

4M. Lax and J. C. Phillips, Phys. Rev. 110, 41 (1958). 

26 J. Bardeen, F. J. Blatt, and L. H. Hall, Photoconductivity 


Conference, edited by Breckenridge et al. (John Wiley & Sons, 
Inc., New York, 1956), p. 149. 
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based are not applicable to InAs over the energy 
interval shown in Fig. 4. Calculations by Stern" 
based on Kane’s band-structure model, which take 
variations of these quantities into account, yield an 
energy dependence of the absorption coefficient which 
is consistent with the experimental data over the energy 
interval from 0.35 to 0.50 ev. The two dashed lines 
2 and 3 represent his results for effective masses of 
0.020m and 0.025m at the bottom of the conduction 
band. From a comparison of the theoretical and 
experimental results Stern concludes that the effective 
mass at the bottom of the conduction band in InAs is 
0.024m+0.003m. This value is in agreement with the 
value of 0.023m+0.002m obtained by Palik and Wallis”® 
from measurements of the infrared cyclotron resonance 
absorption. 

The intercept of the experimental curve of Fig. 4 
yields a value of 0.35 ev for the width of the forbidden 
energy gap at room temperature. This is to be compared 
with the values reported by other workers for non- 
degenerate InAs which range from 0.31 to 0.36 ev.?-® 
It is likely that this variation is partly due to the 
different criteria used by the authors to define the 
position of the edge. However, a study of the data 
upon which these values were based indicates that the 
differences in the criteria cannot completely account 
for the variation. 


C. Position of the Edge as a Function of 
Acceptor Concentration 


A possible explanation for the discrepancies described 
above is that the position of the absorption edge 
depends upon the impurity content, a factor which was 
probably not well controlled in the early experiments. 
It has been reported that the absorption edges of 
indium antimonide,” and gallium arsenide and cadmium 
telluride” move to smaller energies as the acceptor 
concentration is increased. We have found that a similar 
shift occurs in InAs as shown in Fig. 5. The data 
represented by the squares apply to the purest InAs 
available to us, the Hall coefficient and electron 
mobility at liquid nitrogen temperature being —381 
cm*/coul and 57 000 cm?/v-sec. The other two sets of 
data apply to materials prepared by adding zinc 
acceptor impurities to the pure material as indicated in 
the figure. These curves are shifted to lower energies by 
an amount which increases with acceptor concentration 
and which is strongly dependent upon the absorption 
coefficient. For an acceptor concentration of 2.410" 
cm~*, the shift measured at an absorption coefficient 
of 100 cm™ is 0.013 ev. The slopes. of the exponential 
portions of the curves decrease as the acceptor concen- 
trations increase, a behavior which is similar to that 
reported for InSb.” The curves applying to the doped 
materials were not extended to lower energies because 


76 E. D. Palik, and R. F. Wallis, Phys. Rev. 123,131 (1961). 
27D. M. Eagles, J. Phys. Chem. Solids 16, 76 (1960). 
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Fic. 5. The fundamental absorption edge of n-type InAs at 
room temperature and its dependence upon acceptor concentra 
tion. The two p-type samples were prepared by adding zinc to 
the relatively pure material. 


transitions between the light- and heavy-hole bands 
contribute significantly to the absorption in this region. 

Eagles has proposed’ that shifts in the absorption 
edge associated with the addition of acceptor impurities 
are due to electronic transitions between shallow 
acceptor levels and the conduction band. He has derived 
a relationship for the absorption coefficient associated 
with transitions from a single acceptor level to the 
conduction band. By summing such single-level 
absorption coefficients over a distribution of acceptor 
states he obtained agreement between theory and 
experiment for the case of gallium arsenide. The 
distribution of states was taken from the work of Lax 
and Phillips** dealing with the impurity band arising 
from a random one-dimensional array of interacting 
impurities. It was assumed by Eagles that these results 
were applicable to the three-dimensional situation. 
We have applied Eagles’ theory to the case of InAs and 
have found that it indicates that absorption coefficients 
at low energies such as 0.34 ev in the figure should be 
proportional to the acceptor concentration. This 
prediction is substantiated by our experimental results. 
On the other hand, the theoretical energy dependence 
of the absorption coefficient is considerably weaker than 
found experimentally. It is possible that the discrepancy 
is due to other absorption mechanisms such as phonon- 
assisted transitions which have not been taken into 
account. Another possibility is that the discrepancy is 
due to a failure of some of the simplifying assumptions 
on which the theory is based and which have been 
discussed by Eagles. 


D. Temperature Dependence of the 
Forbidden Energy Gap 


The temperature dependence of the forbidden energy 
gap of nondegenerate, n-type InAs is shown in Fig. 6. 
The positions of the fundamental absorption edge, 
which were equated to the corresponding forbidden 
energy gaps, were determined by extrapolations of 
a vs E plots to zero absorption. This method is based 
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upon the band-structure considerations described in 
Sec. III.B. The temperature dependence is linear from 
300° to approximately 80°K with a temperature 
coefficient of (—2.8+0.1)*10-4 ev/°K. Previously 
reported values of the temperature coefficient range 
from —2.5X10~! to —4.5K10~4 ev/°K.2>:75 When the 
linear part of the curve is extrapolated to absolute 
zero, the corresponding gap is found to be 0.44+0.01 
ev. This is considerably smaller than the value of 
0.47+0.02 ev determined by Folberth ef al.* from 
linear extrapolations of electrical measurements taken 
at temperatures above 350°K. Below 80°K the change 
in the energy gap with temperature becomes smaller 
and nonlinear. This behavior is similar to that reported 
for Ge,** and InSb and GaSb.*° 

Two have been associated with the 
temperature dependence of the energy gap in semi- 
conductors: 


mechanisms 


(1) A shift in the relative position of the conduction 
and valence bands due to the temperature-dependent 
dilation of the lattice. 

(2) A shift in the relative position of the conduction 
and valence bands due to a temperature-dependent 
electron-lattice interaction.*! 


The relative significance of these two mechanisms 
can be estimated by evaluating the change in the 
energy gap due to lattice dilation as given by the 
relation 

(OE ¢/0T),= — (38, K)(0E«/ 0p)r, (6) 
where 8 and K are, respectively, the coefficient of linear 
expansion and the compressibility, and (0F¢/0p)r is 
the rate of change of the energy gap with pressure at 
constant temperature. Using this equation and the 
values 8B=5.3X10-* (°C)-!,33 K=1.25X10-” cm?/d,** 
and (dF ¢/ 0p),=5.5X10~° ev /atm,® it is found that 
(0k 0T),=—7X10™ ev/°K. Thus lattice dilation 
accounts for only one-fourth of the total variation of 


28 G. G. Macfarlane and V. Roberts, Phys. Rev. 97, 1714 (1955). 
2” V. Roberts and J. E. Quarrington, J. Electronics 1, 152 (1955). 
J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950). 

31H. Y. Fan, Phys. Rev. 82, 900 (1951). 

*% H. Brooks, in Advances in Electronics and Electron Physics, 
edited by L. Marton (Academic Press, Inc., New York, 1955), 
Vol. 7, p. 121. 

3H. Welker and H. Weiss, in Solid-State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 
1956), Vol. a. p. 51. 

4 Measurements of the elastic constants of InAs have not been 
reported in the literature. The value of A stated here is an 
estimate based on the approximate constancy of the ratio V/k7T'», 
when applied to various solids. [(C. Zwikker, Physical Properties 
of Solid Materials (Interscience Publishers Inc., New York, 1954), 
p. 159.] V and T,, are the molar volume and melting point, 
respectively. Our estimate was made using InSb as a reference. 
The constancy of the ratio was tested for the cases of Ge, Si, 
InSb, and GaSb using the elastic constant given by Huntington. 
[H. B. Huntington, in Solid-State Physics, edited by F. Seitz and 

. Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, 
pp. 274 and 276.] The ratios applying to these materials varied 
by less than 25°% from their average value. 


J. H. Taylor, Phys. Rev. 100, 1593 (1955). 
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lic. 6. Temperature dependence of the energy gap of non- 
degenerate, n-type InAs. The energy gaps were determined by 
extrapolations of a vs | plots to zero absorption 


the energy gap with temperature. This result is similar 
to that obtained by Ehrenreich** who found for the 
case of indium antimonide that the lattice dilation 
accounts for only one-third the total variation of the 
energy gap with temperature. 


E. Radiative Lifetimes 


Van Roosbroeck and Shockley*’ have shown that the 
lifetimes associated with the direct recombination of 
electrons and holes in a solid can be determined from 
optical properties of the material being considered. 
Their relationship for the radiative lifetime associated 
with small disturbances in the equilibrium carrier 
concentration is 


np/ (n+ pw, (7) 


where ” and p are the electron and hole concentrations 
and ®& is equal to the rate of radiative recombination 
per unit volume. ® can be determined if the index 


of refraction and the absorption coefficients associated 


with transitions across the forbidden gap are known 
as a function of energy. Using the absorption coeffi- 


cient-energy relationship of curve A in Fig. 1 and 
an index of refraction of 3.5, the value of ® has been 
computed to be 5.8X10'* cm~* sec! at room tempera- 
ture. Using this value and Eq. (7) the radiative lifetime 
of a small number of added electrons and holes in 
intrinsic material at room temperature is calculated to 
be 1.3X10~° sec. In this calculation, the intrinsic 
carrier concentration at room temperature has been 
taken to be 1.5X10'® cm~*, a value based upon an 
extrapolation of the experimental electrical data of 
Folberth ef al.6 The purest InAs available to us has an 
n-type carrier concentration of approximately 1X 10'* 
cm~*. For material of this carrier concentration, Eq. (7) 
yields a radiative lifetime for minority carriers of 
3.9X 10-6 sec. 

A meaningful comparison between calculated radia- 
tive lifetimes and experimental lifetimes cannot be 
made on the basis of the information which is now 
available, for two reasons. First, the significance of 
radiative lifetimes is not well established. It has been 

86 H. Ehrenreich, J. Phys. Chem. Solids 2, 131 (1957). 


‘7 W. van Roosbroeck and W. Shockley, Phys. Rev. 94, 1558 
(1954). 
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suggested that they represent upper limits to the 
observable lifetimes in materials of high purity and 
crystal perfection.*’:** Dumke*® has pointed out, how- 
ever, that because of successive reabsorptions of 
photons emitted in the direct recombination process, 
the maximum effective lifetimes of electrons and holes 
in perfect crystals may be considerably longer than the 
radiative lifetimes. This reabsorption mechanism is 
expected to be particularly important in materials like 
InAs which have large absorption coefficients near the 
absorption edge. Second, the experimental values of 

38]. M. Mackintosh and J. W. Allen, Proc. Phys. Soc. (London) 
B68, 985 (1955). 

® W. P. Dumke, Phys. Rev. 105, 139 (1957). 
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the carrier lifetimes in InAs which have been reported 
were determined using the photoelectromagnetic-photo- 
conductive ratio method.” They have been both larger 
and smaller than corresponding values of the calculated 
radiative lifetimes. However, experimental lifetimes 
determined in this way are not always equal to the 
lifetimes of the carriers when carrier trapping is 
involved.” Since the significance of trapping in InAs 
has not been studied, the carrier lifetimes which have 
been reported must be considered uncertain. 


J. R. Dixon, Phys. Rev. 107, 374 (1957); J. R. Dixon and 
D. P. Enright, J. Appl. Phys. 30, 753 (1959). 
41 R. N. Zitter, Phys. Rev. 112, 852 (1958). 
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Monte Carlo estimates of the critical percolation probabilities for the ‘‘bond problem” are presented for a 
number of two- and three-dimensional lattices. The agreement between the Monte Carlo estimates and the 
estimates obtained by Domb and Sykes obtained from series expansion for the mean cluster size are quite 


satisfactory. 


WO simple percolation problems! of physical 

interest arise when “particles” are distributed 
at random over an infinite regular space lattice in two 
or three dimensions: In the “‘site problem” a “particle” 
occupies a “vertex” of the space lattice (and in the 
“bond problem” a ‘“‘bond” connecting two ‘“‘vertices”) 
independently of all others with fixed probability p. 
The site problem arises, e.g., in models of random binary 
alloys or a dilute ferromagnetic crystal*~> while the 
bond problem arises, e.g., in a simple model of single- 
phase dispersive flow of a fluid (i.e., the percolation of a 
fluid into and through a “random maze’). When p 
is less than the critical probability p,., then there is 
zero probability that a given site or bond is occupied 
by a “particle” which is a member of an infinite set of 
“particles” linked to one another through adjoining 
bonds and sites (cluster). (For the random ferromagnet 
p. is simply related to the critical susceptibility at 


1S. R. Broadbent and J. M. Hammersley, Proc. Cambridge 
Phil. Soc. 53, 629 (1957). 

?C. Domb, Nature 184, 509 (1959). 

*R. J. Elliott, B. R. Heap, D. J. Morgan, and G. S. Rushbrooke, 
Phys. Rev. Letters 5, 366 (1960). 

*H. Sato, A. Arrott, and R. Kikuchi, J. Phys. Chem. Solids 
10, 19 (1959). 

5M. E. Fisher, J. Math. Phys. (to be published). 


0°K while for the percolation of a fluid through a “ran- 
dom maze” the expected fraction of “wetted” vertices 
is finite for p> p.-.) 

Using a Monte Carlo method, adapted for an IBM 
7090 computer to be described elsewhere,’ we have 
numerically estimated the critical probabilities for the 
bond problem for a number of two- and three-dimen- 
sional crystal lattices. In Table I, we present the mean 
critical probabilities in 100 runs in which finally 2000 
vertices are “wetted” (average machine computation 
time per run is about seven seconds). The agreement 
between the Monte Carlo estimates of p, and the esti- 
mates, p.?-8-, obtained from series expansions for the 
mean cluster size? are quite satisfactory. 

The value of p. shown in Table I is the sample mean 
for those runs in which a higher p was required to “‘wet”’ 
2000 vertices than to “‘wet’”’ 100 vertices. This criterion 
is intended to reduce the systematic positive bias on p, 
introduced by local irregularities at the beginning of 
the simulated flow. The remaining biases are believed 


6 J. M. Hammersley, V. A. Vyssotsky, S. B. Gordon, and H. L. 
Frisch (to be published). 

7C. Domb and M. F. Sykes, Phys. Rev. 122, 77 (1961) gives 
results for both bond and site problems. 





CRITICAL PERCOLATION 


TaBLeE I. Bond critical probabilities (with d the number of 
dimensions and z the coordination number of the lattice). 


Standard 
deviation 


Lattice pe in pe -D.8. / Bpc/2 


a 


0.011 1.03 
0.013 0,99 
0.018 0.96 
0.005 0.73 
0.005 eee 0.74 
0.013 , 0.77 
0.011 eee 0.78 
0.010 0.78 


Triangular 

Square 

Hexagonal 

Hexagonal close-packed 
Face-centered cubic 
Simple cubic 
Tetrahedral 

Ice (quartz) 


0.341 
0,493 
0.640 
0.124 
0.125 
0.254 
0.390 
0.388 
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to be comparable to the standard deviation; efforts to 
evaluate these bias effects more precisely are under 
way. It is known’ that the sum of p, for the two- 
dimensional triangular and hexagonal lattices cannot be 
less than one. Hence the mean value of p, for the tri- 
angular or hexagonal lattice is too low; although this 
condition is satisfied within the indicated deviations. 
For the square lattice it is known that p.>3.5 

p. appears to be little affected by differences of lattice 
type if the number of dimensions and coordination 
number are the same. Although it appears that for these 
lattices within the indicated deviations zp, is only a 
function of d [say 2p.=d/(d—1)], a known counter- 


8 T. E. Harris, Proc. Cambridge Phil. Soc. 56, 13 (1960). 
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Fic. 1. Plot of p(n) vs m for the simple cubic lattice. Other 
lattice structures give a curve analogous to this. 


example in two dimensions shows that this is not true 
in general.’ 

If p(n) represents the expected probability of bond 
occupation at which » vertices have been “wetted,” 
then p() appears to approach p, exponentially with 
n as shown in Fig. 1. An analogous program for numeri- 
cally investigating the critical probabilities for the site 
problem is nearing completion and we expect that 
numerical results will be available shortly. 


9 E. N. Gilbert (private communication). 
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Superconductivity of Technetium Alloys and Compounds 


V. B. Compton, E. Corenzwit, J. P. Marta, B. T. Matrutas, AND F. J. 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received April 25, 1961) 


Morin 


The superconducting transition temperatures of Mo-Tc alloys are reported. Critical field measurements 
of a 50 atomic percent alloy indicate that it might be a promising material for superconducting magnets. 

The similarity of Tc and Re with respect to alloy and intermetallic compound formation is noted. 

The superconducting transition temperatures of the compounds ZrTcs and NbTc; are 9.7°K and 10.5°K, 
respectively. X-ray diffraction data suggest that these compounds have the a-Mn type structure. 


HE recent increase in the availability of tech- 
netium metal prompted an investigation of the 
superconducting properties of Mo-Tc alloys and of the 
compounds ZrTcs and NbTc;. No alloys or intermetallic 
compounds of technetium have been reported previ- 
ously in the literature. 


I. Mo-Tc ALLOYS 


The superconducting transition temperature of 
technetium has been reported by Daunt and Cobble! 
as 11.2°K for powder of >99.9% purity. The transition 
had a range from about 8° to 11°K, which was at- 
tributed to the geometrical shape of the specimen. 


1 J. G. Daunt and J. W. Cobble, Phys. Rev. 92, 507 (1953). 


Hulm? has reported the superconducting behavior of 
Mo-Re alloys. He found that the transition temperature 
approaches 12.5°K for the intermediate range of the 
solid solution of Re in Mo. 

On the basis of the results of these two investigations, 
it was decided to study superconductivity in the Mo-Tc 
system assuming that Tc and Re have similar alloying 
behavior..The Tc metal as received was in the form of 
chips coated with an oxide layer. Since the melting 
point of Tc is close to 2200°C, the melts were prepared 
in an arc furnace in an argon atmosphere. Prior to 
melting, the Tc lost about 20% of its weight during 
heating in the furnace. The weight loss of the melted 


2J. K. Hulm, Phys. Rev. 98, 1539 (1955), data for Mo;Re; 
data for Mo-Re system (to be published). 
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Fic. 1. Superconductivity in the molybdenum-technetium 
system. The transition temper ‘s are plotted as a function of 
composition in atomic percent 


ingot was negligible upon subsequent melting. It is 
assumed that the loss was due to volatilization of the 
oxide. As a result, the purity of the metal and its 
oxygen content are not known. The superconducting 
transition temperature of the metal chips as received 
and of the melted material is about 9.3°K, which is 
somewhat lower than the previously reported value. 
It is difficult to say at present whether this discrepancy 
is due to dissolved oxygen or to other factors. It is 
known, for example, that Re, which is very similar to 
Tc, shows large variations in its superconducting 
transition temperature depending on whether it is a 
finely divided powder or an annealed ingot. 

Since the oxide which volatilized in the course of 
heating the Tc chips was very radioactive in its finely 
divided state, it was decided to reduce the number of 
melts of the chip material. For this 
reason, three master alloys were prepared containing 
5 at. % Mo, 25 at. % Mo, and 50 at. % Mo using 
high-purity Mo rods and Tc ingots obtained by melting 
the chips. After their superconducting transition 
temperatures were measured, enough Mo was added 


consolidation 


to each alloy to give the next desired composition; 
followed by melting in the furnace and measurement of 
the transition temperature. The procedure was repeated 
until the maximum Mo composition for a given range 
was reached. The 5 at. % Mo alloy was used for the 
composition range up to 25 at. % Mo; the 25 at. % Mo 
alloy for the range up to 50 at. % Mo; and the 50 at. 
[ Mo alloy up to the range 70 at. % Mo. 

The transition temperatures vs composition are given 
in Fig. 1. The superconducting behavior of the Mo-T« 
system is very similar to that of the Mo-Re system. 
The phases present at the various compositions were 
not determined but were assumed to be similar to 
those present in the Mo-Re system.’ 

3J. M. Dickinson and L. S 


Metals 51, 1055 (1959 
1958). 


Richardson, Trans. Am. Soc. 


\. G. Knapton, J. Inst. Metals 87, 62 
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TABLE I. Lattice constants and transition temperatures. 


Superconducting 
Lattice transition 
constant @ temperature 
Compounds A K) 


ZrTc¢ 
NbTc; 
ZrRe, 
Nbo 1sRe 


9.636+0.002 
9.625+0.002 
9.698+0.002 
9.641 +0.002 


ey 


Critical field measurements with 19 000 gauss of an 
alloy with an approximate composition near 50 at. % 
Mo and a transition temperature of 12.6°K would give 
Hy value (critical field at O°K) of 75.000 gauss. A 
Mo-Re alloy having the same transition temperature 
gave an Hy of only 27 000 gauss. From this it would 
seem that Mo-Tc wire might be a promising material 
for superconducting magnets, assuming that it is as 


7 


ductile as the corresponding Mo-Re alloy. 


Il. THE COMPOUNDS ZrTc, AND NbTc 


The similarity of Tc and Re with respect to the 
formation of intermetallic compounds was investigated 
very briefly. The compounds ZrTc, NbT« 
prepared by melting stoichiometric amounts of the 
elements in an arc furnace in an argon atmosphere. 
X-ray diffraction powder photographs were taken of 
the resulting product using a Norelco camera of 
114.6-mm diam and Cu KA radiation (A= 1.5405 A). 
The powder patterns for ZrTc; NbT\ 

indexed on a body-centered cubic lattice and 
intensities are similar to those of ZrRes and Nby ..Re 
previously determined as the a-Mn type structure 
(A412). Data for ZrRes are reported by Savitskii, 
Tylkina, and Tsyganova‘ and for NbRe; by Knapton,°® 
Greenfield and Beck,® and Niemiec and Trzebiatowski.’ 
This structure belongs to space group 7,’—I43m and 
contains 58 atoms per unit cell. The x-ray diffraction 
data suggest that ZrTcs and NbT« a-Mn 
type structure. 


and were 


and were 


the 


have the 


The lattice constant and superconducting transition 
temperature of ZrTcs and NbTc; are given in Table I. 
The transition temperatures of the corresponding 
rhenium compounds of Zr and Nb have been reported 
previously and are included in the table for comparison 
with the Tc compounds.* 


‘FE. V. Savitskii, M. A. Tylkina, and I. A. Tsyganova, Atom 
naya Energ. 7, 231 (1959); Chem. Abstracts 54, 58h (1960 

5 A. G. Knapton, J. Inst. Metals 87, 28 (1958 

6 P. Greenfield and P. A. Beck, Trans. Am. Inst 
Engrs. 206, 265 (1956). 

7J. Niemiec and W. Trzebiatowski, Bull. acad 
601 (1956); Chem. Abstracts 51, 7280a (1957). 

8B. T. Matthias, V. B. Compton, and E. Corenzwit, J. Phys. 
Chem. Solids 19, 130 (1961 
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Superconducting Solid Solution Alloys of the Transition Elements 


J. K. Huvm anp R. D. BLAUGHER 
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The solid solution alloys formed by the incomplete d-shell metals in groups 4, 5, 6, and 7 have been 
tested for superconductivity down to 1°K. For alloys formed between neighboring elements in a given 
row of the periodic table, two transition temperature maxima are observed with valence numbers ap- 
proximately equal to 4.7 and 6.4, respectively, the only exception being the first long period, in which the 
upper maximum is absent. Similar maxima occur when the constituent elements are selected from different 
rows of the periodic table, thus confirming the dominant role of the d-shell electrons. It is known that the 
normal density-of-states function, N (0), passes through a series of maxima as the d-shell is filled up, two of 
these peaks lying at about the same composition as the two transition temperature peaks observed in the pres 
ent work. The relationship of T, to (0) for the transition metal alloys is discussed. Transition temperature 
data are also presented for alloys composed of neighboring elements in a given column of the periodic table. 
In this case, the form of the relationship between 7, and electronic or lattice properties is still obscure. 


I. INTRODUCTION 


N spite of recent advances in the fundamental theory 

of superconductivity, we are still unable to make a 
reliable prediction of the superconducting transition 
temperature, T., of any given material from basic 
knowledge of its lattice and electronic properties. 
According to the theory of Bardeen, Cooper, and 
Schrieffer'* (referred to hereafter as BCS), T. is con- 
nected exponentially with the density of states at the 
Fermi surface and an interaction parameter between 
electrons which lie close to that surface. An accurate 
calculation of 7, using this relationship appears to be 
difficult and does not seem to have been attempted for 
any specific material. 

Starting from an experimental viewpoint, several 
attempts have been made to obtain an empirical ex- 
pression for 7.. For the nontransition metal supercon- 
ductors with closed d shells, Daunt® and Lewis‘ pointed 
out that 7. is roughly proportional to the coefficient of 
the electronic heat capacity, y (or y raised to a very low 
power, e.g., y'”), where this coefficient is itself directly 
proportional to the density of states at the Fermi sur- 
face. No corresponding relationship is available for the 
superconducting transition elements, that is, for many 
of the metals with incomplete d shells ranging from 
group 3A to group 8A of the periodic table, except that 
in this case also 7, tends to increase for increasing values 
of y. As a matter of fact, the rate of increase is approxi- 
mately three times greater for the transition metals than 
for the nontransition metals, a result for which no ex- 
planation has yet been offered. A further mysterious 
fact is the failure of several transition elements of the 
platinum group to exhibit superconductivity, even 
though their y values appear to be more than large 
enough to favor the phenomenon. 


1 J. Bardeen, L. 
162 (1957). 
. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 108, 
(1957). 
. G. Daunt, Phys. Rev. 80, 911 (1950). 
I. W. Lewis, Phys. Rev. 101, 939 (1956). 


N. Cooper, and J. R. Schrieffer, Phys. Rev. 106, 
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A further advance is due to Matthias,’ who has pro- 
posed an empirical expression which applies generally to 
both the transition and nontransition metal supercon- 
ductors where 7, is related to the atomic mass, the 
atomic volume and a function 7(m) of the number of 
outer electrons. If a very rough proportionality between 
T. and y can be assumed to be generally applicable, 
T(n) may be regarded as a way of approximating the 
variation of the density of states function across the 
periodic table. Recently, Pines® has shown by use of a 
simple model how the Matthias regularities together 
with the theoretical prediction of 7, given in the BCS 
theory can produce a reasonable qualitative understand- 
ing of superconductivity in the nontransition metals. 
However, Pine’s deductions concerning the transition 
metals are much less definite and suggest the need for a 
more thorough examination of this region of the periodic 
system both theoretically and experimentally. 

In considering the above problems, we noted that 
previous experimental work was confined chiefly to 
individual element and compound superconductors with 
relatively little emphasis on the wide range of solid 
solution alloys that are available. It is true that a large 
number of superconducting alloy systems have pre- 
viously been investigated,’ but unfortunately most of 
these were based upon metals belonging to the ‘‘soft” 
group of superconductors such as tin, lead, and mercury. 
These elements exhibit a wide diversity of crystal struc- 
tures and, moreover, they offer no single case in which a 
homogeneous solid solution of one structural type is 
formed over a complete range of binary alloy composi- 
tion. In a few systems, such as lead-indium and lead- 
thallium, a single phase persists for more than 50% 
change in solute atom concentration, but in none of 
these cases does the composition change result in a large 
change of transition temperature. It is apparent, there- 


5B. T. Matthias, Progress in Low Temperature Physics, edited 
by J. C. Gorter (North-Holland Publishing Company, Amsterdam, 
1957), Vol. 2. 

®D. Pines, Phys. Rev. 109, 280 (1958). 

7D. Shoenberg, Superconductivity (Cambridge 


University 
Press, Cambridge, 1950), 2nd ed., p. 230. 
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Fic. 1. Body-centered cubic solid solution ranges in the 
first three long periods. 


fore, that the soft group of superconductors does not 
offer a representative case for a systematic study of the 
effect on the superconductive transition due to large 
changes of electronic structure. 

However, if we consider the superconducting transi- 
tion elements, we find a region approximately in the 
center of the transition metal group where the body- 


centered cubic crystal structure exists in solid solution 
over a wide range of composition between group 4 and 


group 7. At first sight, these metals, such as titanium, 
zirconium, vanadium, niobium, etc., seem rather un- 
promising for superconducting alloy studies owing to 
their non-ideal behavior under the influence of small 
amounts of impurity in particular dissolved gases.* In 
addition, their extremely high melting temperatures 
suggest possible metallurgical difficulties in preparing 
them. However, these disadvantages are greatly offset 
by the very wide range of solid solutions available. For 
example, consider the first long row elements, titanium, 
vanadium, and chromium. Both vanadium and chrom- 
ium are body-centered cubic and form a body-centered 
cubic solid-solution over the entire range of binary alloy 
compositions.’ Titanium, however, is hexagonal at room 
temperature but becomes body-centered cubic at high 
temperatures. Phase diagram studies have shown that 
the body-centered cubic phase can be retained by adding 
as much as 80 atomic percent of titanium to vanadium 
if proper cooling and annealing procedures are fol- 
lowed.” The series, titanium-vanadium-chromium, thus 
effectively permits a solute atom concentration change 
of more than 180% within a single phase region. More- 
over, since vanadium and titanium are superconductors 


8 A. Wexler and W. S. Corak, Phys. Rev. 85, 85 (1952). 

*H. Martens and P. Duwez, Trans. Am. Soc. Metals 44, 484 
(1952). 

1H. K. Adenstedt, J. R. Pequignot, and J. M. Raymer, Trans. 
Am. Soc. Metals 44, 990 (1952). 
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and chromium is not, this alloy system offers the possi- 
bility of studying a complete transition from normal to 
superconducting behavior due to composition change 
within a single crystal structure. 

The above discussion covers only the first long row 
elements, Ti-V-Cr. However, it is found that a wide 
range of solid solution of the body-centered cubic phase 
exists similarly for other transition metal alloy systems, 
in the second and third long periods, as shown in Fig. 1. 
It is immediately obvious that these systems offer a 
mechanism for varying the electronic configuration 
within a given crystal structure and should enable one 
to gain further insight into the role of the various 
mass, volume, and electronic structure effects in a 
superconductor. 

In this paper, data are presented on the variation of 
the superconducting transition temperature with com- 
position over the entire range of binary body-centered 
cubic solid solutions in the first three long periods. The 
most significant omission is the system molybdenum- 
technetium, for which a wide cubic region almost cer- 
tainly exists in the neighborhood of pure molybdenum, 
with the possibility of a very high transition tempera- 
ture due to the high value for technetium itself (11°K). 
Unfortunately, this system could not be studied due to 
the present unavailability of technetium. The system, 
chromium-manganese, also proved to be uninteresting 
from a superconducting viewpoint, presumably because 
of the onset of d-shell ferromagnetism in the first long 
period. 

In the part of the periodic system upon which our 
attention is focussed, groups 4A to 7A, the existence of 
wide range solid solutions is, of course, not confined to 
individual rows but extends to various cross-combina- 
tions between rows which we have also studied. Super- 
conducting data are presented for the “‘column”’ alloys, 
Ti-Zr-Hf and V-Nb-Ta, where one might expect the 
change of electronic configuration to be much less 
significant than in the case of row alloys. Data have 
also been obtained for various “‘diagonal” binary alloys 
cutting across both row and column. These systems are 
based chiefly on the metal, niobium, which occupies a 
“pivotal” role in the superconducting transition metal 
array. 

It should be mentioned that two of the superconduct- 
ing alloy systems described in this paper, Ti-V-Cr and 
Ti-Nb-W, were studied initially by one of the authors 
(J.K.H.) at the Institute for the Study of Metals, 
University of Chicago, in 1952. At that time, most of 
the starting materials were of rather low purity, so that 
only a rough survey of the superconducting situation 
was possible. Since 1952, considerable advances have 
been made in purifying the refractory transition metals, 
particularly those in group 5. Of particular importance 
to the present work was the availability of ultrapure 
zone-refined niobium made by Comenetz at Westing- 
house Research Laboratories. As will be shown later, 
the superconducting results obtained on alloys prepared 
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from this material differ markedly from those obtained 
using the powdered niobium commonly available a few 
years ago, emphasizing the need for careful control of 
impurities in studies of the present type. 


II. EXPERIMENTAL DETAILS 
A. Superconducting Measurements 


Superconducting transition temperatures were deter- 
mined using an apparatus almost identical to the setup 
used for studies on transition metal compounds by 
Hardy and Hulm" (referred to hereafter as HH). The 
only modification of the HH technique was a refinement 
in thermometry. Formerly, a constant volume helium 
gas thermometer employing a mercury manometer for 
pressure measurement was used to obtain temperatures 
between 4.2° and 20°K. The mercury manometer re- 
quired numerous time-consuming volume adjustments 
for each pressure reading. Therefore, in the present 
work, it was replaced by a dial pressure gauge specially 
constructed by the Wallace and Tiernan Company, 
Belleville, New Jersey, from their basic Precision Dial 
Manometer model FA145. With this gauge, it was possi- 
ble to obtain gas thermometer pressures directly without 
the burdensome volume adjustment before each pres- 
sure measurement. Furthermore, after calibrating initi- 
ally in the liquid helium range and applying suitable 
corrections for dead space volume, hydrostatic head, 
and deviations from ideal gas, temperatures between 
4.2° and 20°K were known to be better than 0.01°K. 
Other standard gas thermometer corrections, such 
as thermomolecular pressure difference, external tem- 
perature difference, gravitation, absorption, etc., are 
effectively negligible and, therefore do not apply for 
this device.” 

For measurements below 4.2°K, temperatures were 
determined from the vapor pressure of the liquid helium 
bath in which the samples were immersed using the 
T55E vapor pressure-temperature scale.” 

The specimens were placed in a radial position about 
the gas thermometer bulb in the same manner as re- 
ported by HH. Fragmentary samples were enclosed in 
thin-walled, C-8 resin capsules upon which a detector 
coil of about 300 turns of 40-gauge insulated copper 
wire was wound. The smaller melted specimens were 
mounted in C-8 resin tubing which was cut away to 
allow the detector coil to be wound directly on the 
specimen. Each detector coil could be connected by 
switches to a high sensitivity ballistic galvanometer 
with a suitable damping resistance in series. The de- 
flection of the galvanometer was observed when a 
measuring field of about five oersteds was applied or 
removed from the specimen. Entry of a specimen to 
the superconducting state was marked by a substantial 


1G. F. Hardy and J. K. Hulm, Phys. Rev. 93, 1004 (1954). 

2 J. K. Hulm and R. D. Blaugher, Cryogenics 1, 229 (1961). 

18]. R. Clement, Naval Research Laboratory, Washington, 
D. C. (unpublished). 
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Fic. 2. Transition curves for Nb+10% Cr specimen 
before and after annealing. 


decrease in this galvanometer deflection with decreasing 
temperature. 

Transition curves for individual samples were ob- 
tained by plotting the temperature variation of the “ef- 
fective permeability,” a quantity obtained by dividing 
the galvanometer deflection at the measuring tempera- 
ture by the deflection in the normal region (usually taken 
at liquid nitrogen temperatures). Typical transition 
curves in Fig. 2 show that entry to the superconducting 
state, as characterized by the effective permeability, 
sometimes takes place over a range of several degrees 
Kelvin. This effect is usually due to composition fluctua- 
tions and can, in most cases, be greatly reduced by suita- 
ble annealing treatment (Sec. II. D). However, even 
after annealing a residual breadth of about 0.1°K was 
typical for most of the alloys studied. Taking the transi- 
tion temperature as the midpoint of the permeability 
curve, that is, the temperature at which the permeability 
is halfway between the completely normal and com- 
pletely superconducting values, it seems reasonable to 
assume that for total transition breadths of 0.1°K the 
error in 7. due to composition fluctuations does not 
exceed a few hundredths of a degree. 

The question of broadening due to the irregular shape 
of many of the samples and the finite measuring field 
was discussed fully by HH. Exactly the same consider- 
ations apply to the present work except that even 
smaller measuring fields were used. The field broadening 
calculated from HH, Eq. (2), does not exceed 0.001°K 
and, thus, can be ignored in comparison with inhomo- 
geneity broadening. 

For most of the specimens, the irregular shape made 
any attempt to make a superconducting critical field 
determination out of the question. However, a few 
samples were fabricated in cylindrical forms for which 
demagnetizing coefficients could readily be computed. 
In these cases, the change of total induction in the 
detector coil was determined as a function of the change 
of external field for fields up to about 1000 oe. In all 
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TABLE I. Characteristics of the samples. 


Gaseous 
impurities 
Form Op» 


Zone-refined rod 100 

Sintered 490 

Bar 35 

Rod 10 

Sheet . 

Powder “ 

Electron-beam- . 
melted sheet 

Iodide bar 

Sponge 

Bar 

lodide bar 

Bar 


Ta< 1440; Zr<400; C<100 
Ta < 1500; C<220; Fe, 
Fe < 1000; Zr <500 

Fe, Si, Mo<30 

Ni< 100; Al, Fe, Si, Mg, Mn, Si, V<70 
No majors in detectable amounts 
U<400; Mo<300; Ag<135; Nb<130 


Sb, As< 1000; Fe<100 

Hf<910; Fe<360; Cr<63 

Hf <20, 500; Si<220; Fe<62 
Fe<280; Nb, Ti<400; Zr< 100 
Fe<1140; Al<20; Mo<640; Rb, 


Major metallic impurities 


Source and designation 


Westinghouse CZ-3 
Electromelt (EM-5) 
Westinghouse reactor grade 
Westinghouse S-grade 
Westinghouse 

University of Tennessee 
Electromelt 


(ppm) 


Si, Ti<300 


Battelle Memorial Institute 
Carborundum 
Westinghouse A-3057 
Battelle Memorial Institute 
1939 Chevrolet 


Nb <800; Se<350; Na<140 


ers hardness 45 dph. 


cases, the destruction of superconductivity took place 
very gradually over a wide range of field and was in- 
complete at the highest field. The determination of a 
reliable critical field value from such curves proved to 
be impossible. 


B. Starting Materials 


Extensive literature now exists on the influence of 
impurities on the superconducting behavior of the 
transition metals.*:* Much of this work constitutes an 
inquiring into the causes of the very broad transitions 
which are frequently found to accompany the destruc- 
tion of superconductivity by a magnetic field, particu- 
larly for vanadium, niobium, and tantalum. The chief 
culprit appears to be dissolved gas, either nitrogen or 
oxygen, which produces very broad magnetic field 
transitions unless the gas content is maintained at a level 
considerably below 100 parts per million (ppm). Despite 
recent advances in zone refining and electron bombard- 
ment melting, gas contents lower than 100 ppm are still 
difficult to achieve in the transition elements and are 
even more impracticable for transition metal alloys, 
which, in addition, have to be homogenized with respect 
to their metallic constituents. 

In the present work, no serious attempt was made to 
achieve alloys with gas contents low enough to yield 
sharp magnetic transitions. Our main interest was the 
variation of T. with metallic composition. In deriving 
T. from various effective permeability-temperature 
curves, as described in the previous section, it was found 
that the shape and location of these curves was much 
less sensitive to gaseous impurities than were the iso- 
thermal magnetic field transitions. It was observed that 
T.. was not appreciably affected until gas contents in the 
vicinity of 1000 ppm or more were attained. Thus, 
gaseous impurities at the 100 ppm level were considered 
tolerable in our experiments, and as Table I indicates, 


4 J. K. Hulm and B. B. Goodman, Phys. Rev. 106, 659 (1957). 


this level was typical for most of the starting metals 
used. 

Of particular importance to the present study was the 
availability of generous quantities of ultrapure niobium 
supplied by Begley using a special zone-refining pro- 
cess.!5.!6 To illustrate the effect of excessive gas content, 
the transition temperatures of various niobium-tungsten 
alloys prepared using zone-refined niobium are com- 
pared in Fig. 3 with 7, for an earlier series of samples 
prepared from powdered niobium. It should be remarked 
that the straight line for the zone-refined material was 
based upon data beyond 15% tungsten content, as well 
as on the experimental points shown in Fig. 3. The 
powdered metal had a gas content in the neighborhood 
of 3000 ppm, which apparently shifted 7. downwards 
by 3°K or more. Attempts were made to reduce this 
shift by annealing the samples in vacuum, but 7, re- 
mained steady, even though the effective permeability 
versus temperature curve was considerably sharpened. 

So far, little reference has been made to metallic 
impurities, mainly because these are believed to be of 
minor importance at the levels encountered in Table I 
materials. There is little doubt that different metallic 
impurities differ greatly in their effectiveness in shifting 
T..5 For example, in group 5 the most depressive effect 
appears to result from group 8 impurities, particularly 
from the ferromagnetic elements. However, this effect 
is not serious provided that the group 8 impurity con- 
tent is held well below 1000 ppm. 


C. Melting Techniques 


The majority of specimens were melted in an arc 
furnace on a water-cooled copper hearth using a tung- 
sten electrode. Spectroscopic analysis of a representative 
number of specimens showed this technique produced 
no copper or tungsten contamination in the melt from 


R. T. Begley, Wright Air Development Center 
TR 57-344, 1957 (unpublished), part I (1957), p. 89. 
16R. T. Begley, reference 15, part II (1958), p. 143. 
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the hearth and electrode, respectively. Since the tung- 
sten arc furnace could not be operated in a high vacuum, 
nelting had to be done in a pure, inert atmosphere with 
a pressure of about 30 to 100 mm Hg. A reasonably pure 
atmosphere was obtained by evacuating and purging 
the furnace chamber several times with argon. Finally, 
a zirconium button was melted in order to further purify 
the atmosphere and to reduce the possibility of gas 
contamination in the remaining melts. Usually three 
specimens and the zirconium button were placed in the 
furnace chamber. After the initial melt, without opening 
the furnace, the buttons were turned and remelted 
several times to ensure complete mixing. However, by 
virtue of the rapid quenching characteristic of the arc 
furnace, a small grained inhomogeneous specimen of 
mixed composition and variable physical parameters 
was usually produced. This necessitated vacuum an- 
nealing treatment for many of the specimens, as de- 
scribed in Sec. II. D. 

Some specimens could not be homogenized by arc 
melting and vacuum annealing, while others vaporized 
excessively or experienced preferential separation by 
this method. For these particular specimens, it was 
necessary to use an alternate technique known as levi- 
tation melting!’ '* for the preparation. Levitation melt- 
ing enables one to obtain a homogenized specimen 
readily by virtue of its vigorous electromagnetic stirring 
action, and since the temperature can be controlled 
accurately, it is possible to operate close to the melting 
point of the specimen, thus decreasing any vaporization. 
The levitation melted specimens were approximately 
cylindrical with rounded ends resembling somewhat the 
familiar button shape obtained in arc-melting small 
samples. 
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Fic. 3. Transition temperatures versus composition for niobium- 
tungsten alloys prepared from different starting materials. 


M. Wroughton, E. L. Okress, P. H. Brace, G. Comenetz, 
J. C. R. Kelly, J. Appl. Phys. 23, 545 (1952). 
15 TD). M. Wroughton, E. L. Okress, P. H. Brace, G. Comenetz, 
and J. C. R. Kelly, J. Electrochem. Soc. 99, 205 (1956). 


TABLE IT. Sources of the alloy samples. 


Alloy system Source 


Ti-V H. K. Adenstedt, J. R. Pequignot, and J. 
M. Raymer, USAF Wright-Patterson 
Materials Laboratory 

Duwez and H. Martens, 
Institute of Technology 
Nb-Hf, Nb-Mo, x SE: Westinghouse 

Nb-Zr 
W-Re, Ta-W, 

Ta-Hf 
Ti-Nb 


V-Cr P. California 


Begley, Research 
Laboratories 

L. L. France and L. S. Richardson, West- 
inghouse Research Laboratories 

M. Hansen, E. L. Kamen, H. D. Kessler, 
and D. J. McPherson, Illinois Institute 
of Technology 

A. R. Kaufman, Massachusetts Institute of 
Technology 


Ta-W, Ta-Hf 


Additional samples of a number of the systems of 
interest were obtained through the kind cooperation of 
workers in our own and other laboratories. These par- 
ticular samples and their source are listed in Table IT. 
The preparation of these samples were essentially 
identical with our own previously discussed techniques. 
Some samples, however, required annealing in order for 
them to be similar in heat treatment to our specimens. 


D. Annealing and Quenching 


Due to the difficulty of maintaining ultra-high 
vacuum conditions at temperatures above 1500°C for 
long periods, long-time annealing treatment tends to 
increase the gas content of transition elements. There- 
fore, we sought ways to avoid this treatment in our 
preliminary investigations and studied the supercon- 
ducting behavior of unannealed arc-melted samples. 
Figure 2 shows a typical transition curve for this type 
of sample in the niobium-chromium system. The onset 
of superconductivity occurs over a range of about 2°K, 
and it is fairly evident that the value of T. obtained 
from such a curve could not be very reliable. Metallo- 
graphic examination of the sample showed a hetero- 
geneous grain structure with fine crystallites which 
appeared to be highly strained [Fig. 4(a) ]. 

Since most of the directly melted samples gave un- 
satisfactory transition curves, we had to resort to 
annealing treatment with the resulting risk of gas con- 
tamination. Most of our anneals were made in the in- 
duction furnace at temperatures between 1500° and 
2500°C, depending on the melting point of the particular 
specimens. Annealing periods of between 50 and 100 hr 
were employed with an average furnace pressure of 
3X10-* mm of mercury. The effect of such treatment 
on our typical niobium-chromium sample at 2200°C 
was quite dramatic, as shown in Fig. 2. The transition 
curve not only sharpened markedly, but its center was 
displaced downward by about 1°K. The metallograph 
[ Fig. 4(b) ] showed considerable grain growth and dis- 
appearance of the highly-strained condition. It is im- 
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Fic. 4. Metallograph for Nb+10% Cr specimen before 
and after annealing. 


portant to remark that vacuum fusion analysis per- 
formed both before and after annealing showed very 
little change in gas content, evidence of satisfactory 
vacuum conditions in our furnace. 

When chromium is dissolved in niobium, T, is de- 
pressed. Thus, the lowering of T. caused by annealing 
the Nb plus 10% Cr sample suggests that in the as- 
melted sample there existed regions of enriched chro- 
mium surrounded by regions of depleted chromium. To 
explain the observed superconducting behavior, we may 
assume that the dilute chromium regions become super- 
conducting at a higher temperature than the true 
transition temperature for the homogeneous sample and, 
moreover, that they shield the regions of higher chro- 
mium content in such a way that the apparent volume 
of superconducting material is greater than the actual 
volume of superconducting material within the sample. 
That this shielding effect is incomplete may be deduced 
from the fact that the limiting effective permeability as 
T approaches zero for the un-annealed sample is appreci- 
ably greater than that for the annealed sample (see 
Fig. 2). 

Frequently, the only effect of annealing was to reduce 
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the breadth of the transition curve without displacing 
its center point appreciably. As might be expected, this 
was usually the case in regions where the transition 
temperature was found to be rather insensitive to 
composition changes. 

In the annealing procedure so far described, little 
effort was made to reduce the temperature quickly at 
the end of the heating cycle. The induction heater was 
simply switched off and the sample was allowed to cool 
at a slow rate determined usually by the heat capacity 
of a large susceptor and mount of molybdenum. This 
procedure was adequate for most of the specimens, 
particularly for those with compositions well removed 
from the limits of the body-centered cubic range. Close 
to these limits, however, we encountered difficulties 
which required a setup for rapid quenching of specimens 
at the end of the annealing time. 

The quench technique was required mainly in con- 
nection with the so-called “martensite” transformation 
exhibited by several of the binary systems formed 
between group 4 and group 5 metals. This transforma- 
tion occurs in the vicinity of the lower limit of existence 
of the body-centered-cubic phase with respect to valence 
number, usually around 4.2 valence electrons per atom. 
Since it was desired to extend the superconducting data 
for the cubic phase down to the lowest possible valence 
number, the superconducting effects of the martensite 
transformation were studied in detail for the typical 
systems, Ti-V and Ti-Nb. Martensite transformations 
are also known to occur in several other binary systems 
of interest in our work, for example, Zr-Nb, Hf-Ta, and 
Hf-Nb. However, since detailed phase diagram data is 
lacking for these systems, their superconductivity was 
not studied in the transformation region. 

In the martensite region, the systems Ti-Nb and Ti-V 
resemble each other closely with respect to phase con- 
stitution, transformation kinetics, and superconducting 
behavior. Thus, only the results for Ti-Nb need be 
discussed in detail. Figure 5 shows the relevant portion 
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Fic. 5. Part of titanium-niobium phase diagram. 
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of the Ti-Nb phase diagram according to Hansen et al." 
To this diagram, we have added the martensite trans- 
formation curve (M, curve) due to Duwez.” The M, 
curve represents the point at which, with decreasing 
temperature, some of the high-temperature cubic or 8 
phase undergoes a diffusionless transformation to a 
hexagonal a’ phase with the same composition as the 
parent material. Kaufman! believes that on the basis of 
thermodynamic data, Fig. 5 is inaccurate. However, a 
refinement of the diagram would not affect its qualita- 
tive features, which are thought to be sufficiently re- 
liable for the present discussion. 

Figure 5 indicates that an alloy cooled from the high 
temperature cubic region might break up into three 
distinct types of material. As the upper (a+, 8) phase 
boundary is crossed, hexagonal a@ material might be 
formed of composition determined by the (a, a+) phase 
boundary. This would cause a niobium enrichment of 
the remaining cubic 8 material, probably in a highly 
inhomogeneous fashion owing to low rates of diffusion. 
Further cooling down to the M, curve could result in a 
martensite precipitation of a’ hexagonal with the same 
composition as the parent 8. However, inhomogeneities 
in 8 could cause similar inhomogeneities in a’. The final 
alloy might consist, in general, of 8, a, and a’ with a 
considerable composition spread. 

The actual yield of 8, a, and a’ material is determined 
chiefly by the starting composition and the rate of 
cooling. For niobium contents greater than about 50 
atom percent, the 8 phase is retained irrespective of 
cooling rate, probably because @ precipitation is too 
sluggish to occur in the low-temperature region obtained 
by extrapolating the (a+8,8) boundary line. From 
50% :down to 20% niobium, this sluggish @ reaction can 
still be inhibited by water quenching directly from the 
8 region. However, slow cooling results in an @ precipi- 
tate which increases in amount as the starting niobium 
content is decreased. 

The superconducting data for water quenched 
samples is compared in Fig. 6 with transition tempera- 
tures for samples slow cooled in the induction furnace. 
In the region of 20 to 50 atomic percent niobium, the 
data are quite consistent with the above reaction pic- 
ture. The quenched samples gave relatively sharp single 
transitions, presumably characteristic of pure 8 mate- 
rial. The slow-cooled samples gave spread-out transi- 
tions, often consisting of two or more distinct regions of 
decreasing permeability. In these samples, the a phase 
is thought to be nonsuperconducting above 1°K (data 
for pure a samples suggest this). However, as the a phase 
precipitates, the remaining 8 material grows richer in 
niobium content, which explains not only the spread- 


19M. Hansen, E. L. Kamen, H. D. Kessler, and D. J. McPher- 
son, Trans. Am. Inst. Mining, Met. Petrol. Engrs. 191, 881 
(1951). 

2 P, Duwez, Trans. Am. Soc. Metals 45, 934 (1953). 

21 L. Kaufman, Acta Met. 7, 575 (1959). 
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Fic. 6. Transition temperature versus composition for titanium- 
niobium alloys prepared by different types of heat treatment. 


out transitions for these samples, but also the higher 
value of T. relative to the pure 8 curve. 

Since the extrapolated M, curve goes below room 
temperature at about 22 atom percent niobium, some 
concern was felt that samples of the pure type obtained 
by quenching to room temperature in the 20 to 50% 
niobium range might undergo a martensite reaction 
when cooled to liquid helium temperatures for super- 
conducting measurements. According to the work of 
Kurdjumov,” the possibility of a martensite reaction 
occurring below room temperature would be materially 
decreased by further quenching to liquid nitrogen or 
liquid helium temperatures, which was invariably done 
in our work. Furthermore, the occurrence of sharp, 
single superconducting transitions is good evidence that 
no a’ was generated. In resistivity measurements on 
very similar samples, Ames and McQuillan® found no 
evidence of resistive anomalies such as might be ex- 
pected in the vicinity of a low temperature transforma- 
tion. We are, therefore, confident that a martensite 
reaction below room temperature can be ruled out in 
the present work, 

For niobium contents below about 20 atom percent, 
it is likely that both @ and a’ precipitates are formed. 
In this range, we were surprised to find that whereas 
quenched samples exhibited spread-out superconducting 
transitions, the slow-cooled samples gave quite sharp, 
single transitions. This behavior is an exact reversal of 
that found above 20% niobium. 

Considering first the quenched samples, all evidence 
points to the formation of an a’ phase of composition 
close to nominal. Probably the production of a is inhi- 
bited by quenching, but not entirely suppressed. Hence, 
some spread of composition of the resulting a’ precipi- 
tate is to be expected, and this is borne out by the 
broadening of superconducting transitions. The niobium 
content of the a’ should nevertheless be fairly close to 
the initial or nominal content, and the variation of 
superconducting transition temperature with niobium 
content is perfectly consistent with this assumption. 
T.. decreases with decreasing niobium content, and the 


2G. V. Kurdjumov, J. Metals 10, 449 (1959). 
3S. L. Ames and A. D. McQuillan, Acta Met. 2, 831 (1954). 
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curve extrapolates to about 0.5°K for zero niobium, in 
good agreement with the value of 0.49°K reported for 
pure titanium.” 

The sharp, superconducting transitions observed for 
the slow-cooled samples are also understandable if one 
assumes that in this case a nonsuperconducting a pre- 
cipitate is formed with cooling, causing steady niobium 
enrichment of 8 with decreasing temperature. The com- 
position follows the full (a+ 8, 8) curve down to the 
beginning of the dotted region, at which point @ pre- 
cipitation essentially ceases and the sample follows a 
constant composition path down through the M, curve. 
The resulting sample is an a’ precipitate of practically 
constant niobium content (between 15 and 20%), inde- 
pendent of the initial content. Consequently, T, lies in 
the vicinity of 6°K and is practically independent of 
starting niobium concentration. 


III. RESULTS AND DISCUSSION 
A. Binary Alloys of Neighboring Row Elements 


The superconducting transition temperatures of 
binary alloys formed between neighboring group 4, 5, 
and 6 elements and one group 7 element in the first 
three long periods are plotted against composition in 
Figs. 7, 8, and 9, respectively. Some compositions 
which remained normal down to about 1°K are shown 
by vertical arrows with the letter .V above. In the region 
of the martensite transformation, we have shown only 
data for the pure cubic phase to the limit of its existence 
and beyond this a dotted curve for the pure hexagonal 
phase. While this paper was being prepared, results on 
the Ti-V-Cr system were published by Muller.** His 
data are in general agreement with the present work. 

A number of striking features of superconducting be- 
havior are common to the row alloys of the three long 
periods. The following points are considered significant. 


(1) There are two distinct maxima of transition tem- 
perature, one located between group 4 and group 5 close 
to the valence number 4.7, and the second located 
between group 6 and group 7 close to the valence 
number 6.4. 
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Fic. 7. Transition temperature versus composition for 
Ti-V-Cr. 
* M. C. Steele and R. A. Hein, Phys. Rev. 92, 243 (1953). 
25 J.*Muller, Helv. Phys. Acta. 32, 141 (1959). 
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(2) There is no discontinuity of slope at the group 5 
element, that is, 7./dc has equal values of opposite 
sign due to the addition of group 4 and group 6 elements, 
respectively, provided these are in the same row. 

(3) The transition temperature of each group 5 ele- 
ment is depressed in a linear fashion by the addition of 
each group 6 element. 


We may immediately conclude that there is general 
agreement between the present results and the point of 
view expressed by Matthias.® In fact, we may regard the 
curves of Fig. 7-9 as a more accurate representation of 
the T(n) function of Matthias, where, as was pointed 
out in our introduction, 7() is probably a rough 
approximation to the density of states at the Fermi 
surface. The positions of the maxima, 4.7 and 6.4, are 
substantially different from the values of 5 and 7 va- 
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Fic. 8. Transition temperature versus composition for 


Zr-Nb-Mo-Re. 


lence electrons per atom originally proposed by Mat- 
thias. However, Matthias has indicated that his original 
figures were approximate ones, based chiefly upon the 
behavior of the individual elements. The present alloy 
data for the upper maximum are in excellent aggreement 
with results for uranium compounds obtained by Chan- 
drasekhar and Hulm** and intermetallic compound data 
obtained by Blaugher and Hulm.*’ 

Consider the second point of significance, the con- 
tinuity of slope of the transition temperature versus 
composition curve on passing through any of the group 
5 elements along the same row. One is tempted to ex- 
plain this effect as a movement of the Fermi level along 
a continuous density-of-states curve. The validity of 

6B. S. Chandrasekhar and J. K. Hulm, J. Phys. Chem. 
Solids 1, 259 (1958). 


27 R. D. Blaugher and J. K. Hulm, J. Phys. Chem. Solids 19, 
134 (1961). 
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Fic. 9. Transition temperature versus composition for 
Ti-Nb-W-Re, Hf-Ta-W-Re. 


this viewpoint rests upon the assumption that the dens- 
ity of states curve is little influenced by the addition of 
a solid solution impurity of mass only slightly different 
from the solvent atom. This seems like a reasonable 
assumption for small impurity contents, say, up to a few 
percent, which is the range over which our data indicate 
a continuous slope. 

The previous considerations have led us to a more 
general assumption which, if it is true, would appear to 
contain an explanation of many of the electronic prop- 
erties of the transition metals and their alloys. We 
assume that the T(m) curve, presumably in its more 
accurate form as represented by Figs. 7-9, represents a 
general shape of the d band common to the majority of 
the transition elements. We are transposing, of course, 
from a plot of 7. versus average number of valence 
electrons to a plot of density of states versus energy. In 
addition to the maxima at 4.7 and 6.4 electrons per 
atom, we presume the existence of two other maxima at 
approximately 3 and 9 electrons per atom, respectively. 
The evidence for the last two maxima is provided chiefly 
by the normal electronic properties,’ although for 
reasons which are not yel understood, there seems to be 
no maximum of superconducting transition temperature 
in the vicinity of 9 electrons per atom. Assuming, then, 
that there is a universal d-band shape containing four 
distinct maxima, we may expect this shape to be main- 
tained in any process of alloy or compound formation 
between the transition elements. The electronic prop- 
erties of the resultant material will be determined chiefly 
by settling of the Fermi level at some intermediate 
position on the universal d-band curve. 

The above picture is certainly an oversimplification 
of the transition element band structure, particularly 
since it fails to account for the absence of superconduc- 


281. H. Parkinson, Reports on Progress in Physics (The 
Physical Society, London, 1958), Vol. 21. 
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tivity in the vicinity of 9 valence electrons per atom. 
Nevertheless, the picture does provide a rather satis- 
factory means of tying together most of the alloy data 
in the present paper. It further explains the correlation 
between 7, and valence number for transition metal 
compounds in which the individual constituents belong 
to widely separated groups.° 

The last point to be discussed is the linear dependence 
of 7, upon concentration for the group 5-group 6 solid 
solutions. This is particularly marked in Figs. 8 and 9 
where the straight lines have been extrapolated to 
intersect the group 6 ordinate. In Fig. 9, this extrapo- 
lation was also performed for the diagonal system 
Nb-W. We were greatly surprised when both the 
Ta-W and the Nb-W lines intersected quite accurately 
at the same negative temperature on the group 6 ordi- 
nate. This remarkable result led us to the concept of 
assigning negative transition temperatures to the first 
three body-centered-cubic group 6 elements as follows: 


o= = 35°K:: 
—13.6°K; 
c= —13.0°K; 
c= +1.8°K. 


chromium, 


tungsten, 


r 
molybdenum, T= 
r 
r 


uranium, 


For chromium and tungsten, a pair of extrapolations 
were performed in each case, with the identical result 
for each metal. Only five of the possible nine binary 
combinations between group 5 and group 6 were 
actually studied by us, and a further test of the nega- 
tive 7, concept will be possible when data on the other 
four combinations become available. The transition 
temperature for body-centered-cubic uranium is taken 
from the work of Chandrasekhar and Hulm,”* who 
extrapolated data on uranium-niobium and uranium- 
molybdenum alloys to 100% uranium. It is interesting 
that 7. increases monotonically as one descends group 6. 

In contrast to the linear behavior of 7, between 
group 5 and group 6, we observed a very steep, non- 
linear behavior between group 6 and group 7. In the 
case of the Re-Mo and Re-W alloys, it is possible to 
draw a reasonable extrapolation down to the postu- 
lated negative transition points for Mo and W, re- 
spectively, but one cannot help noticing the marked 
asymmetry of the minimum in 7... It is possible that our 
straight-line extrapolations below 1°K should be re- 
placed by a more rounded plot with a gradual minimum 
between group 5 and group 6. The verdict on this point 
will probably have to wait upon a careful determination 
of the electronic heat capacity in the range of interesting 
compositions, plus a better understanding of the rela- 
tionship between 7, and y. 


B. Binary Alloys of Diagonal Neighbors 


Only two diagonal alloy systems were examined in 
detail, both centered on the element niobium. The 
superconducting transition temperatures are plotted as 
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Fic. 10. Transition temperature versus composition for 
Hg-Nb-Cr. 


a function of composition in Figs. 9 and 10 for the 
systems, Ti-Nb-W and Hf-Nb-Cr, respectively. The 
martensite transformation in Ti-Nb alloys has already 
been discussed, and the data shown are only those for 
the pure cubic and pure hexagonal phases. 

The general form of both of the diagonal transition 
temperature curves is very similar to that for the row 
alloys, with a pronounced maximum between group 5 
and group 6. We must point out, however, that the 
maxima are displaced somewhat from the vicinity of 4.7 
valence electrons per atom, the value which is typical 
for the row alloys. The greatest displacement occurs 
for the Hf-Nb system where the maximum lies between 
4.9 and 5.0 valence electrons per atom. At present, we 
have no explanation of this effect. 

A second feature which distinguishes the diagonal 
alloys from the row alloys is a break in slope as the 
group 5 element, niobium, is traversed. This break is 
very much apparent for the Ti-Nb-W system (Fig. 9). 
It is not so obvious in the Hf-Nb-Cr system (Fig. 10) 
owing to the rapid change of slope on the hafnium side 
close to pure niobium. 

One major point of difference between the diagonal 
alloys and the row alloys is that the difference in mass 
between the solute and solvent atoms is much larger 
in the diagonal case than in the row case. While this 
large mass difference may, perhaps, be responsible for 
the discontinuity in slope at group 5, it is easy to show 
that the observed change of slope (which amounts to 
about 20°K per valence electron) is an order of magni- 
tude larger than that calculated for the actual masses 
of titanium, niobium, and tungsten using the isotope 
expression 


M'T.=constant. (1) 


We are, therefore, inclined to view the slope change 
as primarily electronic in origin. In terms of the “uni- 
versal d-band” picture discussed in the previous section, 
these results seem to indicate that only the general 
shape of the band is preserved on passing from row to 
row, while the actual magnitude and slope of the density 
of states curve change radically. With our present 
ignorance on the relationship of T, and 7, it is not pos- 
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sible to make quantitative statements regarding these 
changes. 


C. Binary Alloys of Neighbors in Columns 


The final experiments were concerned with alloys of 
neighboring transition elements in the 4th and 5th 
columns. The cubic alloys in the 6th column were not 
investigated owing to the high negative transition tem- 
peratures discussed previously for Cr, Mo, and W. The 
7th column could not be studied adequately due to the 
present unavailability of technetium. 

The superconducting transition temperatures for 
alloys in groups 4 and 5 are plotted against vertical 
composition in Figs. 11 and 12, respectively. The verti- 
cal arrows with the letter V above represent tempera- 
tures down to which normal behavior was observed for 
the composition so denoted. 

All samples of group 4 alloys were of the hexagonal 
close-packed structure. The Ti-Zr alloys showed a 
well-defined transition temperature maximum in the 
midpoint of the range. Data in the Zr-Hf series are 
incomplete due to the very low transition temperatures 
encountered in this region. Three compositions in the 
latter series were studied down to 0.35°K, using a 
helium-3 cryostat, but no trace of superconductivity 
could be found. The dotted curve is, therefore, a specu- 
lative one based upon our normal data and the range of 
transition temperatures reported by others®-* for 
hafnium metal. 

In group 5, difficulties were encountered in attaining 
reasonably sharp superconducting transitions for alloys 
of the V-Nb series at the niobium rich end, despite 
prolonged annealing. Data based upon some very 
broad transitions found between 80 and 100% Nb have 
been omitted, but this does not affect the general form 
of the transition temperature versus composition curve. 
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Fic. 12. Transition temperature versus composition for 
V-Nb-Ta. 


It is very hard to explain this apparent metallurgical 
difficulty, since no phase transition or other anomalies 
are reported in the critical region. Calverley and Rose- 
Ines® have recently given data on electron bombard- 
ment-melted specimens in the Nb-Ta series. Their 
transition temperature versus composition curve is in 
excellent agreement with our results for Nb-Ta in 
Fig. 12. 

Comparing the general form of the curves in Figs. 11 
and 12, one observes that even allowing for the specu- 
lative form of the Zr-Hf region, there is a marked dif- 
ference in behavior between group 4 and group 5 alloys. 
From arguments concerning the transition tempera- 
tures of the individual elements in both these groups, 
Matthias® has proposed a dependence on mass M and 
volume V of the form 


T.~V7/M, (2) 


where «x lies between 4 and 5. This empirical expression 
does not come close to fitting the alloy data in Figs. 11 
and 12. Even if one is permitted to use arbitrary ex- 
ponents for V and M, an expression of this type is in- 
capable of accounting for the minimum in the V-Nb 
system and the probable negative 7. value for pure 
hafnium. The difficulty probably stems from neglect of 
the density of states contribution in expression (2). 
Changes of y on passing down a given group could 
easily mask the volume and mass effects. However, 
further data on y are required before this question can 
be attacked quantitatively. 


CONCLUSION 


Our studies of the superconducting transition tem- 
peratures of solid solution alloys of the transition metals 
permit us to conclude that as one moves along a given 
row of the periodic table, the transition temperature 
shows at least two distinct maxima. The location of 
these maxima correspond approximately to similar 
peaks in the density of states function, V(0) (at the 
Fermi surface) ; although for the alloys in question, the 
(0) data are indirect and incomplete. A connection of 


% A. Calverley and A. Rose-Ines, Proc. Roy. Soc. (London) 
255, 267 (1960). 
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some type between 7, and .V(0) is certainly consistent 
with current theories of superconductivity. For example, 
Bardeen, et al.'* predict 


kT = 1.14 (hw) ay exp{—1/N (0)V}, (3) 


where (fw)ay is the mean energy of phonons which 
scatter electrons at the Fermi surface, and V is an inter- 
action parameter between which 
superconductivity. 

Pines’ and Suhl e¢ al.* have discussed the application 
of the BCS theory to various types of band structure. 
Pines suggests that for the transition metals which have 
a narrow d band with a high density of states, one might 
expect a decoupling of V and .V (0) with a fairly constant 
value of the interaction parameter. Goodman ef al.*# 
have applied Eq. (3) to certain uranium alloys and from 
experimental values of 7. and the heat capacity have 
calculated the parameter V as a function of composition. 
They conclude that V is indeed insensitive to changes 
in composition, in agreement with Pines’s prediction. 

If, following Goodman e/ al.,* we substitute 240 for 
(hw)av, Where © is the Debye temperature, Eq. (3) 
becomes 


electrons causes 


T./O=0.855 exp{ —1/.V (0) V}. (4) 


Since the left-hand side of Eq. (4) lies in the vicinity 
of 0.01 for the uranium alloys referred to above, the 
coefficient of the exponential is rather insensitive to 
changes in 7. Indeed, a decrease of 7, by a factor of 10 
will only produce about 50% change in .V(0)V. Since 
the actual change of 7, for the uranium alloys was only 
about 10% over the full range of composition, the 
expected change of V from Eq. (4) would be extremely 
small. We, therefore, suspect that the test of the theory 
applied by Goodman et a/.* is not very conclusive. 

We are hampered by the lack of .V (0) data in applying 
Eq. (4) to the alloys of the present work. However, 
some very approximate heat capacity data for the 
Ti-V-Cr system have recently been published by 
Cheng ef al.** In order to apply the theory, we have 
accepted the Pines assumption that V is approximately 
constant, and we have used Eq. (4) to calculate V, or 
more precisely .V(0)V/y, where y is the coefficient of 
the electronic heat capacity, for pure vanadium. This 
value of .\V(0)V/y, 26.7 deg? mole joule, is then used 
to convert the experimental y values in the second- 
column of Table ITI to .V(0)V values in the third column. 
Substituting V(0)V and © in Eq. (4), we have calcu- 
lated 7. for the Ti-V and V-Cr alloys. 

The calculated 7, values for the Ti-V and V-Cr 
systems are compared with the actual measured values 
SE. Sail, B. T. 
Letters 3, 552 (1959). 
*B. B. Goodman, J. Hillairet, J. J. Veyssie, and L. Weil, 
Proceedings of the Seventh International Conference on Low-Tem- 


perature Physics, 1960 (University of Toronto Press, Toronto, 
1960), p. 316. 


35 C, H. Cheng, C. T. Wei, and P. A. Beck, Phys. Rev. 120, 
426 (1960). 


Matthias, and L. R. Walker, Phys. Rev. 
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. 13. Calculated and measured 7. versus composition, 


Ti-V-Cr. 


in Table III and in Fig. 13. It should be emphasized 
that by the nature of our calculation, we have arbi- 
trarily forced the theoretical curve to pass through the 
correct transition point for pure vanadium. The choice 
of some other alloy composition as a normalization point 
would have affected the height of the theoretical curve 
but not its general shape, which is determined pri- 
marily by the variation of y with composition. From 
Table III, it is obvious that y passes through a maxi- 
mum between group 4 and group 5 and falls off quite 
steeply between group 5 and group 6. 

Bearing in mind our arbitrary normalization to 
vanadium, it is nevertheless interesting that the theo- 
retical curve predicts quite well the steep decrease of 
transition temperature produced by the addition of 
chromium to vanadium, at least in the initial 10% of the 
range. However, for higher chromium contents, the 
theoretical curve levels off and approaches absolute 
zero, predicting a small but positive value of 
T.(~10-°°K) for pure chromium. Positive 7, values 
are an inevitable consequence of Eq. (4) if we assume 
V constant and .V(0) positive. 

In presenting the experimental data, it was pointed 
out that for the five binary combinations between 
group 5 and group 6 metals studied by us, the transition 
temperature was essentially a linear function of compo- 
sition. Furthermore, the results could be correlated by 
assigning “negative transition temperatures” to chro- 
mium, molybdenum, and tungsten. However, since 
measurements were made only down to 1.02°K, it is 
quite uncertain whether the linear dependence on com- 
position extends below 1°K, with the disappearance of 
superconductivity at a definite composition, or whether 
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TABLE IIT. Summary of results. 


Alloy 7 
composition 0 (millijoules T.(calc) T-(meas) 
(atom percent) (°K)* mol™ deg?) N(O)V K (°K) 


430 
395 
386 
376 
348 
338 
342 
344 
351 
353 
370 
386 
402 


0.088 
0.189 
0.245 
0.280 
0.302 
0.248 
0.224 
0.200 
0.171 
0.158 
0.131 
0.053 
0.043 


0.004 
1.70 
9.090 
9.04 
10.86 


0.40 
7.07 
7.20 
7.49 
6.86 
5.13 
2.90 
1.90 
<1.02 
<1.02 
<1.02 
<1.02 
<0.1 


Dike ww unre w 


* Linear interpolation between pure met: alues., 
bC. H. Cheng, C. T. Wei, and P. A. Beck, 
¢ Assumed equal to measured T-. 


120, 426 (1960). 


the transition temperature-composition curve levels 
off and approaches absolute zero more gradually as 
suggested above for the V-Cr system. It would appear 
to be worth while to study one of the group 5-group 6 
alloy systems below 1°K in order to check the validity 
of Eq. (4). 

Figure 13 indicates that in the titanium-vanadium 
system, Eq. (4) does little more than predict the general 
shape of the variation of 7, with composition. It must 
be pointed out that the y values given by Cheng, Wei, 
and Beck are admitted by these authors to be 
approximate. However, it is doubtful if the error in 
is enough to account for the large discrepancy between 
the theoretical and experimental 7. values. The diffi- 
culty is more likely to be due either to the inadequacy 
of our assumption of a constant V parameter applicable 
to the entire alloy system or, perhaps, more basically 
to the unsuitability of Eq. (4) in its present form. The 
exponential relationship between 7. and y inevitably 
leads to a sharp peak in 7, versus composition, whereas 
the experimental data suggest a rather flat maximum 
with a steep drop at each end of the plateau. The reso- 


very 


lution of these questions will be a great deal easier when 
more accurate heat capacity data are available for the 
solid solution alloys described in this paper. 
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Carrier Densities and Mobilities in Pyrolytic Graphite 


CLAUDE A. KLEIN AND W. DETER STRAUB 
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(Received March 22, 1961 


Based on conductivity, Hall effect, and magnetoresistance measurements an attempt is made to describe 
the behavior of current carriers in the layer planes of well-ordered pyrolytic graphite. The total carrier 
concentration decreases from approximately 11 10!* cm™* at room temperature to less than 4X 10'* cm 
at very low temperatures, in good agreement with single-crystal results. The average mobility, which is 
strongly dependent upon the crystallite size, was found to exceed 3000 cm?/v-sec at liquid nitrogen tempera 
ture in specimens deposited at 2500°C; the mobility ratio (u,/u,) appears to remain temperature independent 


and equal to 1.08+0.01. 


I. INTRODUCTION 


ACTORS such as macroporosity, lack of purity, and 

random orientation of the crystallites preclude a 
straightforward interpretation of electrical measure- 
ments performed on materials commonly referred to as 
“synthetic graphites.’”! Massive compact deposits of 
carbon can now be produced by cracking methane on a 
heated substrate. These deposits are made up of well- 
aligned packets of hexagonal carbon atom networks, 
or layer planes, all lying essentially parallel to each 
other. Furthermore, at deposition temperatures of the 
order of 2500°C an appreciable fraction of the layer 
planes exhibits the three-dimensional lattice arrange- 
ment typical of graphite; we shall restrict the denomi- 
nation of ‘‘pyrolytic graphite’ (PG) to carbon deposits 
of this nature. As expected, thermal and electrical con- 
ductivity measurements along and across the basal 
planes of PG reveal a remarkable anisotropy,* which 
confers much technical importance to these materials. 
On the other hand, structural features such as high 
density and preferred orientation make PG very de- 
sirable in the framework of an investigation of the 
transport mechanisms in polycrystalline graphite. 

The main purpose of this note is to report on a study 
of the low-temperature behavior of current carriers in 
the basal planes of pyrolytic graphite, and to correlate 
this behavior with available indications on natural 
single-crystal as well as conventional synthetic graphite. 
Accordingly, we have measured the galvanomagnetic 
coefficients of selected PG specimens at temperatures 
ranging down to 4.2°K, applying magnetic fields of up 
to 25 kgauss across the deposit in order to confine the 
current path to the carbon layers. Since regular bridge- 
shaped samples can be prepared, our data are presumed 
quite accurate in spite of temperature-independent 


1 For references see A. R. Ubbelohde and F. A. Lewis, Graphite 
and Its Crystal Compounds (Oxford University Press, New York, 
1960), pp. 94-108. In our terminology synthetic graphite desig- 
nates an extruded or molded coke-binder mixture graphitized at 
T, > 2500°C. 

2A. R. G. Brown and W. Watt, Jndustrial Carbon and Graphite 

Society of Chemical Industry, London, 1958), p. 86. 

3C. A. Klein, Proceedings of the Inter-Industry Conference on 
Organic Semiconductors, Chicago, 1961 (‘The Macmillan Company, 
New York (to be published) ]; also available as Raytheon Tech 
nical Report R-58. 


geometric errors, which entail some difficulty in ob- 
taining strictly reproducible results. 


II. DATA AND RESULTS 


The two-band model and other concepts evolving 
from the electron-band theory have been successfully 
used to evaluate graphite single-crystal measurements.! 
Soule and McClure,°® in particular, have analyzed a 
considerable body of galvanomagnetic data and arrived 
at reasonable estimates of the carrier densities and mo- 
bilities in near-ideal crystals. Thus, if we assume that 
in PG the individual crystallites are highly developed 
and do not give rise to contact resistance effects, an 
interpretation of the basal plane phenomena in terms 
of a mixed conduction by free electrons and holes be- 
longing to slightly overlapping bands appears to be 
justified and suggests the following treatment : 

(1) The transverse magnetoresistance measured as 
a function of the magnetic field strength exhibits a 
quadratic dependence if 7<3 kgauss. In the low-field 
region the magnetoresistive coefficient should therefore 
be proportional to an average mobility squared; for 
graphite it is actually a good approximation to write 


(estn)?= (Ap/po)*X 108/H, (1) 


in laboratory units.‘ The average carrier mobilities that 
this expression yields from data taken at 2520 gauss on 
two PG specimens are plotted against temperature in 
Fig. 1. We infer that the carrier mobility is a slowly- 
varying function of temperature down to about 20°K. 
At still lower temperatures, (u,u,)! drops rather fast 
and apparently according to a T! law, which implies 
that ionized impurity scattering predominates in the 
liquid helium temperature range. Above 77°K, the 
general trend of the mobility behavior indicates that 
lattice scattering processes contribute to the transport 
mechanism, and it is indeed feasible to fit the shape 
simply by adding the reciprocal thermal mean free path 
to the reciprocal crystallite diameter perpendicular to 
the ¢ axis.’ 

(2) Soule has pointed out that, in graphite, an ade- 
quate evaluation of the total carrier concentration can 


4D. E. Soule, Phys. Rev. 112, 698, 708 (1958). 
5 J. W. McClure, Phys. Rev. 112, 715 (1958). 
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Fic. 1. Average carrier mobility in pyrolytic graphite compared 
with the mobilities in single-crystal (references 4 and 5) and 
synthetic materials. The mobility reduction experienced by speci- 
mens with smaller crystallites emphasizes the influence of bound- 
ary scattering. The synthetic graphite indications were derived 
by applying Eq. (1) to the magnetoresistance data recorded in 
reference 6 for an extruded stock with crystallites of about 1000 A. 


be secured via 


n-+mnn=([epo(Ap/po)?X 108/H }", (2) 


that is, using conductivity and low-field magnetoresist- 
ance data exclusively. Figure 2 shows our PG results, 
as given by Eq. (2), in confrontation with single- 
crystal*® and synthetic graphite® values deduced by 
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Fic. 2. Total carrier concentration in pyrolytic graphite com- 
pared with the concentrations in single-crystal (references 4 and 5) 
and synthetic (reference 6) materials. Deposited specimens 
exhibit the same general temperature dependence as Soule’s 
graphite crystal EP-14. Kinchin’s values refer to highly graphi- 
tized extruded specimens and are not well determined at low 
temperatures. 

6G. H. Kinchin, Proc. Roy. Soc. (London) A217, 9 (1953). 
Note that according to Fig. 1 of this paper the magnitude of the 
Hall coefficient increases with temperature between 4.2° and 
20.5°K; this is consistent with our evidence on the carrier density 
behavior at these temperatures. 
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other methods. They agree surprisingly well; we notice 
that (a) in accordance with McClure’s conclusions for 
crystal EP-14 there are less free carriers at 77°K than 
at 4.2°K; (b) beyond 77°K the carrier density varies 
linearly with temperature as suggested by Kinchin’s 
measurements; and (c) the results confirm Soule’s con- 
tention that impurities do not significantly affect 
(ne+m,). 

(3) Theoretical band-structure studies,! cyclotron 
resonance absorption curves,’ and the magnetocon- 
ductivity analysis of galvanomagnetic data® reveal that 
in near-ideal graphite there are either equal or almost 
equal numbers of majority holes and electrons, through- 
out the temperature range. If we assume that this is 
also the case in pure highly-crystalline PG, the zero- 
field value of the Hall coefficient should be 


1 si—d 
4 
en\1+6 

where n=(n.+m,)/2 and b= p,/u,. In harmony with 
Kinchin’s observations on synthetic graphite, we have 
found the Hall coefficient of PG to be independent of 
the current and to remain always negative at field 
strengths that allow proper measurements. If our data 
are presumed representative of a zero-field situation— 
this is legitimate above 77°K—, it follows that u.>wa 
at all temperatures. In conjunction with the carrier 
densities of Fig. 2, Eq. (3) demonstrates that the 
mobility ratio remains essentially constant, at least 
between 77°K and 370°K; more specifically, b= 1.08 
+0.01, in fair agreement with Soule and McClure’s 
room-temperature results as well as Uemura and Inoue’s 
low-temperature analysis.’ Nevertheless, in the liquid 
helium range the mobility ratio may well change, but 
this has not yet been ascertained owing to the strong 
field dependence of the Hall effect and the correlatively 
questionable applicability of Eq. (3). 


III. CONCLUSION 


In summary, we should like to stress that the pre- 
ceding treatment yields values of m, ua», and 6, which, 
after insertion into 


1/po=enp,(1+5), (4) 


reproduce the measured resistivities to within 1% over 
most of the considered temperature range. (See Fig. 3.) 
A significant feature of this “fit” is the fact that the 
conjunction of decreasing mobility values and increasing 
carrier densities accounts for the flattening out of the 
electrical resistance of polycrystalline graphite, as the 
temperature approaches the absolute zero.? The tem- 
perature dependence characteristics of synthetic and 


7P. Noziéres, Phys. Rev. 109, 1510 (1958). 

8 Y. Uemura and M. Inoue, J. Phys. Soc. Japan 13, 382 (1958). 

® Reynolds, Hamstreet, and Leinhardt, Phys. Rev. 91, 1152 
(1953). 
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Fic. 3. Basal plane resistivity of a pyrolytic graphite specimen 
deposited at 2500°C. The filled circles are as given by Eq. (4) 
with parameters based on the indications of Figs. 1 and 2. The 
open circles illustrate how a synthetic specimen graphitized at 
2600°C (reference 6) compares on a relative resistance scale with 
pyrolytic graphites deposited at 2300° <Ta<2600°C. 


pyrolytic materials do namely coincide, although the 
conductivities differ by a factor of 3 or more, depending 
upon density and orientation. It may be pointed out 
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that this substantiates Bowen’s hypothesis”: In a con- 
ventional polycrystalline graphite the current carriers 
move perpendicularly to the ¢ axes of the individual 
crystallites and are not exposed to multiple scattering 
effects in the areas of contact. Finally, a confrontation 
of Figs. 1 and 2 leads to the conclusion that large 
changes in the carrier mobility—that means crystallite 
size—do not induce noticeable carrier density varia- 
tions. We believe that an interpretation of the poly- 
crystalline graphite behavior in terms of near-ideal 
crystallites whose boundaries act in the manner of 
potential barriers is therefore justified. 
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Thin-Film Elucidation of the Electroluminescence Process 


W. A. THORNTON 
Research Department, Westinghouse Electric Corporation, Bloomfield, New Jersey 
(Received April 24, 1961) 


Very thin sulfide films emit light only on alternate half-cycles of the voltage sine wave, whereas the emis- 
sion of thicker films and phosphor powders is quite symmetrical with polarity. This asymmetry of emission, 
together with clipping or dc bias of the applied voltage, is used to confirm unambiguously that the excitation 
and recombination steps in electroluminescence are separable and occur sequentially and under different 
field configurations, and that the recombination is field-driven. 


INTRODUCTION 
LECTROLUMINESCENCE in zinc sulfide is a 


complex process which is not yet well understood. 
In this paper it is shown that the behavior of very thin 
zinc sulfide films confirms in a relatively unambiguous 
way long-standing ideas that the excitation and recombi- 
nation steps in electroluminescence are (a) separable 
and occur sequentially and under different field con- 
figurations,'? and (b) that the recombination is 
field-driven.*-® 


1W. R. Watson, J. J. Dropkin, and A. T. Halpin, Abstract 
No. 38, Electrochemical Society Meeting, Chicago, May, 1954. 

2 J. F. Waymouth and F. Bitter, Phys. Rev. 95, 941 (1954). 

3 W. A. Thornton, Phys. Rev. 102, 38 (1956). 

*W. A. Thornton, Phys. Rev. 103, 1585 (1956). 

5H. A. Klasens, Proceedings of the International Conference on 
Semiconductors and Phosphors, Garmisch, 1956, edited by M. 
Schén and H. Walker (Interscience Publishers, New York, 1958). 

® Pp. Zalm, Philips Research Repts. 11, 353 (1956). 


EXPERIMENTAL PROCEDURE 


The electroluminescent films’ used here are of zinc 
sulfide activated with copper and chlorine, and in some 
cases manganese in addition, made by a two-step 
evaporation-firing process on tin-oxide coated glass. 
Film thickness is about 14. Aluminum was vaporized 
directly on the finished film to form the rear electrode, 
except in one case where an intermediate plastic (PVCA) 
film was interposed. The powder phosphor layers used 
for comparison are conventional sprayed dispersions of 
equivalent powder phosphors in PVCA. 

An RCA-6217 photomultiplier and cathode follower 
with de coupling was used for light detection ; the signal 
from this circuit was introduced into a high-gain dc 
amplifier (y) of a Tektronix type 535 oscilloscope and 
the voltage applied to the phosphor was also used as 
the external (x) sweep. A careful check for extraneous 


7W. A. Thornton, J. Appl. Phys. 30, 123 (1959). 
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Fic. 1. Circuits used (A) for clipping the voltage sine wave and 
for adding dc bias, and (B) for subtracting out the capacitive 
component of the cell current 


phase shifts was made and no appreciable shifts were 
found. The 
taneously into the x and y channels as one check, and 


applied voltage was introduced simul- 


the light signal was checked as follows. The intermit- 
tent Hg emission from a thyratron (884) oscillator was 
picked up by the photomultiplier; the oscillator was 
biased so as to pulse on only at the maximum of the 
sinusoidal voltage wave applied to the grid. The result- 
ing light signal (y) was strictly in phase with the applied 
voltage on the (x 
Hence the phase relationships to be shown, as well as 
those in previous work,’** are truly characteristic of 
the light emission from the phosphor. 

Figure 1 shows the simple circuits used (A) for ad- 
ding a dc bias to the ac voltage and for clipping the 
peaks of one polarity of the voltage sine wave, and (B) 


plates from 20 cps to 50 000 cps. 


for subtracting out the capacitive component of the cell 
current. Only a Meissner capacitor with a 2-mil mica 
sheet as dielectric was found sufficiently linear to use as 
capacitor C in circuit 1B. Signals S; and S2 were sub- 
tracted by introducing them into the inputs of the d 
differential amplifier; these signals were always less 
than 10~* of the applied voltage. The applied voltage 
served as the external (x) sweep as before. A Du Mont 
type 2620 mount and Polaroid camera were used to 
photograph the oscilloscope traces. 


RESULTS 


Some light output waveforms of a thin green-emitting 
film and a corresponding powder phosphor layer are 
shown in Fig. 2 for two voltages and two frequencies. 
(For an explanation of the shape of these waveforms, 
see reference 3.) The spot is the beam position at L=0, 
V=0. The 


instantaneous light emission increases up- 


°W. A 
Physics in 
Desirant and J. L 
1960), Vol. 4, p. 658. 

*W. A. Thornton, Phys. Rev. 


Thornton, J. Appl. Phys. 29, 313 
llectronics and Telecommunications, 
Michiels (Academic Press, Inc 


1957); Solid-State 
edited by M. 
, New York, 


113, 1187 (1959). 


wards while the applied sinusoidal voltage lies to left and 
right such that the polarity in which the rear metal 
electrode of the cells is positive lies to the right in Figs. 
2-5. The size of the waveform is normalized by means 
of gain adjustments in both coordinates. These wave- 
forms show the two-peak doublet per half-cycle com- 
mon to the emission of most electroluminescent phos- 
phors.*:""- The direction of the trace is such that the 
primary (larger) peak always precedes the associated 
secondary" (smaller) peak ; for example, the lower trace 
along the baseline of Fig. 2(B) is moving from right to 
left but the lower trace of Fig. 2(C) (higher frequency) 
is moving from left to right. Since the x coordinate is 
linear in instantaneous applied voltage, rather than 
time, the integrated area under the peaks of Fig. 2 is 
not a measure of the total light emission. 

A plastic (PVCA) coating several microns thick on 
the bare film, upon which the aluminum electrode is 
vaporized, does not change the character of the light- 
output waveform from the film. 

Asymmetrical light waveforms similar to Fig. 2(A) 
(D) were observed by Waymouth and Bitter? from a 
‘as the 
light emission expected from a small volume element of 
phosphor. 

It is apparent from Fig. 2 that the thin film emits 
predominantly during the half-cycle when the metal 


single emitting spot, and were also predicted 


electrode is positive, while with the powder layers and 
with thicker films (6-8 yu 
symmetrical. The question arises in the case of the 
thin films whether the negative polarity voltage swing 
serves a useful purpose. Therefore the voltage sine wave 
was clipped with the circuit of Fig. 1(A) (connection a). 


the light emission is quite 


The resulting waveforms of voltage vs time are shown 


Fic. 2. Light emission-voltage waveforms for electroluminescent 
phosphor film and powder; the stationary spot is the beam position 
for L=0, V=0, with the voltage in the x direction and lightlin 
the y direction. 

 G. Destriau, Phil. Mag. 38, 700, 774, 800, 885 (1947); Trans 
Faraday Soc. 35, 227 (1939) 

"Pp. Zalm, G. Diemer, and H 
Repts. 9, 81 (1954). 

2G. Destriau, British J. Appl. Phys. Suppl. No. 4, 49 

18 C. H. Haake, J. Appl. Phys. 28, 117 (1957) 
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in Fig. 3(A), and the light-voltage waveforms in Figs. 
3(B) and (C). Clipping of either polarity reduces light 
emission drastically. 

An objection to the above experiment is that clipping 
reduces the applied voltage, and this in itself could 
cause the reduction in light emission. A dc bias, on the 
other hand, alters the magnitude of the voltage swing 
in each polarity while maintaining the rms value of the 
applied voltage; this was done with the circuit of Fig. 
1(A) (connection 6). The results were very similar to 
those of Figs. 3(B) and (C); they are shown in more 
detail, however, in Figs. 3(D)-(G) by displaying only 
the half-cycle, of positive polarity on the metal electrode, 
with time as the x coordinate and the trace running from 
right to left (because of the inverting mirror used in 
the camera mount). Either positive bias (which increases 
the positive voltage swing and decreases the negative) 
or negative bias reduces light emission drastically, as 
before. Positive bias, however, alters the phase of the 
light emission to earlier times as it is reduced, while 
negative bias does not affect the phase of the light 
emission. 

The present experiments involved dc bias at a rela- 
tively low level where ac emission is quenched ; at higher 
de fields where appreciable de electroluminescence oc- 
curs, the ac-dce enhancement effect begins to occur. 

The current-voltage waveforms of film and powder 
layer are compared to corresponding light-voltage wave- 
forms in Fig. 4. The current waveforms were obtained 
with the circuit of Fig. 1(B). Capacitive currents were 
taken to be eliminated when the net current flow at 
\=0 vanished as in Figs. 4(D)-(F). This is certainly 
approximately true, but there may be a residual current 
flow in either direction at V=0 which is indeterminate; 
in addition, it is possible that since electroluminescent 
layers are nonlinear capacitors' as regards rms voltage, 
they are also nonlinear as regards instantaneous voltage. 


Fic. 3. (A) The voltage sine wave before and after clipping. 
B) and (C) The effect on the light-voltage waveform of clipping 
of each polarity. (D)—(G) The decrease in light emission due to 
de bias of each polarity, and the phase shift due to positive bias. 


“4 W. Lehmann, J. Electrochem. Soc. 103, 24 (1956). 
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(D) (E) (F) 
1OV,400CPS 20V.400CPS 300V, 
FILM FILM POWDER 


Fic. 4. A comparison of light-voltage waveforms (A)-—(C) to 
current-voltage waveforms (D)—(F) for phosphor film and powder. 


Hence the indicated currents of Figs. 4(D)—(F) may 
still contain a (nonlinear) capacitive component. Al- 
though there is strong polarity asymmetry in the light 
emission of films, the resistive currents are quite sym- 
metrical. It is strikingly apparent also, in these and most 
other cases observed, that the shape of the current wave- 
form in both films and powders is very similar to that 
of the light emission waveform. This implies that re- 
sistive current and light emission are strictly in phase, 
although not that current and light emission are pro- 
portional. Although not shown in Fig. 4, de bias of 
either polarity results in an approximately exponential 
increase in current of that polarity; for example, posi- 
tive dc bias in Fig. 4(D) increases the right-hand current 
trace upward in an exponential manner, and negative 
bias increases the left-hand trace downward in the same 
manner. 

A similar film was deposited on nonconducting glass, 
and adjacent aluminum electrodes with a 1-mil gap 
were vaporized on the top surface of the film. Transverse 
excitation of the film by this means leads to the light 
waveforms of Fig. 5. These are symmetrical, as are those 
of the powder phosphor [see Fig. 2(E) ], so the usual 
film asymmetry of light emission is related to “through” 
excitation and perhaps to the tin oxide electrode. 

The light-output waveform of a single 15-u particle? 


of green-emitting powder phosphor was measured for 
comparison with a green-emitting film. Although the 
particle was isolated from the electrodes and embedded 
in PVCA, the waveform was strongly but not completely 
asymmetrical, like that of the film. 

Yellow-emitting ZnS:Cu,Mn,Cl films behave much 
as the blue- or green-emitting ZnS:Cu,Cl films.’ How- 


Fic. 5. Light-voltage 
waveforms due to trans 
verse excitation of a 
film. 
(A) (B) (C) 
200 V 230V 300V 
1000 CPS 300CPS IO0CPS. 
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ever, the light-output waveform of films (and powders) 
containing manganese contains no secondary peak. Also, 
whereas the recombination in ZnS:Cu,Cl phosphors is 
accompanied by prompt emission within a few micro- 
seconds and probably much less, the recombination in 
phosphors containing manganese appears to be into a 
metastable state, since the emission is not complete 
even after 0.1 msec. In addition, dc emission is so strong 
in manganese-activated films'® that the dc bias effects 
of Fig. 3 are largely masked. The current waveform of 
the yellow-emitting films is ‘as shown in Fig. 4. 

X-ray diffraction measurements on the films have 
shown that they are predominantly cubic with a small 
fraction of hexagonal structure; no unambiguous indi- 
cation of orientation has yet been shown. 


DISCUSSION 


Light emission from these thin films occurs only on 
alternate half-cycles, when the metal electrode is posi- 
tive (hereafter called ‘‘positive” polarity), rather than 
symmetrically with polarity as in the case of the powder 
phosphor (or thicker films). The thin film waveform is 
essentially identical, however, to half of the powder 
waveform (Fig. 2) so it must be concluded that, aside 
from the asymmetry of the films, the light-producing 
processes are the same. This nonsymmetrical behavior 
of the thin films can be used to confirm the long-standing 
idea that the excitation and recombination steps in 
electroluminescence are completely independent and 
separable in time.'~* The clipping experiments [Figs. 
3(A)-(C)] suggest that a process necessary to light 
emission occurs during each half-cycle even though 
actual emission occurs only at positive polarity. The dc 
bias experiments [Figs. 3(D)—-(G)] confirm this, and 
show further that increasing the voltage swing in the 
positive direction advances the light emission to an 
earlier point in the cycle, while increasing the voltage 
swing in the negative direction does not. These observa- 
tions are interpreted as showing that the excitation 
process, whatever its nature, occurs during the negative 
half-cycle and the recombination process, accompanied 
by light emission, occurs during the positive half-cycle. 
Increasing positive bias has two effects: (a) The nega- 
tive excitation swing, and therefore the total light emis- 
sion during the following half-cycle, is progressively 
reduced; (b) the positive recombination swing is pro- 
gressively increased, and therefore a given field strength 
driving the recombination (light emission) is reached 
earlier in the cycle ; hence the light emission peaks earlier 
in the cycle and then decreases due to depletion of ex- 
cited centers. Negative bias increases the excitation 
swing and the number of excited centers but reduces 
the recombination swing; since depletion never occurs, 


16 The dc emission of these films will be reported elsewhere. 
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maximum emission will occur at the maximum of the 
recombination swing and so no phase shift is involved. 
The above sequence of events has long been thought to 
occur'-* but has not heretofore been demonstrated so 
unambiguously, nor has the field-driven nature** of 
the recombination been shown so clearly. 

Since (a) transverse excitation (Fig. 5) with aluminum 
electrodes leads to symmetrical emission, (b) a thick 
plastic coating between the thin film and the metal 
electrode does not affect the light waveform, and (c) 
films several times thicker than those discussed here do 
not show the asymmetry in light emission, this asym- 
metry must be due to some influence of the tin oxide 
electrode which is not yet understood. 

The light-output waveform from a thick film, even 
though in good contact with both electrodes, is essen- 
tially identical to that of sprayed phosphor layers 
(Fig. 2) in which the particles are for the most part 
electrically isolated, and to that of powder layers with 
no dielectric materials and particle-to-particle contact.® 
The implication is that in general neither electrodes nor 
embedding dielectric material play an important part 
in electroluminescence, with the single exception of the 
very thin films considered in this paper. Neither this 
observation nor the other experimental results serve to 
differentiate among the several possible excitation 
mechanisms of electroluminescence!’!*"!; however, 
other evidence published elsewhere suggests minority 
carrier injection as most likely.” 

Whatever its nature, the excitation step must depend 
upon current flow which in turn depends on applied 
voltage or electric field. The dc bias experiments show 
that current during excitation can increase rapidly 
at the same time light emission is decreasing due to 
insufficient recombination field. Therefore, light emis- 
sion and applied voltage in electroluminescence need 
not be directly related. The same conclusion is suggested 
by the fact that excitation and recombination so 
definitely occur sequentially, with energy storage in 
between, and under different field configurations. 
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The angular correlation of photons from positrons annihilating in polycrystalline sodium has been meas- 
ured. The results show two things: (a) In comparison with a free-electron theory, the Fermi surface in Na 
is probably anisotropic by an amount of the order of 5% of pr. (b) The probability of annihilation is not 
very velocity dependent over the range of conduction-electron velocities in Na. This is not inconsistent 
with the calculations of either Daniel and Friedel or of Kahana. 


ECENT work by Migdal,! Luttinger,’ (also with 

Kohn and with Ward), and Daniel and Vosko* 
has caused reappraisal and discussion‘ of the existence 
of a Fermi surface in metals when electron-electron 
interactions are considered. These several writers point 
out that since electron-electron interactions energies 
are of the order of the Fermi energy, one would expect 
very considerable smearing of the Fermi surface even 
at T=0. Although the analyses given all show a dis- 
continuity in occupation of states at the T=0 Fermi 
surface of the free electron theory, it has not yet proved 
possible to calculate the extent of this discontinuity. 
Daniel and Vosko* show that at the Fermi surface of 
sodium the fractional discontinuity in occupation num- 
ber, An/n, ~} when only electron hole pair correlation 
is considered and that it will probably increase if ex- 
change interactions are considered. 

This short paper presents some experimental data 
concerning the ‘‘sharpness” of the Fermi surface in 
sodium. For some time now experimental measurements 
of the angular correlation of photons from positron 
annihilation in metals have yielded information about 
the momentum distribution of the conduction electrons 
in the metal. (For a recent review see Wallace.*) We 
have observed the angular correlation of photons from 
positrons annihilating in polycrystalline sodium with 
better resolution and statistical accuracy than has been 
heretofore reported. The apparatus was similar to that 
used before®? and will not be described here. Also as 
before, we will present the data as the slope of chords 
of the angular correlation curve. This presentation 
shows more significantly the experimental statistical 
errors and is more closely related to the momentum 
distribution. The slopes are in fact, proportional to the 
momentum times occupation number in momentum 


* Now at Physics Department, University of North Carolina, 
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space. In this form the results are shown in Fig. 1, on 
which we have also indicated an estimate of the instru- 
mental resolution. The resolution is composed of two 
terms; first, the slit angle subtended at the source which 
was 0.0003 rad and second, the thickness of the Na 
source. The latter was taken to be an average of 0.01 in., 
allowed for surface irregularities, and the range of 
positron penetration into the Na metal. For the pene- 
tration we used the range-energy data for #8 spectra. 
This is certainly too large because of back scattering 
and annihilation. The resolution function shown was 
obtained by combining these two effects, which are 
comparable in size, slit width, and source thickness. 
These comments regarding the Fermi surface follow 
from an examination of the results: If one supposed a 
free electron theory cutoff in the momentum distribu- 
tion and averaged it over the estimated instrument 
resolution, the slope expected would be given by the 
dotted line in Fig. 1. The results appear to favor a 
slightly more gradual slope. While a wider instrumental 
resolution function could account for this, the increase 
would be about 40% and it is thought that the estimate 
of resolution is more accurate than that. If, on the other 
hand, the width of the resolution function has been esti- 
mated correctly, this implies either a slightly sloped 
cutoff in the momentum distribution or a nonspherical 
Fermi surface in Na, the nonsphericity being as much 
as 5% of pr. In any case, the cutoff is much greater 
than, for example, might be expected from Luttinger’s 





FERM MOMENTUM 


NSTRUMENT RESOLUTION 











MOMENTUM IN UNITS 


Fic. 1. The ordinate is the slope of chords of the angular correla- 
tion data. This slope is proportional to momentum times mo- 
mentum space density, p-p(~). The small shaded figure is the 
instrumental resolution. 
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schematic drawing’ and possibly sharper than the cutoff 
given by Daniel and Vosko* for sodium. Finally, it 
should be stated that this experiment observes the cutoff 
in the momentum distribution which generally is not 
the same as the Fermi surface. However, in the special 
case of sodium one expects that the two are almost 
identical since the effective mass is known to be very 
close to the real mass. 

A further conclusion, this one regarding annihilation 
probability as a function of velocity, can be drawn 
from the results. The experiment measures the distribu- 
tion in momentum of photons from annihilation events, 
N(p). One may consider this to be the momentum 
distribution of electrons in the metal, m(p), times the 
probability of annihilation, P(p). That is, N(p) 
=n(p)P(p). lf one takes n(p)« p following the free- 
electron theory, then the results can be used to deter- 
mine P(p). To the extent that the results fit the dashed 
straight line, P(p)=constant over this range of p. 

Various theories of P(p) have been discussed. Without 
Coulomb interactions P(p) is a constant. With a Cou- 
lomb interaction between an otherwise free electron 
and positron pair, P(p) « 1/ pin clear disagreement with 
this experiment. Daniel and Friedel*’ discussed a 
theory using a screened Coulomb interaction which 
enhances low-velocity annihilation too much for agree- 
ment with experiment but less than the 1/ p dependence 
of a pure Coulomb field. They combined this interaction 
with the effect discussed by Landsberg" to account for 
the low-energy “tails” of soft x-ray spectra. Landsberg 
suggested that a vacancy in the conduction band has a 
very short lifetime because it is quickly filled by non- 

§ See Fig. 3 of Luttinger’s article, reference 4. 

* E. Daniel and J. Friedel, J. Phys. Chem. Solids 4, 111 (1958). 

1 FE. Daniel, J. Phys. Chem. Solids 6, 205 (1958). 

1 P. T. Landsberg, Proc. Phys. Soc. (London) A62, 806 (1949). 
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radiative transitions among electrons of the conduction 
band. This short lifetime broadens the energy of states 
at the bottom of the band sufficiently to give the ob- 
served x-ray “tails.” In terms of this experiment, Daniel 
and Friedel suggested that the broadening of energy 
levels reduces the density of states in the low-energy 
region and hence diminishes the fraction of low-mo- 
mentum annihilation events. Following these authors 
we have calculated the relative annihilation probability 
for two values of the screening constant, a=0.94/A 
and a=0.63/A. From the figure it is seen that a value 
of a between these two will probably give a fair fit to 
the results. Other values of a for Na are 0.65/A” and 
0.85/A.% A more fundamental theory of the annihila- 
tion probability has been given by Kahana“ who ob- 
tained approximate solutions of a Bethe-Goldstone 
equation for an electron positron pair within a sea of 
interacting electrons. He found that both the screening 
of a pure Coulomb interaction and the exclusion prin- 
ciple enhance the annihilation rate for electrons at the 
Fermi surface and diminish rate for low-velocity elec- 
trons sufficiently that P(p) is again almost constant 
over the range of velocities of conduction electrons. 
For Na he estimated that P(0) is within about 2% of 
P(pr), which is certainly compatible with these ex- 
perimental results. 
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The real and imaginary parts of the complex dielectric constant, «’—ie’, have been measured at 24 
kMc/sec as a function of temperature between 30° and 400°C. A maximum in ¢’ is observed near 350°C; 
e” increases rapidly, asymptotically approaching the value observed at lower frequencies in the intrinsic 
range near the melting point. These results are not explicable in terms of the currently accepted form of the 
Debye-Falkenhagen dispersion theory. A crude model is discussed. which suggests that an alternative 
solution of the differential equation occurring in this theory affords an appropriate description of the 


observed behavior. 


I. INTRODUCTION 


HE electrical conductivity o of AgBr between 175° 
and 350°C is determined by the Frenkel disorder.' 
Above 350°, the conductivity increases more rapidly 
than would be expected by an extrapolation of the 
behavior at lower temperatures. Attempts to explain 
this anomalous increase on the basis of mixed Frenkel- 
Schottky disorder have been abortive. Lidiard? has 
suggested an alternative explanation based on an 
dielectric with the 
rapid increase of compressibility near the melting point. 
The dielectric measurements reported in this paper 
were undertaken in an effort to establish the validity 
of this theory. 
The 
imaginary part eé” 


increase in constants associated 


real part e¢’ and the 
of the complex dielectric constant 


determination of the 


was made in the microwave frequency range for two 
reasons. First, it was desired to avoid complex electrode 
polarization effects such as those studied by Friauf.* 
Second, the relaxation time of the medium is so short 
at high temperatures that very high frequencies must 
be used in order to obtain a reasonable precision in 
the determination of ¢’. 

In the next section the experimental techniques are 
described. In the following section the values of ¢’ and 
e for pure and Cd-doped AgBr are presented. In the 
final section a crude but suggestive model based on a 
theory of qualitatively 
accounts for the 


described which 
results and 
Debye-Falkenhagen 


Reiss' is 
observed suggests an 


alternate interpretation of the 
dispersion theory. 


Il. EXPERIMENTAL PROCEDURE 


The single-crystal AgBr samples, either pure or 


doped, were placed in juxtaposition with a metallic 


* National Science Foundation Pre-Doctoral Fellow, 1958-1961 
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termination of a 1.25-cm waveguide of standard 
dimensions as shown in Fig. 1. The sample was machined 
to be a slip fit into the waveguide at room temperature 
and subsequently annealed in situ. A standing wave 
detector was used to determine the phase and amplitude 
of a reflected wave with and without the sample present. 
These measurements suffice to determine both the real 
and imaginary parts of the complex dielectric constant 
e’—ie’’. Let r denote the voltage standing wave ratio 
when the AgBr is present and A the shift in position of 
a minimum in voltage when a sample of thickness d 

is inserted into a shorted guide. Then, 
Ag 1+ir tanl2r(A+d)/d, | 
tanhyd/yd=—1 ea 

+i tan[2r(A+d)/d,) 
where 

(2) 


Here, \, is the guide wavelength at angular frequency 
w, X, is the cut-off wavelength, and c is the velocity of 
light. From the observations of r and A, ¢’ and ¢’’ may 
be calculated with the help of published charts.® 

In practice the silver-plated waveguide containing 
the sample is surrounded by a cylindrical furnace. The 


TUNING 
| sTus ‘ — i 
es a « WAVE —j 0-30db oe 
————4 METER — ATTN. 


SILVER PLATED 
BRASS WAVEGUIDE 
wily: pein 
swo Livre 
| a 7 oe 
2 COOLING CONS 
BRASS CHOKE 


SAMPLE HOLDER CROSS SECTION 
ic. 1. Schematic diagram of microwave line used for determina- 
tion of the complex dielectric constant of AgBr at 24 kMc/sec. 
Insert shows manner in which sample is mounted at end of 
shorted line 
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phase and standing wave ratio are determined as a 
function of temperature in the absence of a sample; 
similar data are then obtained with a slab of AgBr 
(approximately 2 mm in length) inserted in the wave- 
guide. This procedure permits an evaluation of A which 
is automatically corrected for thermal expansion of the 
waveguide. The temperature is determined by a 
calibrated chromel-alumel thermocouple in good 
thermal contact with the guide. Relative temperatures 
on a given run are known to within +1°C. Absolute 
temperatures more uncertain because of the 
impossibility of immersing the thermocouple in the 
sample and the relatively large gradients caused by 
conduction along the waveguide. A correction is applied 
for the known thermal expansion of AgBr. 

The frequency is determined by a transmission 
cavity-type wavemeter buffered from both the 2A33 
klystron and the sample by flap attenuators. A sche- 
matic diagram of the transmission line is shown in 
Fig. 1. The standing wave detector was capable of 
measuring A with a reproducibility of +0.003 cm. 

In order to stay within the range of the tables used 
to solve Eqs. (1) and (2) for the values of ¢’ and ¢” 
encountered in the temperature range studied, the 
thickness of the sample must be less than 0.075 in. 
With such thin samples the errors in ée’ and e” are 
appreciable, becoming larger as the temperature and 
henc of é and “. 


are 


increase. Thus, at 350°C, the uncer- 
tainty in e” is 11% and the uncertainty in ¢’ is 3%. 
At 390°C, these uncertainties have grown to 15 and 
5%, respectively. 

Several resonance experiments were attempted in 
which the sample was mounted as a cylindrical post 
along the axis of a rectangular cavity. However e” is 
too large at high temperatures to permit measurements 
by this technique. 

The samples .were prepared from AgBr precipitated 
in a dilute solution of AgNO; by HBr. The precipitate 
was melted in a porcelain crucible and crystals were 
grown by retraction of a seed from the melt. Because 
the crystal growth was carried out in air, the AgBr 
several parts per million of oxygen as an 
impurity. The AgBr crystals containing 3% CdBr, 
were grown by the same procedure. The crystals 


contains 


were annealed for at least an hour at 300°C prior to 
measurement. 

When the sample is heated to 400°C in the waveguide, 
its thermal expansion exceeds that of the waveguide 
sufficiently so that plastic deformation occurs and the 
AgBr subsequently adheres to the walls of the wave- 
guide. At high temperatures the sample anneals itself, 
but on cooling, progressive cold work may be introduced 
by thermoelastic strains which give rise to a nonequilib- 
rium density of defects. These excess imperfections can 
lead to hysteresis in both e’ and ¢€”. Accordingly suitable 
care must be exercised in the thermal cycling to 
minimize such extraneous effects. In general our 
procedure was to cool the sample over a period of 
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hours with a long rest in the neighborhood of 275°C. 
This procedure resulted in no detectable hysteresis. 


III. RESULTS 


Over the course of a year, a large number of samples 
were studied under a variety of different experimental 
conditions. The length of the sample was varied until 
an optimum precision was obtained and the cycling 
was varied to minimize the hysteresis. The boundary 
conditions at the surface of the AgBr were varied by 
changing the material in contact with the sample. 
In particular, experiments were conducted in which the 
AgBr was (a) in direct physical contact with a silver- 
plated waveguide, (b) in direct physical contact with a 
stainless-steel waveguide, and (c) insulated from the 
stainless steel by mica spacers. 

In all these experiments, the results were substantially 
the same and in the interests of brevity we present 
here in graphical form only data on two samples, one 
pure AgBr and the other AgBr doped with 3% CdBro. 
The values of e’ and e”’ as a function of temperature are 
shown in Fig. 2 and Fig. 3, respectively. 

The most remarkable feature of these data is the 
maximum in the value of e’ which occurs in both the 
pure and doped AgBr at about 375°C. The behavior of 
é” is more normal, reflecting in a general way the course 
of the conduc tivity observed in the kiloc yi le frequenc Vy 
range. 





©-Pure AgBr 
s- s %CdBr+ AgBr 











t + { 
30x1I0° °K 2.5 2.0 
/T 


Fic. 2. The real part ¢’ of the complex dielectric constant 
of pure and doped AgBr 





MICROWAVE BEHAVIOR OF 

The value of e’ for pure AgBr at low temperatures 
agrees with a previous determination® to within experi- 
mental error. The values of e’’ at low temperatures are 
structure sensitive and probably retlect the presence of 
both impurities and strain. In the intermediate- 
temperature range, where the value of e”’ for the doped 
sample is appreciably larger than that for the pure 
sample, the former should be controlled by the excess 
vacancies introduced by the Cd** impurities. The slope 
of the Ine” versus 1/T plot in this range is 6.9 kcal/mole 
in reasonable agreement with the value of 8.3 kcal/mole 
reported by Teltow.’ 

In the high-temperature range, where the values of 
e’ for the pure and doped samples coalesce, we expect 
the loss to be controlled by the intrinsic conductivity 
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hic. 3. The imaginary part e” of the complex dielectric 
constant of pure and doped AgBr. 


of AgBr. The microwave conductivity .¢ may 
; ss 
calculated from e” by the relation 


a= €'w/A4r. (3) 


The values of o so calculated are exhibited in Fig. 4 
where they are compared with the low-frequency 
conductivity data of Teltow.’? The high-frequency data 
merge asymptotically with the low-frequency data 
extrapolated to high temperatures. The actual data 
at low frequencies appear to be somewhat higher than 
this extrapolated value. Whether this discrepancy is real 
or arises from a systematic error is uncertain. It may 
be that the process, which gives rise to the anomalous 
breakaway from a strictly exponential dependence of 


6 A. Eucken and A. Buchner, Z. physik. Chem. B27, 321 (1934) 
7 J. Teltow, Ann. Phys. 5, 63 (1949), 
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lic. 4. The conductance of AgBr at 24 kMc/sec and 1 kc/sec. 


on 1/T at low frequencies, is frozen out at high 
frequencies. 

At low temperatures the microwave conductivity 
is substantially higher than the low-frequency con- 
ductivity. A large part of this discrepancy must be 
ascribed to a nonequilibrium distribution of defects 
introduced by the unavoidable thermoelastic strains 
associated with our technique. As suggested in the 
next section however, part of the discrepancy may have 
some theoretical foundation. 


IV. DISCUSSION 


The title of this paper implies that the authors 
believe that the phenomena described in the preceding 
sections are associated with the statistical behavior of 
swarms of charged imperfections. Unfortunately we 
have been unable to muster sufficient sophistication to 
give an adequate theoretical treatment of this compli- 
cated and delicate problem. In this section we shall 
present the eliminating various other 
possible explanations and discuss the data in terms of 
simple models and modifications of existing theories. 

The principal feature to be understood is the peak 
in the real . part of the dielectric constant e’. This 
maximum is more reminiscent of a resonant behavior 
than a relaxation mechanism and led the authors to 
consider a variety of processes of the former type. The 
first possibility which springs to mind is a plasma 
resonance. Such a resonance is not possible for the ionic 
charge carriers because each diffusive jump involves a 


reasons for 


motion of only one lattice spacing and consequently, 
it is impossible to describe their motion by the usual 
equation of motion involving an acceleration term such 
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as for electrons or holes which have a definable mean 
free path. Nor can the maximum in €’ be ascribed to 
these light carriers. It is easy to show from the known 
temperature dependence of the electronic mobility® 
in conjunction with the effect of Br. vapor pressure’ on 
the conductivity that these carriers are not present in 
sufficient quantity to give a resonant frequency in the 
microwave region at temperature the 
melting point. This contention is further supported by 
calculation of the density from the known 
on the assumption of an effective 
mass approximately equal to that of a free electron. 


any below 
a direct 
optical band gap! 


Another possibility is that the reststrahling frequency 
is shifted into the microwave region by the anomalously 
large increase in the compressibility" of AgBr with 
Generous this 
the lattice dispersion 


estimates of 


increasing 
effect, 


e 
would alway S correspond 


temperature. 
indicat 


however, that 
to a wavelength of less than 
1 mn, i.e. a factor of ten higher in 


frequency than that employed in these experiments. 


approximately 


We turn now to a consideration of Debye-Hiickel” 
effect 
tance of electrolytic solutions as a function of frequency 


sont 


he conductivity. The reactance and conduc- 
have been calculated by Debye and Falkenhagen.” 
According to this the conductivity is decreased 
Aa(w infinite 
frequency given by 


theory 


by an amount below its value oa, at 


Aclw VilWT), (4) 


3¢ kT 


where « is the reciprocal of a Debye length, ez is the 


lattice dielectric 
imperfections, 7 is the relaxation time, & the Boltzmann 
constant, 7 temperature, and x; is an 
ally positive function given by 


constant of the medium in absence of 
the absolute 


intrinsic 


1 
1+[¢(1+iwr) }! 
Here g is a number between 0 and +1 determined by 
the mobilities of the positive and negative ions. For 
equal mobilities (approximately true for AgBr at high 
g=}3. For wr—x, Ao(w)— 0; for 
wr — 0, Ac approaches the de value originally calculated 


temperatures), 


bv ( nsager 


Corresponding to the decrease in conductivity, there 
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2 P. Debye and E. Hiickel, Physik 
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is an increase Ae’ in the dielectric constant given by 


dio, =e" 
, 


Ae (6) 


Xo, 
w e,kT 


where x2 is the imaginary part of the function in square 
brackets in Eq. (5). Because wr — 0 at high tempera- 
tures, we should expect an increase in e’ rather than the 
observed decrease. Physically, this increase in ¢’ arises 
from warping of the Debye-Hiickel clouds leading to 
their polarization along the direction of the applied 
field. 

The apparent the Debye-Falkenhagen 
dispersion theory led us to consider the following crude 
model. 

Our starting 
shows that for 


failure of 


point is a calculation by Reiss* which 
the case of divergenceless current flow 
the mobility w of the charge carriers vanishes at the 
center of a Debye-Hik kel cloud and reaches normal 
values at a radial distance from the center rp given by 


kT). 7) 


r = / (¢ 
Reiss accordingly suggests that a simple model might 
be constructed by assuming u=O0 for r-< ir 
normal for r> ro. We therefore are invited to suppose 
that, when » pairs of Frenkel defects are 
AgBr, it behaves like a mixture of inherent conductivity 


in which 2n and 


and: pu 
present in 
| ° 7 ' - . 
O2=09 +102 spheres of radius r 
conduc tivity Co} ioe” 
If x is the volume fraction of the mixture occupied by 
the nonconducting spheres, then we may find the 
tice” of the mixture by 


are imbedde d. 


; 


effective conductivity og=¢, 
use of the formula" 


CEO 


a;+2 
where x= 7nr,’/ 3. 
If we set y=; oo anda 


quadratic equation 


determine the value of Oo; in terms of ¢ and the relaxa- 
tion time r of medium in absence of Debye-Hiickel 
effects. The roots of Eq. (9) are 

{(2—3e-+ieer 


In the limit of wr 


while when wr _or when x=0, 


Oo} a 


. Landauer, J. Appl. Phys. 23, 779 (1952 





MICROWAVE BEHAVIOR OF 

A semiquantitative picture of the behavior of the 
dielectric constant and conductance as a function of 
temperature may be constructed from Eqs. (12) and 
(13) without a laborious point-by-point solution of 
Eq. (11). 

The conductance measured in the ke frequency range 
is governed by Eq. (12) over the entire temperature 
range since wr is always much less than unity. The high- 
frequency conductance is governed by Eq. (12) at 
high temperautures where wr1 and by Eq. (13) at 
low temperatures where wr>>1. Thus, the low-frequency 
conductance should be everywhere less than the 
high-frequency conductance except at very high 
temperatures where they should become equal. This is 
the observed behavior shown in Fig. 4. The difference 
between the two curves is much too large to be ac- 
counted for by reasonable values of x and must be 
primarily due to a nonequilibrium density of defects as 
remarked earlier. 

The dielectric constant (e’) must be expected to rise 
in a perfectly normal way at low temperatures but 
when wr~1, it must start to decrease so that at high 
temperatures Eq. (12) will be satisfied. The amount of 
the decrease to be expected may be estimated by 
calculating x from x=2r,'n/3. Putting T=700°K, we 
find x~k/3 where k is the percentage concentration of 
defect pairs. In silver bromide at its melting point, 
k~1%, so x~} and the observed effective dielectric 
constant is only about } the intrinsic lattice value. 
Thus e;, the inherent lattice dielectric constant, would 
be about 30 near the melting point, which is in reason- 
able agreement with the value obtained by extrapolating 
the low-temperature behavior of e’. The turnover should 
begin before wr~1. From our measurements of ¢’ and 
e’, tand=1 at 1/T=1.2X10~ °K“ and the maximum 
in ¢ is at 1/T=1.65X10" “K 

Physically, the model leads to a decrease in €’ at 
high temperatures because the current flow must avoid 
the nonconducting cores of the Debye-Hiickel clouds 
leading to a pile-up of charge at the interface which is 
equivalent to a dipole opposing the applied field. At 
lower temperatures, where the frequency is much 
greater than 7r~', the charge pile-up does not have a 
chance to take place and the depolarization effect 
becomes negligible. 

Despite the qualitative success of this crude model, 
it fails notably in one respect, namely, the prediction of 
a linear dependence in the decrease in conductivity on 
concentration rather than the well-established square- 
root dependence observed in electrolytic solutions. 
This deficiency led us to re-examine the Debye- 
Falkenhagen theory. 

The results of the theory embodied in Eqs. (4) and 
(6) are obtained by solving the differential equation 


sar 
Ee"! cos6, 
or r 


v2(Vy—KY)=— ol 
ELR 


(14) 
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for the additional potential y at a central ion arising 
from the deformation of a cloud by the applied field E. 
The quantity A is given by 

K?= gx? (1+iwr). (15) 


Debye and Falkenhagen assume a solution of the form 


—qke d (‘ “) 
exkT(e2—K?) dr\ r 


d se *®" B’ 
+A’ )+ e'”* cos6, 


dr\ r r 


y= 


(16) 


in which terms of the type r? cos@ and (d/dr)(e+*"/r) 
have been rejected to avoid infinities at large values of 
r and the positive root of Eq. (15) is used. The require- 
ment of a finite value for y at r=0 is met by expanding 
the exponentials and requiring the coefficients of 1/r’, 
etc., to vanish. This leads to 

Ke'r cosé 


e*gk" 


(17) 


3(k+K)  exkT 

It should be pointed out, however, that an equally 
good solution may be obtained by retaining terms of 
the type (d/dr)(e**"/r) and using the negative root 
of Eq. (15). Equation (17) is again obtained, but with 
the understanding that the negative root for K must 
be employed. 


One now obtains 
Oxr€°K 
Ag(w)= — — Re(y), 
3e,kT 
and 
hiro, 0K 
Ae= Im(y), (19) 
w 3e,kT 
where 
y=q/{1—[q(1+iwr) }}}, (20) 
Aa(wr) — 0, and Ae(wr) — 0. For wr — 0, 
we have (for g=}) 


for wr— ~%, 


O+€°K 2+v2 
Ao(0O)=— 
3ezkRT 2 
and 
V2 Ke 
Ae(Q) —_ ‘ 
12 kT 


It is clear that both the conductance and the dielectric 
constant are decreased in this case. If we use the same 
numbers as above to estimate the deficiency in ¢’ at 
400°C, we find Ae’=—7. Adding this number to the 
experimentally determined value of 16 yields a value 
23 which is approximately the value to which 
the curve of e’ versus T would extrapolate. 

It is our belief that the solution to Eq. (18) with y 
given by Eq. (20) is the appropriate solution to Eq. (14), 


of €; 
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corresponding physically to a longer relaxation time medium is increasing so rapidly) seems eminently 
within the Debye-Hiickel cloud than in the medium. reasonable. 

In conclusion, it should be remarked that no effort Clearly, although the models discussed earlier seem 
has been made to take account of interactions between plausible, more experiments, particularly as a function 
neighboring clouds, undoubtedly an appreciable factor of frequency, are needed to establish their validity. 
at high temperatures where the density of imperfections 
is large. 
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Large amounts of excess current in gold-doped silicon tunnel junctions are observed and interpreted as 
due to transition processes with the two gold energy levels in the forbidden gap of silicon as intermediate 
states. Eight of the ten possible processes are two-step processes. These two steps may be both of the Hall 
Shockley-Read type or of the type involving electron tunneling between a trap state and a band state within 
the space charge region of the junction. The two steps may also consist of a Hall-Shockley-Read process as 
one step, and the tunneling from or to the trap state as the other step. One of the remaining two possible 
processes is a three-step process involving two Hall-Shockley-Read steps and one tunneling step between 
two trap states within the space-charge region. The last process is the usual carrier injection process. Eight 
of the ten processes in the gold-doped tunnel diodes have appreciable transition rates. Five of the eight 
processes have onset structures which appear at voltages in reasonable agreement with the predicted values 
Approximate theoretical current-voltage expressions are compared with experimental data of the gold 
induced excess current at 4.2°K, giving an average value of W?m,/m=1.2X10™ volt?-cm'’, where W is 
Price’s matrix element of the trap potential energy in excess of the crystal potential taken between the 
unnormalized trap-state wave function and the band edge Bloch wave function, normalized to unit volume, 
and m,/m is the transverse electron mass normalized to the free electron mass. It is also experimentally 
determined that the rate of tunneling from or to trap state is smaller than the rate of filling or emptying 
the trap in the Hall-Shoc kley Read process 


I. INTRODUCTION forward bias condition between about 0.4 v to a voltage 
approximately equal to the energy gap of the material. 
However, the region of nearly zero current has not been 
observed experimentally for all known tunnel diode 
materials. In some semiconductors, such as silicon, the 
excess current is rather high with a magnitude of the 
order of 1/4 times the peak current, while in other 
materials such as germanium and gallium arsenide, the 


INCE the discovery of the tunneling phenomenon 

in very narrow germanium p-n junctions by Esaki, 
there have been many fundamental experiments 
designed to explore the detailed characteristics of the 
Esaki, or tunnel current. The negative resistance ob- 
served at the low forward bias voltage region (forward 
bias voltage means positive on the p-type side) between 
approximately 0.1 to 0.4 v, have been established by 
Esaki as due to the decrease of the density of states 
common to the two bands on the opposite side of the 
p-n junction.' In this model, the constant energy elec- 
tronic transition would cease when the applied forward 
voltage is high enough so that the conduction and the 


excess current may be as low as 1/10 to 1/100 times the 
peak current. The excess current and some associated 
structures have been noted by Esaki?“ who attributed 
the observations to band-to-band transition via deep 
impurity states in the energy gap. The first direct 
evidence of the excess current induced by deep impurity 
of states was observed by Longo,® who created a sufficient 
valence band edges are uncrossed if sharp band edges : 1s of pani ‘ Cle 
can be defined. The turn-off voltage, of the order of 
0.4 v, is generally so low that the diffusion current *T. Yajima and L. Esaki, J Phys Soc. Japan 13, 1281 (1958 
3 L. Esaki, Solid-State Physics in Electronics and Telecommuni 
3 " cations (Academic Press, Inc., New York, 1960), Vol. 1, pp. 
expect a region of nearly zero current flow under the 514-523. 
, a ; : * L. Esaki and Y. Miyahara, Solid State Electronics 1, 13 (1960). 
1 L. Esaki, Phys. Rev. 109, 603 (1958 5 T. A. Longo, Bull. Am. Phys. Soc. 5, 160 (1960 


amount of deep traps by subjecting germanium tunnel 


would not be important. Consequently, one would 
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diodes to electron irradiation. Subsequently, excess 
current induced by electron irradiation have been 
studied in silicon junctions by Logan and Chynoweth* 
and by Classen in germanium, silicon, and gallium 
arsenide.’ The evidence of excess current associated with 
the impurity states or bands in the energy gap of GaAs 
and InP has recently been presented by Holonyak.* 
The investigation of the excess current, using impurity 
metals which have deep energy levels in the band gap 
and preliminary experimental findings were discussed 
by Sah and Tremere.® 

A detailed model of the electron bombardment 
induced excess current is rather difficult to construct, 
since the natures of the deep traps created are not well 
established. In the case of excess currents associated 
with impurity metals, it is possible to interpret the 
results by means of the known energy levels and the 
charge conditions of the traps. Sah® has discussed a 
model of excess current in gold-doped silicon tunnel 
diodes based on field ionization of the electron in the 
trap which is subsequently refilled by an electron in 
the conduction band. Chynoweth" has considered a 
similar model for the electron irradiation induced traps, 
and more recently Price" has calculated the transition 
probability of this process and has predicted signifi- 
cantly short lifetime. The importance of the band-edge 
tail states in the very heavily doped and disordered 
materials on the excess current have been pointed out.” 
These states are presumably more or less continuously 
distributed and extended into the energy gap from the 
band edge. A detailed theoretical analysis of the excess 
current taking into account of the band edge tails has 
not been considered until recently.'* However, it is not 
established if the heavily doped tunnel diode materials 
do have a random distribution of donor and acceptor 
impurities which give rise to the band edge tails. 

This paper will be concerned with a detailed pre- 


® R. A. Logan and A. G. Chynoweth, Bull. Am. Phys. Soc. 5, 374 
(1960). 

7 R. S. Classen, Bull. Am. Phys. Soc. 5, 406 (1960). 

* Nick Holonyak, Jr., J. Appl. Phys. 32, 130 (1961); also 
presented at the 1960 IRE-AIFE Solid State Device Research 
Conference, June 13, 1960 (unpublished). 

°C. T. Sah and D. A. Tremere, AIEE-IRE Solid State Device 
Research Conference, June 13, 1960 (unpublished); C. T. Sah, 
Bull. Am. Phys. Soc. 5, 507 (1960); Symposium on Electronic 
Tunneling Phenomenon in Solids, January 29-30, 1961 (un 
published); Bull. Am. Phys. Soc. 6, 105 (1961). 

A. G. Chynoweth, Fourth International Conference on 
Semiconductors, Prague, August, 1960 (unpublished); A. G. 
Chynoweth, W. L. Feldman, and R. A. Logan, Phys. Rev. 121, 
684 (1961). A review, up to 1958, was given by A. G. Chynoweth 
in Progress in Semiconductors (John Wiley & Sons, Inc., New 
York, 1960), Vol. 4. 

"P, J. Price, Bull. Am. Phys. Soc. 5, 406 (1960). 

2 R. N. Hall, General Electric Research Laboratory Report 
No. 60-RL-2509G, New York, September, 1960 (unpublished) ; 
also presented at the Fourth International Conference on Semi 
conductors, Prague, August, 1960. 

13 EF. O. Kane, Bull. Am. Phys. Soc. 5, 160 (1960). 

‘The band edge tails have been discussed recently by J. J. 
K lauder, H. Schlosser, T. Brody, and P. Aigrain at the Symposium 
on Electronic Tunneling in Solids, January 30-31, 1961 (un 
published) 
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sentation and interpretation of the experimentally 
observed excess currents in gold-doped silicon tunnel 
diodes. A number of interesting electronic transition 
phenomena are discussed. Some matrix elements asso- 
ciated with these transitions are estimated by com- 
paring theoretical formulas with experimental data, 
using the well-known energy levels and the solid 
solubility of gold in silicon. 


II. EXPERIMENTAL RESULTS 


The tunnel diodes used in this study are made on 
phosphorus-doped and gold-diffused silicon of a few 
milliohm-cm resistivity materials. The gold concen- 
tration is controlled by the maximum solid solubility 
at the diffusion temperature. Narrow p-n junctions are 
made by alloying aluminum-boron alloy into the n-type 
silicon wafers. The boron concentration in the regrowth 
layer is around 6X10” atoms/cc, and the phosphorus 
concentration of the majority of diodes for which the 
data are presented in this report is 6X10" atoms/ce. 


A. Dependence of Excess Current 
on Gold Concentration 


Figure 1(a) shows current-voltage characteristics 
taken at 300°K for diodes doped with various gold 
concentrations which are indicated by the second, 
third, and the fourth figures in the numerals above each 
curve. For example, 6067-1 is a diode made with 6.7 
X 10'* gold atoms, cc diffused into the n-type wafer. The 
gold concentration is assumed to be equal to the maxi- 
mum solid solubility at the diffusion temperature.'® The 
effect of heavy doping on the solid solubility of gold in 
silicon is relatively unimportant in the gold diffusion 
temperature range of 1000° to 1200°C,'° and is not 
taken into account. The current-voltage data are taken 
at temperatures from 4.2° to 550°K, and some of the 
data are shown in Figs. 1(b) and (c). In these figures, 
it is clear that a large amount of excess current is 
produced due to gold. The results are extrapolated back 
to zero gold concentration as shown in Figs. 2(a) and 
(b) and are shown as dots in Figs. 1(a)-(c). By this 
extrapolation, it is seen from Figs. 1(a)—(c) that almost 
zero excess current is expected if the gold concentration 
is zero. However, due to the large experimental inac- 
curacy in the extrapolation, it cannot be certain if all 
the excess currents are due to gold. For example, the 
unit 7000-1 has no intentionally added gold in the 
n-type wafer, although there is considerable excess 
current as shown in Fig. 1(a) where the extrapolated 
diffusion current /p for this unit is also shown. The 
originally present excess current may be due to the 
presence of some unintentionally added gold during the 
crystal growth or the alloying process. Other impurities 
or traps and band-edge tail or gap states would also give 
excess current. Since we can subtract this excess current 

18 |’, A. Trimbore, Bell System Tech. J. 39, 205 (1960). 

16 C, T. Sah (unpublished). 





























component out of our experimental data, we will not 
be concerned with this current in our discussion. 

The plot of the current 
centration in Figs. 2(a) 


as a function of gold con- 
and (b) shows that the excess 
current induced by gold is a linear function of the gold 
concentration at a given bias voltage. It is particularly 
interesting to note that at 4.2°K a second negative 
resistance region appears in the current-voltage charac- 
teristics at around 0.7 v, as shown in Fig. 1(c). A replot 
of the difference of the two curves with different gold 
concentration is shown in Fig. 3. It is seen that a small 
negative resistance region again appears at around 
0.7 v even at 300°K, although it may be fictitious due 
to the large error involved in subtracting the two diode 














Fic. 1. Experimental current-voltage characteristics of gold 
doped tunnel diodes taken from x-y recorder. Junction tempera 
ture (a) 303°K, (b) 77°K, and (c) 4.2°K. The last three 
before the dash above each curve give the gold conce 
10° gold atoms/cc. For example: 6041-6 has 
atoms/ cc. 


nume rals 
ntration in 
$4.1 10'® gold 


will next section 
that this negative resistance region may be associated 


with the turning-off of one 


characteristics. It be shown in the 


f the transition processes 


{ 
] 
| 
I 


through one of the gold levels at low temperatures. 
In addition to the 4°K data, the slopes of the straight 


lines of current versus gold obtained 
from Figs. 2(a) and (b) are also shown in Fig. 4. The 
77°K and the 4°K curves are almost identical and show 
negative resistance at around 0.7 v. The negative 
resistance region at 300°K, which is quite evident in 


concentration 


Fig. 3, is not visible in Fig. 4 due to the fairly large ex- 
perimental spread of the data shown in Fig. 2(a). The 
normalization of these characteristics to a current at 
0.05 v (Lo 05) IS necessary to eliminate the uncertainty 
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of the active junction area from diode to diode. This 
normalization procedure is quite legitimate as can be 
seen from Figs. 5 and 6. The temperature dependence of 
the gold-induced excess current and the phonon- 
indirect band-to-band tunnel current 


assisted are 
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lic. 2. The gold-induced excess current normalized to the 
current at 0.05 v, Jo.os, plotted as a function of gold concentration 
° oy = OL 

at constant voltages. (a) Junction temperature 303°K, (b) 77°K. 
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Fic. 3. The difference of current of two diodes doped with dif 
ferent gold concentration versus voltage at 300°K. 


expected to differ; however, Fig. 5 shows that the shape 
of the characteristics of current versus temperature at 
0.05-v forward bias is very insensitive to the gold 
concentration. Thus it may be assumed that at this bias 
level the gold-induced current is negligible 
compared with the phonon-assisted current and that 
To.o5 can be used for normalization to eliminate the 
junction area. This procedure is evidently invalid if a 
current at a higher bias voltage is used. For example, 
at 0.4 v the current-temperature characteristics cannot 
be normalized to one single characteristic, as shown in 
Fig. 6. This is due to the fact that the gold-induced 
current at 0.4 v is comparable to and probably greater 
than the phonon-assisted transition 
current. 
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Fic. 4, The slope of the excess current-gold concentration 
curves versus voltage. 
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Fic. 5. The variation of the current at 0.05 v, Jo.0s, with tempera- 
ture for junctions doped with various gold concentrations. 
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To get an estimate of the active junction area of 
these gold-doped tunnel diodes, independent experi- 
ments have been run in which the geometric junction 
areas are measured visually. The experimental results 
of the peak current density at around 0.08 v versus the 
impurity concentration are shown in Fig. 7. These data, 
in addition to providing a means of checking the 
junction area, may also be used to determine an 
effective mass for the tunneling electrons and holes. 
The numerical value of the effective mass derived from 
the slope of the plot shown in Fig. 7 would depend on 
which particular tunnel formula and what kind of an 
average electric field is used, since in alloyed junctions 
the electric field is not a constant, but is a linear function 
of position in the space-charge region of the junction. 
The numerical values can range from 0.03m to 0.25m, 
where m is the free electron mass. The range covers the 
light-hole mass value, 0.16m, and the transverse electron 
mass, 0.19m,!*"* in silicon. 
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Fic. 6. The variation of the current at 0.40 v, J, w, with tem- 
perature for junctions doped with various gold concentrations. 


E. M. Conwell, Proc. Inst. Radio Engrs. 46, 1281 (1958). 
* F. Herman, Proc. Inst. Radio Engrs. 43, 1703 (1955). 


B. Structures or Abrupt Changes 
of Conductance 


Very rapid change of conductance has been observed 
at voltages corresponding to the onset of the phonon- 
assisted band-to-band tunneling transitions in silicon.'? 
These structures are evident in Figs. 8(a) and (b) for a 
gold-doped tunnel diode at 4.2°K, and are labeled 1, 2, 
3, 4, and 4f. These phonon-assisted structures are 
independent of the presence of gold and are more 
clearly observed in lightly doped materials as shown in 
Fig. 9. The observed stair-case shape of the current- 
voltage characteristics in the low-voltage region is in 
accord with the theory of Keldysh.” m 
+ In addition to these phonon-assisted onset structures, 
structures associated with or without the presence of 


N atomsicc oP 
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Fic. 7. The peak current density at approximately 0.075 v 
versus the bulk impurity concentration (phosphorus) N at 











300°K for tunnel junctions with no gold doping. 


gold are also observed at higher voltages. In Fig. 8(b) 
these structures are labeled 6~(400 mv), 6*(730 mv), 
7+(930 mv), and 8(1080 mv). These structures become 
more evident at low temperatures and low phosphorus 
concentrations, and are shown for a diode with 1.1 10" 
phosphorus/cc, and 5.3X10'* gold/cc in Fig. 10. The 
conductance curve in Fig. 10 clearly shows another 
minimum labeled 5~ at 0.5 v, although it is not clear 
whether it corresponds to a true onset voltage, or 
whether it appears due to the combination of several 
transition processes contributing to excess currents. 

9 N. Holonyak, Jr., I. A. Lesk, R. N. Hall, J. J. Teimann, and 
H. Ehrenreich, Phys. Rev. Letters 3, 167 (1959) 


*L. V. Keldysh, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 962 
(1958) (translation: Soviet Phys.—J ETP 34 (7), 665-669 (1958) ]. 
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Fic. 8. (a) The current-voltage characteristics of a gold-doped 
tunnel junction at various temperatures; (b) the conductance- 
voltage characteristics of a gold-doped tunnel junction at various 
temperatures. 


More extensive data, involving several hundred gold- 
diffused, phosphorus- or arsenic-doped silicon tunnel 
diodes of majority impurity concentration covering the 
range, 1 to 14X10" atoms/cc, of which Figs. 8(a), 
8(b), and 10 are samples, show that the structures which 
occur at 5~, 6, 6*, and 7* are present only in gold- 
doped tunnel diodes, while structure 8 occurs for prac- 
tically all diodes made with or without gold or with 
other impurity metals. In many of these diodes, doped 
with impurities, a structure near the onset voltage of 
7* also appears, although structures at 5~, 6~ and 6+ 
are not detected. Additional breaks in the current 
voltage characteristics of gold-doped diodes appear to 
be present, but are much less clearly brought out. In 
Fig. 11, the current is plotted on a semilog scale show- 





Fic. 9. The current-volt 
age characteristics of tunnel 
junctions with no gold dop 
ing at 4.2°K and low volt- 
age. 
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Fic. 10. The current and conductance-voltage characteristics 
of a tunnel junction of 1.110" phosphorus atoms/cc with 
5.310! gold atoms/cc in the bulk at 4.2°K. 


ing a low-voltage structure labeled 5+ at around 0.25 v, 
and several other doubtful ones near and below the 
structure at 60°. 


III. INTERPRETATION OF DATA 


The experimentally observed structures and the 
current-voltage characteristics will be qualitatively and 
quantitatively explained by considering transition 
processes involving Hall-Shockley-Read processes”! in 
combination with tunneling transitions or field ioniza- 
tion processes from one of the three possible gold 
charge states. 


A. Energy Band Scheme 


The energy band in silicon at O0°K under thermal 
equilibrium may be constructed from published 
data'*.*.4 and is shown for an idealized and constant 


electric field case in Fig. 12 near and including a p-n 





Fic. 11. The semilog plot 
of the current-voltage char 
acteristics of gold-doped 
tunnel junctions at 77°K. 
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Fic. 12. The energy band diagram of a gold-doped silicon 


tunnel junction at 0°K 


junction. 
electron states, while the empty regions outside of the 
band gap represent empty electronic states. The Fermi 
levels in the m and the p sides are inside the bands due 
to heavy impurity doping. These Fermi energies can 
be approximately calculated using degenerate Fermi 
statistics. In Fig. 13, the Fermi energies are plotted for 
several approximations. The variations of the major 
impurity level with its concentration included in the 
calculation for the Fermi levels are estimated from the 
data of Pearson and Bardeen*® and from a theoretical 
Experimental data 
, the Fermi level in the p side, are also plotted and 
are obtained from the valley voltages of a large number 
of silicon tunnel diodes of different and known boron 
concentration in the aluminum-boron-silicon regrowth 


The cross-hatched regions represent filled 


analysis by Castellan and Seitz.” 


on € 














Fic. 13. The Fermi energies versus acceptor or donor 
concentrations at 300°K.. 


25 G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949). 
26 G. W. Castellan and F. Seitz, Semiconducting Materials (But 
terworths Scientific Publications, Ltd., London, 1951). 


ota gold doped 


Fic. 14. The modified energy band 
ng into account impurity 


silicon tunnel junction at O°K, taki 
banding 


layer from spectrographic analysis of the boron- 
aluminum alloy and by assuming unity distribution 
coefficient of boron in silicon. These experimental data 
appear to give the right trend compared with that 
predicted for the valley voltage based on the Esaki 
model. 

The variation of the major impurity level with its 
concentration comes from impurity banding at high 
concentrations. An estimate made published 
for the silicon materials used 
here, the impurity levels, Ep and 4 are widened and 
merged with the conduction and_ the 


from 


analysis*’*> shows that 


valence band. 
These conclusions can also be obtained from the experi- 
mental data of Pearson and Bardeen. 

the analytical results of Baltensperger,”’ 


Furthermore, 
which assume 
uniform or non-random impurity distribution, show 
that the impurity bands also extend away 


respective band edges approximately 


from the 
symmetrically 
with respect to the impurity energy level at low doping 
with a sharp band edge. From this discussion, we may 
construct a slightly revised band picture shown in 
Fig. 14, in which the effective energy band gap is now 
given by E,= E-'™— Ey™—2Ep—2E,=1.16—0.1—0.1 
=().96 ev. Although this is a rather rough estimate, it 
appears to be sufficient to explain the experimental data 
of gold-induced excess currents. In particular, there are 
probably less densely packed states extending far into 
the band gap from the position of the sharp band edges." 
The gold energy levels are experimentally determined 
and measured from the band edges.'’ In essence, gold 
atoms can exist in silicon in one and only one of the 
three charge conditions: +, 0, or —. The energy asso- 
ciated with the capture of a conduction electron by a 
neutral gold atom is 0.54 ev measured from the con- 
duction band edge. Similarly, the emission of an electron 
from a neutral gold atom to the valence band involves 
0.35 ev. Taking into account the banding of the 
27 W. Baltensperger, Phil. Mag. 44, 1355 (1953 
28 E. M. Conwell, Phys. Rev. 103, 51 (1956 





Fic. 15. The transition processes with gold impurity levels as intermediate step, processes 5~, 5*, 6 
involving electrons tunneling to or from the gold impurity levels or trap states; (b 
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, and 6*. (a) The first step 
the second step involving refilling or emptying 


of the trap states or gold impurity levels according to the Hall-Shockley-Read process; the idealized trapezoidal current-voltage 


characteristics assuming that the Hall-Shockley-Read process is not rate limiting 


majority impurity levels, these figures become, re- 
spectively, 0.44 ev for the acceptor level and 0.25 ev 
for the donor level. The energy spacing between the 
two gold levels is assumed unchanged and is 0.27 ev. 
These energy levels are drawn to scale in Fig. 14. 

The electron occupation conditions on the gold atoms 
at O°K in and near the space charge region of the p- 
junction is shown in Fig. 14. Ouside of the two vertical 
dashed lines, the gold atoms are either filled with two 
electrons (n-type side) or filled with two holes (p-type 
side). Circles are drawn below the levels for the unfilled 
gold levels in this diagram to indicate that one may 
also consider these empty levels as filled with holes. In 
some of the subsequent energy band diagrams, these 
circles are not shown for simplicity, following the more 
customary procedures. However, it should be em- 
phasized that the second gold level, the acceptor level 
of E4y>, is not an excited state of the gold donor level 
in the usual sense, in that the acceptor level represents 
the energy involved for emission or capture of a second 
electron and is meaningful or in existence only when 
there is already one electron trapped by the gold atom. 

The electron occupation conditions on the gold levels 
in the region between the two vertical dashed lines in 
the space charge layer shown in Fig. 14 are more difficult 
to determine. At equilibrium, the situation shown in 
Fig. 14 would finally be reached by electron tunneling 
horizontally from the conduction band to the trap 
states in region A and by electron tunneling from the 
trap states in region B horizontally to the valence band. 

When the gold atom has trapped one electron, it ts 
in the and has a rather 
localized and nearly square potential well as shown 
under Au? in Fig. 15.24 However, when the gold atom 


neutral charge condition 


* Melvin Lax, J 
119, 1502 (1960) 


Phys. Chem. Solids 8, 66 (1959); Phys. Rev. 


c) processes 5* and 5 d) processes 6* and o-. 
is filled with two electrons or is completely empty, there 
is long-range Coulomb interaction giving potential 
barriers which are labeled Au~ or Au* in Figs. 15(a) 
and (b). There are probably a large number of excited 
states associated with the Coulomb well of the charged 
gold atoms and these are not shown in Figs. 15(a) and 


(b) for the sake of simplicity. 


B. Transition Processes 


In addition to the band-to-band phonon-assisted tun- 
neling, ' there are ten possible transition processes 
associated with gold levels in gold-doped tunnel diodes 
in silicon. Of the ten processes, nine are associated with 
the presence of gold within the space charge region, 
while the tenth one is the usual diffusion or injection 
current. Two of these have no onset voltage and will 
give excess current bias. In the 
silicon tunnel diodes studied in this paper, one of the 
transition processes cannot occur since the Fermi energy 


starting from zero 


on the » side is smaller than the energy spacing of the 
gold levels. These processes are labeled numerk ally 
+, indicating whether 
it is associated with the gold acceptor level or the gold 


from 5 to 10 with superscript — or 
donor level. These processes are considered in detail in 
the following discussions. 

, and 67 


1). Process 5-, ey 


These processes are similar and are two-step proc- 


esses. In the first step, step a, a trapped electron or hole 
in a gold atom located in the space charge region makes 
a tunneling transition horizontally to one of the bands. 
In the second step, step ), the gold trap is refilled by an 
location from the other 


band. These two steps may occur in the reverse order. 


electron or a hole at the same 


The four possible processes involving these two steps 
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are shown in Figs. 15(a) and (b). The energy band 
scheme corresponds to the condition of a fairly large 
forward applied voltage, V,. Let us take 6* shown in 
Fig. 15 as an example. The first step of process 6*, 
labeled 6*a, involves the field ionization or tunneling 
of the trapped electron from a neutral gold atom 
located in the space charge region to the valence band 
horizontally across the junction barrier. In the second 
step, 6*b, shown in Fig. 15(b), the gold atom which is 
now positively charged is rapidly refilled by an electron 
at the same location from the valence band. 

The transition rate (or transition probability per 
unit time) of 6*@ has been calculated by Price." (See 
Appendix I.) The exact rate expression of 6°), which 
is the Hall-Shockley-Read mechanism, is not available. 
The rate expression used by Shockley involves some 
arbitrary assumptions” and applies only to the low 
electric field region. The use of this rate expression to 
our case is made but not justified. The Hall-Shockley- 
Read transition is also calculated using an effective 
matrix element in the usual first order formula of the 
transition probability per unit time. The refilling rate 
of the traps by the majority carriers is rather short, 
since the majority carrier concentration is rather high 
in these heavily doped tunnel diode materials. Although 
the more exact rate expression for the Hall-Shockley- 
Read process is not available, it is still possible to per- 
form a detailed balance calculation in order to determine 
an approximate shape for the current voltage character- 
istics if the Hall-Shockley-Read process is not the rate 
limiting process. In Appendix II, detailed balance cal- 
culations have been carried out for processes 5*, 6 
and 6*, and the result will be summarized. 

In the gold-doped tunnel diodes studied in this paper, 
process 5~ does not occur theoretically. By inspection 
of Fig. 15(a), which represents nearly to scale the energy 
diagram of the tunnel diodes used in this study, it is 
clear that the absence of process 5~ is due to the con- 
dition that e-<Aea,. Because of this situation, the gold 
level on the side can be filled by only one electron 
which comes from the filled conduction band states on 
the n side by tunneling. This is the transition which is 
labeled 5*a. 

To obtain the steady-state transition rate of process 
5*, a detailed balance calculation of the two transition 
steps involved is required. Let the rate of the first step, 
5+a, which involves the tunneling of a conduction 
electron, be w,(5*a), and the rate of emission of the 
trapped electron to the valence band be w,(5*b), then 
the steady-state transition rate for process 5+ is (Ap- 
pendix IT): 


wW=Www,./(wWrtw,). (1) 


The general relation for the current density at or near 
0°K may be obtained from 


J= fire V dx, 


SAH 


where .V; is the total gold concentration per unit volume, 
and q is the magnitude of the electronic charge. The 
integral covers a range common to both the filled states 
in the conduction band and the empty states in the 
valence band through a 90° reflection at the acceptor 
gold level. In the constant electric field case, it is more 
convenient to transform the integration over distance 
to that over energy by using 


dx=de,/P, 


where F is the electric field times the electronic charge. 
The expression (2) can be written into a product of 
two factors®-” (see Appendix ITI) : 


= JD, 


where J» includes a tunneling attenuation factor which 
is exponentially dependent on F~', and D is the density- 
of-state integral which comes from normalization of 
the integral of (2). For the constant-field case, the main 
voltage dependence of the tunneling current given in 
(3) comes from the density of state integral, D. At low 
field, when the perpendicular energies are smaller than 
the Fermi energies, D has a trapezoidal shape as shown 
in Fig. 15(c) labeled 5*, if the Hall-Shockley-Read 
process is not rate limiting. The flat portion of the 
trapezoid has a length e,—e,, the current decreasing or 
increasing regions have a width e. each, and the total 
base width of the trapezoid is ¢,+¢,.. The onset at 
€au*t, in general, has a discontinuity of slope or con- 
ductance at 0°K, while the other three corners of the 
trapezoid at voltages €au*+ €-, €au* +, and €xu*+e+e 
are rounded off when the finite perpendicular energies 
are taken into account. 

In processes 6 and 6+, due to the condition that 
Aeau<é, the two gold levels at a given location may 
simultaneously see empty states across the barrier in 
the valence band. Thus, at the forward bias voltage 
when both 6~ and 6* can proceed on the gold atoms at 
a given x plane in the junction, these gold atoms will 
in general be distributed in all three charge conditions. 
At a given location on the x axis, the fraction of the gold 
atoms which is in one of the three charge conditions is 
determined by the relative magnitude of the four 
transition rates, w,(6~a), w,.(6~6), w,(6*a), and w,(6*b) 
through the coupling of processes 6-6 and 6*6 by the 
gold atoms. The steady-state transition rates for 6 
and 6+ are more complicated than that of 5* given by 
(1) due to the coupling, and have different forms in 
different ranges of applied voltage. The dependence on 
the applied voltage comes about since 6~ would start 


® P. J. Price and J. M. Radcliff, IBM J. Research Develop 3, 
364 (1959). 

31 E. O. Kane, AIEE Tunnel Diode Symposium Record, Feb 
ruary 17, 1960 (unpublished), pp. 1-15; also published in J. Appl. 
Phys. 32, 83 (1961). 

# R.N. Hall, unpublished notes of lectures given at the Elec- 
trical Engineering Department, Stanford University, February, 
1960. 
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and turn off at lower applied voltages than 6+, so that 
there are applied voltage ranges where only one of 6~ 
and 6* can occur. In this range, the relation given by 
(1) for the steady-state rate is applicable. In the range 
where both 6~ and 6* can occur simultaneously, the 
steady-state rates are given by (see Appendix III): 


w(6-)=w,(6-b)/ {1+ [w,(6*a)/w,(6*d) | 


+[w.(6-b)/w(6-a) }}, (4) 


w(6*)=w,(6ta)/{1+[w,(6ta)/w.-(6*6) | 
+[w,.(6-b)/w,(6-a) ]}. 


(5) 


The rate expressions given by (4) and (5) may be sub- 
stituted into (2) for w to get the current density. The 
results can again be written in the form given by (3). 
The density-of-state integral, D, has the low-field forms 
shown in Fig. 15(d) which are labeled 6~ and 6+ and 
are constructed by assuming 


w,(6-a) = w, (6-6) <w,(6ta)=w,(6-0), 


although this assumption, which assumes the equality 
of the rate expression of the Hall-Shockley-Read process 
and the tunneling process from traps, is generally not 
valid. The dashed portion of the trapezoid for process 
6~ shown in Fig. 15(d) represents the J-V plot of the 
process 6~ if 6+ does not exist or if the rate of 6* were 
considerably smalier than 6~. It is interesting to note 
that under the assumptions stated, the combined 
current-voltage plot of 6~ and 6* would not 
negative resistance for process 6~, although the onset 
of 6* at a voltage E,= €ay* would still give a distinctive 
structure or abrupt change of conductance. 


show 


It is possible to obtain a qualitative estimate of the 
relative magnitude of the processes 5*, 6~, and 6* by 
considering the energy band diagram shewn in Figs. 
15(a) and (b). It is evident from these two figures that 
process 6+ has the highest probability rate since it 
involves both the shortest tunneling forbidden path 
[ Fig. 15(a), 6+a ], the light hole mass, and the attractive 
Coulomb barrier [Fig. 15(b), 6*6] for electron capture 
by the positively charged trap. Similarly, process 5* 
has the smallest probability rate of the three processes 
since it involves the longest tunneling forbidden path 
[Fig. 15(a), 5+a] and an approximate square barrier 
for hole capture by the neutral trap [Fig. 15(b), 5*b }. 
The Coulomb interaction in step 5*a and the parabolic 
potential in the true step junction would reduce the 
barrier height somewhat and increase the tunneling 
rate of 5+a. An approximate correction to the tunneling 
rate from traps due to Coulomb barrier is given in 
Appendix I. Furthermore, electrons from the conduction 
band may also tunnel to the excited levels of the Coulomb 
well in step 5+a@ and would considerably increase the 
total transition rate of 5+a at the higher voltage end of 
the trapezoid. A similar situation applies to process 6~a, 
which also involves Coulomb barrier. These qualitative 
conclusions are kept in mind in constructing the 
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current-voltage characteristics in Figs. 15(c) and (d), 
except that the modification due to the excited states 
of the Coulomb well is not taken into account. 

In addition to the decrease of the voltage span of 
process 6~ due to the interaction with process 6+ on the 
same gold atoms, there are other processes which may 
occur with appreciable transition probabilities in a 
portion of the voltage range where 5*, 6-, or 6* transi- 
tion is proceeding. Considerable coupling would be 
expected. The modification of the current-voltage 
characteristics due to these other processes will be 
discussed in the following sections. 


(2). Processes 7~ and 7+ 


These two processes are the Hall-Shockley-Read 
processes in which both of the two transitions, 7*a and 
7*b are trap filling processes. These are the recom- 
bination processes in the space charge region for which 
the expression of the current density has been derived 
previously based on the Hall-Shockley-Read statistics 
at high temperatures.* At low temperatures and in 
heavily doped materials such as that for tunnel diodes, 
the Fermi levels are inside the energy bands and these 
recombination processes would have a definite onset 
voltage which should be independent of the type of the 
deep traps or their energy levels if these traps do not 
affect the energy band structure. The two steps of 
process 7~ are shown in Fig. 16. In 7~a, an electron 
from the conduction band drops into a neutral gold 
trap. In 7~6, a hole from the valence band drops into 
the negatively charged gold trap and recombines with 
the trapped electrons. In view of the Coulomb barrier 
in step 76, 7~a should be the limiting step. It is evident 
from Fig. 16 that near 0°K both 7~ and 7+ would start 
when the two vertical dashed lines coincide, or when 
the applied voltage is greater than or equal to the 
energy of the forbidden band gap. It is possible to get 
an explicit expression for the current density if it is 
assumed that the Hall-Shockley-Read statistics are 
applicable or an effective first order matrix element may 
be assumed in the “golden rule” expression for the 
transition probability per unit time. Detailed calcu- 
lations are given in Appendix IV. Under the simplified 
assumption that only. one of the gold energy levels is 


The transition 
and 7* in gold 
doped silicon tunnel jun 
tions. 


Vig. 16. 


processes 7 


3 C. T. Sah, R. N. Noyce, 
Engrs. 45, 1228 (1957). 


and W. Shockley, Proc. Inst. Radio 
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important in providing the recombination traffic and 
the electron and hole capture rates are equal, a simple 
result can be obtained near the onset voltage. The 
current density may again be split into two factors in 
3). The density-of-state factor near 
H-S-R approximation) 


the form given by 
the onset is given by 


D 


for V A An estimate of the cross sections, the 
matrix elements, and the transition probability rate 
may be obtained for the Hall-Shockley-Read and the 
order matrix approximation by evaluating the 
+-¢. from the experimentally 


first 
exact result of Dat V E, 
observed current density at this applied voltage. 

and 7* would be in 
competition with and coupled to process 6*. If 7~ and 


It is evident from Fig. 16 that 7 


7* have considerably higher probabilities than 6*, 67 
would start to turn off at the onset voltage of process 
7- and 7+, V,=£,. On the other hand, if 7- and 7+ 
have smaller probabilities than 67, one would expect 
6* to extend to its normal turn-off voltage which is 
shown as dashed lines in Fig. 15(d a negative- 


resistance region would occur when 6* starts to turn off. 


and 


An inspection of the experimental data, however, 
would not reveal a definite conclusion as to which one 
of the processes, 6* or 7* has higher transition rate. 
The difficulty lies in normal 
diffusion or injection current which starts to flow before 

turn off if it turns off at the higher turnoff 
voltage and completely obscures the negative resistance 
strong 
ucture observed experimentally, which corresponds 


another current, the 


©” starts to 


exists. The distinct and rather 


region if it 


onset voltage of 7~ and 7+, seems to favor a situ- 


7- and 7? 
ilculation from the experimental data 
the i 


than that of 6°. 


i i are more probable than 6°. 
\ numerical ci 
in a fo lowing 


rate of 7+ is 


section shows that 
probably three times higher 


; : Process 


‘his process is also indicated in Fig. 16 and gives the 
diode At low tem- 
peratures or near O°RK, holes start to flow into the n 


injection or diffusion current. 


Irom 


applied voltage is 


he p region when the 
} ] 


» that the Fermi level for holes on the 


I orizontally with the top of the valence 
\ sharp rise or onset of current 
his effect should be observed at a forward bias 


n side 


age corresponding to J} E+ .. 


have shown that this 


Experimental 
for all tunnel 
gold doping and with 
various phosphorus concentrations in the bulk. The 


is the case 


data 
} 


diodes made with or without 


observed onset voltage of this current varies only 
slightly for units with different phosphorus concen- 


trations, indicating that e,. does not 


phosphorus concentration in the range of 1 to 10X10" 


vary greatly with 


SAH 


atoms/cc, and is in accord with the calculation shown 
in Fig. 13. For heavily gold-doped tunnel diodes, there 
seems to be a considerable shift to lower voltage of both 
structures 7 and 8, as indicated in the experimental 
data in Fig. 11. This shift is probably due to the tem- 
perature rise in the junction at the very high current 
density at this voltage. For low gold concentration 
diodes, the slope of the log of the current versus voltage 
plot above V.=F,+.e. such as that shown in Fig. 11 
is very nearly given by.g/kT, and is in agreement with 
the usual diode diffusion or injection formula, 


J=J, exp(qV/RT). 


(4). Process 9- and 9 


The experimental results shown in Figs. 1(a), (b), 
(c), or 4 indicate that there is considerable gold-induced 
current in the voltage range below the of process 
5* at approximately 240 mv given in Fig. 15(c). This 
induced current is probably associated with the transi- 


tion processes Y 


onset 


, In which 
electrons tunnel from the conduction band horizontally 
In the 


] 


a conduction electron tunnels to a gold level at the same 


and 9+ shown in Fig. 17(a 


to the valence band in two steps. first step, 9*a, 
energy as the electron within the space charge region 
and in the second step, 9*), the trapped electron tunnels 
out of the gold level into the valence band again hori- 
zontally or at constant energy. The transverse mo- 
mentum of the electron need not be in this 
transition and may be carried away by the 
emitted or absorbed by the trap. 

The transition probability can be calculated from a 
relation similar to (1 
probabilities of both the first and the second step are 


constant 


phonon 


. In the present case, the transition 
given by the general result derived by Price" and the 
steady-state rate Is 


where w,, and w,, are the transition rate of the first and 


the second step. The current density due to these two 


nsition proc 
idealized 


racteristics, 


cesses i 
current-voltage 
b) and (c). of processes 9 and 


licon tunnel 
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processes can be computed from (2) and may be written 
in the form given by (3). The integral, D, may be cal- 
culated and put into explicit forms in the various 
voltage range if «<<E,, and ¢.<Fy», e.g., in the high- 
field limit. (See Appendix V.) 

The density-of-state integral has again the trapezoidal 
form in the low-field limit. It is evident from Fig. 17(a) 
that both 9~ and 9 start at zero voltage with no on-set 
structure. Since e-<Ae€au, the two processes through 
the two gold levels would not occur on gold atoms at 
the same x axis location or they are not coupled. 
However, there should be a sizeable coupling between 
and 5~ since there 
are voltage ranges where both of the two processes in 


processes 9* and 5+, and between 9 


each of the two pairs may have non-zero density of 
states. 

For example, at V,=€au*, approximately 0.25 v, 
process 5+ would start as shown in Fig. 15(c) and would 
greatly affect the second tunneling step of process 9*, 
9*+bh, since the second step of 5+, 5*b, shown in Fig. 
15(b) may have comparable or appreciably greater 
transition rate than the second step of 9*, 9*b. The 
steady state transition rates may be obtained by a 
procedure similar to that used previously for processes 
6~— and 6* and are given by (V,> €au*) 


O+ aia? Seite Sa. Se 
) Ue fa't [were t 


=WerWe(5*b)/[wWatwetwe(5td) |. (9) 


+w,.(5*b) |, (8) 


Equation (9), which takes into account process 9*, is 
the modified transition rate for process 5+ which was 
given in (1) neglecting process 9°. 

The modified trapezoidal current-voltage charac- 
teristics of 9* and 5* are shown in Fig. 17(b) for a 
limiting case in which w;,<w,(5*b), and the excited 
states of the Coulomb well are not taken into account. 
and 5~ through the 
, 6 shown in Fig. 15(b), would be 
E,—€ay<€,. However, for the tunnel 
diodes studied in this paper, this condition is not satis- 
fied and, in addition, 5~ does not exist due to Aeay< €>. 
Transitions in a different route, however, would reduce 
the voltage span of process 9 Since Aeéay<é, at 
V .=Aeax,=0.27 v, the electron at the donor level 
on the gold atoms where 9~ is proceeding may now 
tunnel to the empty states in the valence band. These 
gold atoms, which have lost the electron on the donor 
level, have no acceptor level and become unavailable 
for process 9~. Thus 9~ would start to turn off at 
V a= Aca. 

The relative magnitude of 9~ and 9* may be estimated 
from the tunneling rate of 5~, 5+ 
Fig. 15(a). Process 9 


A nonzero coupling between 9 
second step of 5 


expec ted if 


, 6-, and 6* shown in 
is essentially the combination of 
5~a and 6~a at a constant energy. The forbidden path 
of the two steps of 9~ and the Coulomb interaction are 
the determining factors. Thus the tunneling rate of 9 

is limited by the first step, 9~a, i.e., the tunneling of an 
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electron from the conduction band to a neutral gold 
trap. The transition rate is given by 


w(9 ja (10) 


w(9-a). 


lor process 9*, the heavier electron effective mass and 
the considerably longer forbidden path of the first step, 
9*a, compared with those of the second step, 9*6, make 
the first step rate limiting. The transition rate of the 
first step is somewhat increased by the lowering of the 
potential barrier due to Coulomb interaction and by the 
parabolic and concave potential barrier in a real step 
junction. However the rate of the first step taking 
these factors into account is still considerably smaller 
than the rate of the second step. 


(5). Process 10 


This process is indicated in Fig. 18 and involves 
three steps. In the first step, 102, a neutral gold trap in 
the space charge region is filled by an electron from the 
conduction band and becomes negatively charged; in 
the second step, 106, the trapped electron tunnels 
horizontally from the negatively charged trap to an 
adjacent empty and positively charged gold trap; and 
in the third step, 10c, the electron from the second step 
is emitted to the valence band from the gold trap, com- 
pleting the transition from the conduction to the 
valence band. The steady-state transition rate is given 
by 

w (10) = (w, (11) 
The probabilities of step a and c are large, due to the 
large concentration of electrons and holes in the con- 
duction and valence band. The rate limiting step, ), 
has a rather small transition probability due to the 
large height of the potential barrier. The rate in step 6 
is further reduced, since the gold concentration is small 
and the separation of the gold atoms is large compared 
with the size of the gold atom, which makes the solid 
angle sustained by a gold atom very small. In addition, 
step 6 involves transition between two rather sharp 
gold levels. The width of these gold levels is small and 
further reduces the transition probability. Thus, the 
probability rate of process 10 is expected to be very 
small and this process may be neglected compared with 
other processes just discussed. 


N 


lic. 18. The transi 
tion-process 10 in gold 
doped silicon tunnel 
junctions 








_,on- set voltages 








Fic. 19. (a) The parabolic potential energy diagram in gold 
doped silicon tunnel junctions, and the ten transition processes 
with gold energy levels as intermediate states and their onset 
voltages, (b) the idealized theoretical current-voltage character 
istics of a gold-doped tunnel junction of V»=6X10" atoms/cc, 
W?= 10 volt?-cm’. 


assuming (m,/m 


C. Analysis of Experimental Data 


The transition processes associated with gold levels 
are computed numerically using the low-tield trapezoidal 
approximation. The linear field variation is approxi- 
mately taken into account by using the average slope 
of the energy-distance diagram for each of the transition 
processes. In Fig. 19, the energy distance diagram near 
and within a p-n junction is plotted using the parabolic 
approximation. The p side is assumed to be heavily 
doped so that the shape of the energy curve is fixed 
and independent of applied voltage. The effect of 
neutralization of impurities outside the depletion region 
would modify the shape of the energy-distan e curve*; 
however, this is not taken into account.* In Fig. 19(b), 
the trapezoidal current-voltage characteristics are 
sketched out approximately to the right proportion in 
height. The onset 
Figs. 19(a) and (b). 

The comparison of the experimental onset voltages 
with the calculated values is made in Figs. 20(a) and 

b). Reasonably good agreements are obtained for all 
from both the experimental conductance- 
voltage and the current-voltage curves. The onset of 5+ 
appears to be very weak in Fig. 20(a) if it exists at all. 


voltages are also labeled, both in 


pre cesses 


* R. N. Hall, General Electric Research Laboratory, Scientific 
Report No. 1, 1960 (unpublished : 

% Calculations of the junction potential distribution and 
capacitance taking into acc of de-ionization of impurity 
outside of the depletion region are made and planned ‘to be 
published elsewhere. 


ount 
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Fic. 20. A comparison of the observed and predicted onset 


voltages. (a) Experimental data and (b) idealized theoretical 


current-voltage characteristics from Fig. 19(b 


By inspection of Fig. 19(a) and 17(b), this is to be 
expected, and in the limiting case where both 5* and 9* 
are rate controlled by 5+a or 9ta, one would expect no 
onset for 5*, as indicated in Fig. 17(b). 

The comparison of the observed shape of the gold- 
induced excess current-voltage characteristics with the 
trapezoidal approximation as shown in Figs. 20(a) and 
(b) or Figs 21(a) and (b), gives less satisfactory results. 
Some rather unambiguous differences appear below the 
onset voltage of 6~. In particular, the experimental 
current-voltage characteristics at 4°K, shown in Fig. 
21(a), are increasing near 0.4 v, while the idealized 
theoretical current-voltage curve shown in Fig. 21(b) 
is rather flat or slightly decreasing in this voltage range. 
This discrepancy may be partly removed by doing 
a more exact calculation taking into account the 
physical distribution of the donor and the acceptor in a 
real alloy junction. In addition, several other mecha- 
nisms may account for part of this discrepancy. One 
mechanism which is neglected involves tunneling to the 
excited levels of the Coulomb well in process 5+. These 
transitions would increase the total transition rate con- 
siderably for process 5* 0.34 v. One 
might expect to detect onset structures for these tran- 
sitions to the excited states; however, they have not 
been experimentally observed. A possible 
mechanism which has not been considered 
tunneling transition between conduction band tail or 
gap states on the n side and the positively charged gold 
trap states. Such a process would also increase the 
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Fic. 21. A comparison of the observed gold-induced excess 
current-voltage characteristics with (a) the empirically matched 
theoretical calculation from Table I, and (b) the idealized theo 
retical calculation from Fig. 19 (b). 


transition rate of 5+ in the voltage region above €.+ € au‘ 
where the discrepancy exists. In addition to these 
mechanisms, the more exact calculations of the excess 
current-voltage characteristics must take into account 
the many-valley wrapped energy surfaces of the band 
structures in silicon. 

In view of the various complications just discussed 
and the large number of unknown quantities involved 
in the theoretical formula, a detailed comparison of the 
calculated and observed characteristics has not been 
carried out. However, it may be useful to derive from 
the experimental data some estimate of the matrix 
elements and cross sections of the various tunneling and 
Hall-Shockley-Read processes. 

In the following tables, results of numerical computa- 
tions are listed for the various processes using the low- 
field trapezoidal approximation. The following formulas 
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and numerical values are used in the calculations: 


[See also, Fig. 19(a) ] 
Na (boron 
=6xX10” 


Np (phosphorus concentration 


concentration in the regrowth layer) 


atoms/ cc, 


in the bulk)=6X 10" 


atoms/cc, 

e. [Fermi energy in the n side) =0.10 ev, 
e, (Fermi energy in the p side) =0.40 ev, 
FE, (modified energy gap width) =0.96 ev, 
e,(Au—)=0.44 ev, 
€,(Aut)=0.25 ev, 
A€éau 


Vp (built-in voltage) 


0.27 ev, 
1.46 ev, 


Wp (junction width at V,=0 volt)=56.8 A, 


Fp force on electron at V,=0 v) 


5.14 10° ev/cm, 


(maximum 
=2V p/Wop= 
V ( V p(x W p)’, 


F, (force on electron at trap) 
t 


x) 
Fp(e/ Vp), 
x, (length of the forbidden path to the trap) 
or (46—2e,/F;,) A, 
Ae,=2(gF ./4rK eo)? 
silicon, 
hF ,(€,— Ae,)?/2 
[1962/x,(A) JL (m/m,) (e— Ac 
exp{— $[(2m,))/hF 1 Jer(e,— Aex)'} 
exp{—0.3414,(A [ (m,/m)(e.— Ae 


Qe; F, 


0.219(F,/10°)! ev, K=12 for 


2m,)?€ 


x10 ev, 


D= {e.—E,[1—exp(—e,/ £1) ]}/ e, 
wy= 1.59 10" (m,/m) 104W2)ET/ x (A) ] sec, 


J =1270(107°°.\ ,) (m,/m) (104#W?)TD ma/mm?. 


The numerical computations are summarized in 
Table I. An example of taking into account the Coulomb 
interaction is given for 5+a and 9+a. The Coulomb cor- 
rection amounts to almost an order of magnitude 
increase of both the transition probability rate at the 


Taste I. Numerical calculations of the tunneling probability 7, the density of state integral, D, the tunneling transition probability 
rate at the band edge, wo, and the current density J for the various tunneling transition processes. 


F,4 €:— Ae: 


(10° ev/cm) 


3.60 


Process 
295 
710 
250 
440 
152 
250 
266 


Ota 710 
250 
440 
520 
250 
520 


3.60 
2.83 
2.83 
2.13 
3.07 


* Field at trap or at valence band edge at (onset voltage +ec). 
b F, =1.35 K108 ev/cm at trap is used. : 
© (m,/m)W? =10-™ volt®cm! and N; =10'? Au atoms/cc. 


J c 
(ma/mm?) 


37.4 

4.8 
400 

St2 
344 
363 
102 


hy u 
(10°% ev) T D (10"/sec) 
1.68 
0,29 

160 
2.40 
49.7 
13.6 
4.37 


0.071 

0.051 

0.049 
0.086 
0.058 
0.142 
0.086 


0.042 
0.007 
0.647 
0.047 
0.463 
0.202 
0.093 


? 
5 
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ras e II. Evaluation of the tunneling matrix element, (mi/m)W? and the tunneling transition probability at the band edge, w», 
for the various tunneling and recombination processes from experimental data 


V J 


1 J exp 
volts) 


J 


(ma/mm? (ma/mm?) 


0.20 28 


0.40 130 
0.55 168 
0.85 350 


E,+e. 3060 4 


= 1.06 


i Table I with (my/m)W? =10™ volt®?-cm}, 
z Joxp and Jes) in agreement 


9x10" Au 


band edge, w», and the total current density J in the 
flat region of the trapezoid for these two processes. 
Similar corrections are made for processes 9-6 and 6-a. 
The effective mass of the light hole in the V> valence 
band and the transverse electron mass are used in the 
calculation. The relative magnitude of the transition 
probability rate, wo, and the current density in the flat 
region, J, obtained in Table I are in accord with the 
discussion on the various transition processes given 
previously in Sec. III(B). 

In Table II, the theoretical results of Table I are 
added at various applied voltages and compared with 
the experimental data taken from Fig. 21(a). The 
column w» is computed from the experimental data 
and the calculations of Table I. An average value for 
the matrix element for tunneling from trap states is 
obtained, which has a value of 


W-(m, = 1.2K 10-" volt?-cm’. 


This is quite a reasonable value in view that the square 
well depth of the trap in silicon is around 5 ev and the 
diameter of the trap well is about 10~* cm.™ 

In the last row of Table II, several quantities asso- 
ciated with the Hall-Shockley-Read process are calcu- 
lated from diode 6019-1, shown in Fig. 11. For process 
7- one would expect Cp>C,, since the hole capture 
process involves attractive Coulomb barrier, while the 
electrons are captured by neutral centers which have 
nearly a square barrier. In the case of process 7* 
C.<«C, , since the barrier for electrons is of the Coulomb 
type and that for hole is nearly a square well. (See 
Fig. 16.) Since the acceptor doping or hole concentration 
is much higher than the electron concentration or donor 
doping, the density-of-state integral given by (A.4.7) 
in Appendix IV has about the same value for both 7 
and 7+. Thus, in the calculation given in the last line 
of Table II it is assumed that one of the gold levels is 
important in contributing to the recombination in the 
space charge region and a value of D=0.36 is adopted 
which corresponds to (€,NVp/C,Na)(e./e-)!=1 and 
¢,/€-=4 and was numerically computed and listed in 


=” (m,/m)W?2¢ Cc a i J 
(10~*4 y? cm) 


= 
(cm*/sec) (10-* cm?) ct ma/mm? 
15 
12 
130 
38 
350 


9.31075 


V; =10'¢ Au/‘cm!. 


Appendix IV following Eq. (A.4.8). It is interesting that 
the cross section obtained, 1.810~ cm®, is in reason- 
able agreement with published results.2* The transition 
probability rate for the Hall-Shockley-Read process is 
also obtained for electrons or holes at the 
from experimental data and Eq. (A.4. 


Fermi surface 

in Appendix 
IV. The rate listed in Table II is x 55510 
is considerably higher than the tunneling rate from 
traps for the various processes, except for process 6*, 
listed in Table II. The large rate for the Hall-Shockle y- 
Read process is reasonable, since this process in tunnel 


) 
5 


SEK and 


ing diodes involves majority carriers which have very 
high concentrations. 

The experimental data for processes 7 
also calculated using the first order matrix or the 
golden rule approximation given in Appendix IV instead 
of the Hall-Shockley-Read approximation. The effective 
matrix element is about 0.25 10~** volt®-cm 
in Table II, and is almost 50 times smaller than th 


and 7 are 


, as listed 


matrix element of tunneling from trap states. In the 
process of tunneling from trap states, the transition is 
horizontal or the hile i 


energy is constant, while in the 
capture or emission process in traps, the 


transition 
involves a dissipation of about 0.5 ev energy which may 
be carried away by phonons in successive one-phonon 
processes as discussed by Lax.” Thus, in view of the 
large energy dissipation which must be carried away by 
a cascade process, the effective matrix element of the 
Hall-Shockley-Read process would be considerably 
smaller than the tunneling processes from traps which 
involves constant energy. 

The value of the matrix element (m,/m)il 
empirically at five voltages given in Table II are used 
to calculate the idealized theoretical 
dashed lines in Fig. 21(a). 
0.4 v now shows good correlation between experiment 


obtained 


curve shown in 
Although the region near 
and calculation, the negative resistance region near 
0.7 v of the calculated curve has a considerably larger 
dip than observed. This is due to the very large empiri 
cally determined value of (m,/m)W? for 5 
shown in Table II. However, there is no reason that the 


pro¢ ess J 
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matrix element of 5+ should be greatly different from 
that of 9* since these two processes are rate limited by 
the identical first step, i.e., 5+a or 9a, involving electron 
tunneling from the conduction band states horizontally 
to positively charged trap states in the space charge 
layer. Thus, it seems more reasonable to assume that 
the additional mechanisms discussed previously, par- 
ticularly transition to the band edge tail states, are 
probably responsible for the discrepancy which exists 
between the experimental data of Fig. 21(a) and the 
calculation of Fig. 21(b), which is preferred over the 
empirically matched calculation of Fig. 21(a). 


IV. SUMMARY 


The electronic transition processes in gold-doped 
silicon tunnel junctions are examined. Ten processes 
associated with gold are considered. The observed and 
expected structures at the onset voltages for five of the 
processes are in reasonably good agreement. However, 
the observed excess current at around 0.4 v is not com- 
pletely accounted for and may be due to tunneling from 
band edge tails to trap states, or due to tunneling to the 
excited trap states. 

Matrix elements for the process of tunneling from 
trap states are estimated from the experimental data 
and are about 50 times greater than the first order 
effective matrix element of the Hall-Shockley-Read 
process. However, since the Hall-Shockley-Read process 
involves high concentration of majority carriers in 
tunnel junctions, the transition probability rate for the 
processes are rate controlled by the step involving 
tunneling from or to the trap states. At above 0.7 v, a 
two step process, process 6*, which involves conduction 
electrons filling the positively charged and empty gold 
donor level and subsequently tunneling out of the trap 
horizontally to the empty states in the valence band, 
may have comparable transition probability rates for 
both the Hall-Shockley-Read process in the first step 
and the tunneling from trap states in the second step. 
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APPENDIX I. THE TRANSITION PROBABILITY RATE 
OF TUNNELING TO OR FROM A TRAP 


Price!’ has derived an effective first order matrix 
element for electron tunneling out of the trap to the 


valence band which is given by 
i 


Vz ) 
eé 8 
2Vu 


M= 
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Fic. 22. The en- 
ergy band diagram ¢,—>-—, 
labeled with the no- 9 
tations used in de 
riving the transition 
probability rate. 


where W is the matrix element (¢; U,; Wo) of the trap 
potential energy, U;, in excess of the crystal potential 
taken between the unnormalized trap-state wave 
function, ¢;, and the band-edge Bloch wave function, 
Wo, normalized in unit volume; fu(x)= d/dk,|, and 
u, is evaluated at the trap; vz is the component of the 
electron velocity at infinity in the valence band; V is 
the volume of the crystal; and 


6 f k, dx, 


where the integration covers the forbidden path. The 
transition probability rate is given by the usual “golden 
rule” expression: 


(A.1.2) 


(24/h) M |*p(es), (A.1.3) 


where p(e2) is the density of the final state in the valence 
band. An expression similar to (A.1.3) may be obtained 
for conduction electrons tunneling into an empty trap. 
In order to facilitate the calculation of (A.1.3), we 
shall use the labeled energy diagram shown in Fig. 22. 

For an ellipsoidal energy surface, the wave-vector 
component, &,, in (A.1.2) may be obtained in the 
forbidden region by using the effective-mass equation: 


, Who hk»? 
kyy(r) ( + 


2mo, 2m», 


hk». 


+ v Wot) (A.1.4.) 


2m» 
Thus, 
(2m)! 
[E—V(x)— ee, |}! (A145) 
h 


hk», 


where 
hk. 
+ ; (A.1.6) 


2m», 2m» 


Substitution of (A.1.5) into (A.1.2) gives 


2 2 (2m»,)! 
6= f ko, dx [ (€21 -€;)? he | 
1 c 


the field approximation, V(x) 

Fx—e, is used. It is usually assumed that appreciable 
tunneling occurs near €,=0, so that (A.1.7) may be 
approximated by the first term of a Taylor series 
expansion which gives 


A.1.7) 


in’ which constant 


2 (2m2,)3 
A= 
3 Ww 
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The function, #,, may be obtained from 


hu,= (0/0k,) (WkZ 
= h{27E—V (x) ]/ mor}! = (2e,/ mez). 


2m2,) 


(A.1.9) 


The density of the final state may be obtained from 


2RoAdkodk 


V (mame)! 


= deés,leés;. (A.1.10) 


(2r)8 hy ,29° 


Thus, combining (A.1.1), (A.1.8), (A.1.9), and (A.1.10) 
with (A.1.3) and integrating over all possible perpend- 
dicular energy from 0 to €, we have 


M *p(e2) 


2yM22)* 
FW exp| - 


€, 


> 


2 
x | -ex| - 
(2m>,)? 
4 I—exo| -2 (€; | s 
hF 


Coulomb Correction 


The Coulomb attraction which lowers the tunnel 
barrier, such as in process 5*@ shown in Fig. 15(a), may 
be taken into account approximately. The simplest 
approximation is to replace the exact barrier by a 
triangular one with a height which is equal to the 
maximum height of the true barrier. Thus, in the 
constant-field approximation, the barrier height e, in 


A.1.11) is replat ed by 
(S:) 
4rK €, 


where €,» is the barrier height or the trap energy meas- 
ured from the band edge and Fy is the constant force 
at zero Coulomb interaction. The field F in (A.1.11) 


(A.1.12) 


must be replac ed by 


gFo i 
P= Ff -2( ) | /«« (A.1.13) 
4rKe 


APPENDIX II. DETAILED BALANCE CALCULATION 
OF PROCESSES 5°, 6°, AND 6* 


Referring to Figs. 15(a) and (b), the steady-state rate 
of 5* is 
w= U/N,=w(5t +/N,=w(5*b)N°/N,, (A.2.1) 
where 


++ Vo (A.2.2) 





Fic. 23. The coupling of processes 6~ and 6*. 


is the total gold concentration, since no gold in the 
space charge region can trap two electrons (or 5~ does 
not occur), i.e., V~-=0. N+, N°, and N~- are the gold 
concentrations in the three charge conditions. Thus, 
from (A.2.1) and (A.2.2) 


w= U/N,=w(Sta)w(5*b)/[w(Sta)+w(5*b) ].  (A.2.3 


For processes 6~ and 6*, (A.2.3) can be used if only one 
of the 6~ and 6* processes can occur at the same atoms. 
If 6~ and 6* can occur simultaneously, we must take 
both into account. (See Fig. 23.) Thus, 


U(6-)=w.- (6-6) N= 
U (6+)=w,*+(6+b) N+ =u, 


wy, (O-a ).\ 
(6+a) N° 


and 


N,=Nt+N°+A 


Combining (A.2.4), (A.2.5), and (A.2.6), 

relation given by (4) and (5) in the text. 

APPENDIX III. CALCULATION OF TUNNEL CURRENT 
OF PROCESSES 5*, 6, AND 6 


The tunnel current may be obtained from 


I= f gonads foc \ de, F. 


If the Hall-Shockley-Read process is not rate limiting 
and only one transition process can occur at the gold 
atoms at a given x plane, we have (for example, process 
5+), w =w(5ta), where w(5*+a) may be obtained from 
(A.1.11) by changing subscript 2 to 1. Thus, 


JzJI PD. 


(A.3.3 


CA... 
where 
Jo= Qn (x?/h*) (mym,.)'W eT = GN worr, 


x= €,/F=length of forbidden path, 


4 (2m,,)! 
r-exp(- — '), 
3. *F 


1 
D= _ ftt-ew(-e Eu ldey, 
€t 


| Oe = AF 2(2m,,€,)}. 


There is a region: €.+¢€,—€au-< VaS 
where D is constant and is given by 


D={e.— Ex, 1—exp(—e Ey, 
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If the Hall-Shockley-Read process has a transition 
rate comparable to that of the tunneling from traps, 
the density of state integral would have a different 
form from (A.3.6). In the Hall-Shockley-Read approxi- 
mation, the transition rate for the second step, 5*8, is 


2 


w(5td) f Cp(€2) Vp(er)deo=C pp (es e,)}, 


(A.3.8) 


and 


D= 


1 [1—exp(—e1/ Fis) |(e2/€,) 'dey 
f - (A.3.9) 
L 


1—exp(—e:/Fu1) |+a*(e e)! 


€ 


where 


te 3? (my, .)} 4 (2m,,)3 
a Cp/| - WwW? exp(- . «')] 
h*e.F 3. nF 
(A.3.10) 


The relation between €; and € can readily be obtained 
from Fig. 22, and is given by 


ert eo=etete— Va. 


The range of integration for (A.3.9) is the same as 
that of (A.3.6) and is discussed in the text. The function 
D is smoothly varying with V,, except at the onset, 
where it has a finite slope or discontinuity in the D 
versus V, plot. In general, (A.3.9) must be evaluated 
numerically ; however, for £,,;>>e:, an explicit result can 
be obtained. 


(A.3.11) 


APPENDIX IV. RECOMBINATION IN THE SPACE 
CHARGE REGION (PROCESSES 7*) 


For simplicity, we shall consider only a one-level 
recombination center at 0°K. Let’s consider process 7-. 
The steady-state rate is given by an expression similar 
to (A.2.3) and is 


w=w(7-a)w(7-b)/[w(7-a)+w(7-b) ]. (A.4.1) 


The individual rates w(7~a) and w(7-b) may be ob- 
tained from the result of Hall-Shockley-Read statistics 
or by using an effective matrix element in the “golden 
rule” expression of (A.1.3). 


(1) Hall-Shockley-Read Approximation 
The transition rates are: 


él 
w(7-a) f Crles)Vp(edaC,n(e e,)?, (A.4.2) 


w(7-b) -f C p(s) Vp(€2)dexC pp(eo/er)!, (A.4.3) 


> 


5 
p-*f | 
eb J (e.)!+(Ma/M>p)2(mizm1,m-/M2zM2yM22)'(e1)! 


AND EXCESS CURRENTS 1611 
where the electron and hole capture probabilities, C,, 
and C,, are assumed constant and their concentrations 
are 


? 


n= 8r(2m-€,)3/3h', 


(A.4.4) 
and 


p=8r(2mye,)3/3h'. (A.4.5) 


The current density obtained from (A.3.1) is given by 


J=(qN CN d/F)eD, (A.4.6) 


where 


€2'€) de 


D f pica en 
e!+(C,Np C,N 1) (€p/€-) 4e1? €,! 


The electron and hole kinetic energies, €; and €, are 
related by e.+e=€-+e€+¢€—V, as given by (A.3.11). 
The integration range of (A.4.7) covers energies ver- 
tically common to the filled conduction and empty 
valence band. For example, in the range, €¢,< Va ete, 
eeteg—VaseaXe., when V,z~e, and (C,.Np CpN a) 


(e,/e-)3=1, D is given by 


(A.4.7) 


bikes ak (A.4.8) 
e,ite,! 


At Vz=e,+e,, the onset voltage of the injection current 
D is given by the following table for (C,NVp/C,N 4a) 
X (e,/e-)'=1: 


€»/ € 1.0 
D 0.0983 


3.0 
0.338 


4.0 


0.362 


2.0 


x 
0.278 0.4000 


(2) First-Order Matrix Approximation 


The transition rates are 


2r 1 
(2,11, 1-)?(€1)?, 


M,? 
rf 3 


h Tn 


w(7—-a)= 


2r 1 
w(7-b) =—M;?? (2m2,M»2,M»,)*(€2)?. 


h rhs 


(A.4.10) 


The current density is 


gvif2r 
J= ( MeNy)D, 
FNh 


(A.4.11) 


where 


(€1)!(€2)3 


de). 
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The integration range of (A.4.12) covers the same 
energy as (A.4.7). At Va=e,t+e., 

M../M,)?(m2m1,m,/ mM2,M2,Ms;)'= 1 


€,t+€-; (A.4.12) can be evaluated numerically 
=4, D=1.408. 


and JV ,- 
At e,/€ 


APPENDIX V. CALCULATION OF TWO-STEP 


CASCADE TUNNELING VIA TRAP 
PROCESSES 9* AND 9°) 


Let us consider 9 
processes. Then the rates are 


4 (2m,,)} 
ep(- (Eau ") 
Srtires,, 3 nF 
2(2m, } 

x|1-en(- (€au '«) 

' AF 
r 2(2mz,)} 

ras 1-exp(— (€Au )| (A.5. 
L hF 
and 


. 2(2m,,)! ; 
w(9tb)=we I-exp(- (€g— €Au e) f 
: hk 


(A.5. 


and disregard coupling to other 


m,m,-)2?FW 2 
w(9ra)= 





The current density is (for small F) 


€ 
D. 
F 


Here, D= trape zoid for 
hk 
Ey; = 


SAH 


For E..>e, and Ey.>>¢e,, D is given by 


1 €:(€-+e-— Va—er)dey 
D=- f- wat 
e. €:1(1—a)+a(e.+¢,— Va) 


a(e-te,— Va) 


1f—e; e+e,—- Val 
| + _) me 
(1—a)? | l—a 


e“Ll—a 


XInf(A—aertatete—V)]}] , AS. 


€a 
a (me €Au ) 
Wo Mizc€Aau 


For a=1, the peak voltage occurs at 


where 


ta= V,/e-=1+r—(14+7)'<1, 
where 


T= €y/ Ec. 


In a symmetrical case with respect to electrons 
and m:= Moz, 


=<¢,/2, ww=weo, 


holes, i.€., €au 
integral can be calculated explicitly, giving 


1 el=e 
p-| (e+ HE.G) ; 
€. t1=€q 


where 


Gua 


b 2(1—b)'(1—b—2u4+-v?)! 
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u 
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The diamagnetic susceptibilities of some pyrolytic graphites deposited at 2100-2300°C have been meas 
ured at room temperature. As-deposited samples had significantly larger susceptibilities than that of well 
graphitized carbons or single-crystal graphite. Heat treatment at temperatures above 2300°C caused the 
total susceptibility to decrease to a minimum value, then rise and level out at a value characteristic of 
graphite, as a function of treatment temperature. The relationship of the susceptibility behavior to the 


structure of the pyrolytic graphite is discussed. 


HE magnetic susceptibility of graphite is large, 
diamagnetic, and very anisotropic. Diamagnetism 
is a property of the benzene-ring structure of carbon 
atoms and the anisotropy is consistent with the crystal 
structure, but the magnitude of the susceptibility has, 
until recently, posed a theoretical problem.' It is the 
purpose of this note to report on some new measure- 
ments which show: (1) that the diamagnetic suscepti- 
bility of certain oriented carbons (pyrolytic graphites) 
is significantly larger than that of single-crystal 
graphite, and (2) that the susceptibility of these carbons 
goes through a minimum as a function of heat-treatment 
temperature and finally approaches that of graphite. 
Measurements were made by the Faraday method 
calibrated against platinum as a standard. Correction 
for ferromagnetic impurities was made by the Owen- 
Honda method, using field strengths of 6000 to 15 000 
oe. The absolute values of the susceptibilities are 
believed to be accurate to +3%, but the relative 
precision is better than that. All values are reported in 
units of (— 10~-°) cgs units per gram. The measurements 
were made at room temperature on samples from three 
slabs of pyrolytic carbon obtained from two sources. 
This material was made by decomposition of a dilute 
hydrocarbon gas on a graphite substrate heated to 
2100-2300°C. Heat treatments were carried out in 
graphite furnaces in an inert-gas atmosphere. The 
susceptibility was measured perpendicular (X,) and 
parallel (X,,) to the plane of the deposit. Within experi- 
mental error, X;,; was isotropic in this plane. Because the 
pyrolytic carbon has a high degree of preferred orienta- 
tion, X, and X,, correspond approximately to measure- 
ments perpendicular and parallel, respectively, to the 
(0001) crystallographic planes. The total susceptibility,” 
X7p=X,+2X,, (the spur of the tensor) has also been 
computed from these data. 
The room temperature susceptibility values for the 
three carbons (A, B, and C) after various heat treat- 


* This paper represents the results of one phase of research 
carried out at the Jet Propulsion Laboratory, California Institute 
of Technology, and sponsored by the National Aeronautics and 
Space Administration. 
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2W. P. Eatherly and J. D 

1953). 


McClelland, Phys. Rev. 89, 661 


ments are given in Table I. The values for natural single 
crystals reported by Krishnan and Ganguli’ and Poquet 
et al. are also shown. With heat treatment, no change 
occurs until the temperature exceeds 2300°C. Then 
both X7 and X, decrease to a minimum value near 
2900°C and level out again at temperatures above 
about 3200°C. The results for X7 are shown in Fig. 1. 
X;, decreases monotonically in the same temperature 
range and approaches the single-crystal value after 
treatment at temperatures of 3200°C and above. It is 
interesting to note that despite appreciable differences 
in anisotropy, which persist throughout the heat treat- 
ment, and despite probable differences in manufacturing 
technique the values for materials A and B fall on the 
same curve in Fig. 1. The as-deposited and 3400°C 
values for material C also fall on this curve, but the 
minimum (not shown) for C occurs about 200°C lower 
than that for A and B. 

The total susceptibility of the as-deposited carbons 
is appreciably larger than the value for single crystal 
graphite or well-graphitized petroleum carbons (20.5 
21.2).2 It is well known that the susceptibility of 
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Fic. 1. The total diamagnetic susceptibility (at room tempera 
ture) of three pyrolytic carbons (A, B and C), deposited at 
temperatures 74, as a function of heat. treatment temperature. 
Values for single-crystal and polycrystalline graphites are also 
shown for comparison 
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TABLE I. Room-temperature magnetic susceptibility values for pyrolytic carbons 
and single-crystal graphites in units of (—10~®) cgs units/gram. 


Total 
Sample Xr 
As-deposited : 
A (deposited at 2200-2300°C) 
B (deposited at 2100°C) 
C (deposited at 2100°C 


After heating to 2900°C: 
A 

B 

C 

After heating to 3400°C: 
A 

B 

C 

Natural single-crystal graphite 
Krishnan and Ganguli® 
Poquet et al. 


partially graphitized carbons increases with the crystal- 
lite layer plane diameter up to sizes of 100-150 A and is 
constant thereafter.’° Generally, the proportion of 
material in which the stacking sequence is correct also 
increases with crystallite size. Available evidence (our 
own’ and others*) indicates that the crystallite size of 
as-deposited pyrolytic carbons similar to those used 
here is greater than 100 A, but the density of stacking 
faults is very high (i.e., it is turbostratic). This com- 
bination of conditions is believed responsible for the 
large susceptibility of these materials. Both the larger 
interlayer spacing and the changed interlayer inter- 
actions in the turbostratic material may be expected to 
alter the band structure. 

On heat treatment in the range 2400-3400°C, pyro- 
lytic carbon “‘recrystallizes”’ with extensive changes in 
many physical properties. X-ray diffraction analysis 
indicates that stacking faults are largely eliminated and 
the degree of preferred orientation increased during this 
process. The increase of preferred orientation is evident 
in the decrease of X;, and the increase in X,/X;,,. The 
susceptibility minimum is apparently associated only 
with the elimination of stacking faults since it is not 
sensitive to preferred orientation differences. The 


‘H. T. Pinnick, Phys. Rev. 94, 319 (1954 


*A. F. Adamson and H. E. Blayden, Jndustrial Carbon and 
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Perpendicular Parallel to (Anisotropy 
to deposit deposit ratio 
XL Xi/Xi 


23.4 
21.8 


minimum could result either from changes in band 
structure or from electron trapping during the transition 
from highly faulted to nearly perfect graphite. The 
susceptibility of the well-graphitized pyrolytic carbon 
(after heating to 3200-3600°C) is in general agreement 
with the recent results of Poquet ef al. on purified 
natural single crystals. The higher values obtained by 
Krishnan and Ganguli might have resulted from im- 
purities or damage to their crystals either during 
formation or extraction. 

The results discussed above apply in detail only to 
pyrolytic carbons deposited at 2100-2300°C. There is 
abundant evidence*—” that the as-deposited structure 
of pyrolytic carbons and their response to heat treat- 
ment depends strongly on deposition temperature. 
Preliminary results on materials deposited at 1900 
2000°C indicate Xr values in the range 19.3—20.7 and 
the minimum is either small or absent, in general agree- 
ment with results of Soule." 
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The elastic constants of two body-centered halides, CsBr and CsI, were determined as a function of tem 
perature from 300°K to 73°K. The velocity measurements were obtained with an ultrasonic interferometer 
constructed according to the design principles of Williams and Lamb. Room temperature constants of RbBr 
and RbI samples were also measured. The values of Ci1, C12, and C4, in units of 10" d/cm? at 22°C for these 


salts are given in the following table: 


Cu 
CsBr 3.097 
CsI 2.434 
RbBr 3.45 
RbI 2.54 


Cie Cus 
0.903 0.7500 
0.636 0.6316 
0.493 0.384 
0.407 0.276 


The temperature dependence of all the cesium salt constants was negative and nearly linear over the tem 
perature range investigated. It was found that with decreasing temperatures Cy, increased more rapidly 


than Cj. for the two cesium salts examined. 


The elastic constant data of the sodium chloride type halides, compiled from the literature, are compared 


with those of the cesium chloride type salts. 


INTRODUCTION 


LASTIC constants and their temperature depend- 

ence correlated with other physical measurements 
provide a valuable insight into the nature of atomic 
binding forces in solids. 

For this reason the elastic constants of several mate- 
rials, especially of the alkali halides, were extensively 
investigated by a variety of different methods. In 1929, 
using static methods, Bridgman! determined the stiff- 
ness constants of NaCl and LiF. Later Bergmann,’ 
Durand,’ Rose,‘ and Hunter and Siegel® measured the 
constants of LiF, NaCl, KBr, and KI. Huntington® used 
the ultrasonic pulse echo technique to obtain the elastic 
constants of LiF, NaCl, KBr, and KI. Galt’ used the 
same method to obtain the temperature dependence of 
KBr constants. In 1949 the constants of NaCl were 
again measured as a function of pressure by Lazarus,*® 
while the temperature dependence of NaCl was first 
obtained by this method by Overton and Swim’ in 
1951. Norwood and Briscoe” and Briscoe and Squire"! 
determined the temperature dependence of elastic 
moduli of KCI, KI, and LiF, respectively. The moduli 
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of Nal were evaluated by Haussuhl” and by Eros and 
Reitz." Bhagavantam' used the ultrasonic wedge 
method to find the constants of NaBr. Employing his 
ultrasonic elastogram method, Bergmann'® found the 
room temperature moduli of LiF, NaF, NaCl, NaBr, 
KCl, KBr, KI, RbCl, and RbI. Spangenberg and 
Haussuhl,'* also by the Bergmann-Schaefer method, 
found the room temperature elastic constants for all 
the sodium chloride type alkali halides. The room tem- 
perature constants of CsBr were measured by Bolef and 
Menes,'’ while the temperature dependence of these 
moduli was determined by Marshall.'® 

This brief survey shows that a considerable amount 
of work has been done on the elastic constants of the 
sodium chloride type halides and that more work is de- 
sirable, in particular on cesium chloride type salts. A 
survey of the availability of cesium chloride type com- 
pounds showed that pure single crystals of CsBr and 
CsI were the most readily available and consequently 
they were selected as the object of this investigation.” 


APPARATUS AND PROCEDURE 


The CsBr and CsI samples were secured from the 
Elyria branch of the Harshaw Chemical Corporation. 
At this plant, optical-quality cesium salt crystals are 
grown from the melt by a modified Bridgman method. 
Our CsBr sample was approximately cylindrical, having 
a length of 0.75 in. and a diameter of 1.5 in. The CsI 
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sample was almost a cube with a 1-in. long edge. Both 
of these crystals were carved from larger ingots. The 
total impurity content of these salts is less than 10 ppm, 
the impurities being Al, Ca, Fe, Mg, Cu, Si, and Tl. The 
rubidium crystals were obtained from the Korth 
Physical Laboratory and they were approximately 
cubic with a 1-in. base. 

Since CsBr and CsI were not cleaved specimens they 
had to be oriented by x-ray methods before they were 
cut. Before taking a Laue back-reflection picture, the 
specimen was “water polished” in order to obtain well- 
defined spots. This polishing procedure consisted of 
rubbing the specimen against a slightly dampened 
tissue, clamped tight in a ring. Exposures were taken at 
random until a symmetry pattern was found. From this 
point on the orientation, work proceeded using the 
standard method.” The oriented specimen was later 
polished with several grades of Clover lapping com- 
pound until its faces were flat and parallel. A parallelism 
of 30 win. in. was achieved by handlapping of the crys- 
tals on surface ground meonite plates. The parallelism 
was checked on a Pratt and Whitney Supermicrometer. 

At room temperature, salol (pheny! salycilate) served 
as the acoustical coupling agent, while in the range from 
0°C down tc — 120°C the bonding cement was glycerin. 
A Dow Corning silicone rubber, Silastic 135, gave a 
satisfactory coupling film below — 120°C. 

The cryostat consisted of a heavy copper block, 
copper flanges, and a stainless steel tube leading into 
the block. The block and the flanges equalized the 
chamber temperature to within 0.1°C, while the stain- 
tube minimized the heat from the 
system. The liquid nitrogen was pumped into a Dewar 
flask in which the above apparatus was suspended. The 
sample was pressed slightly against a coaxial connecter 
in such a way that central and peripheral parts of the 
transducer plating made contact with the middle and 
ground electrodes of the connector. With this arrange- 
ment electrical contact was assured at all temperatures. 
The temperature was monitored by two pairs of copper- 
constantan thermocouples and a K-2 potentiometer. 
The thermocouples were calibrated at the ice point and 
dry ice point and at the boiling point of liquid nitrogen. 
The rate of the temperature change was obtained by a 
Brown Recorder. 

The wave velocities were determined by a modified 
pulsed ultrasonic method. An ultrasonic interferometer 
constructed” according to the procedure of 
Williams and Lamb.” The method is based on phase 
interferometry whereby an incoming traveling wave 
train is cancelled, after it has been reflected from the 
free end of the sample, by another pulse, which has the 
same amplitude and frequency as the first, but differs 
in phase exactly 180°. Consequently, the equipment 
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TABLE I. The measured pV? values for CsBr as a function of 
temperature in units of 10" d/cm?. The figures were obtained from 
curves drawn through the experimentally determined points. For 
the limits of error in the last significant figure, see the text. 


= eV? pV? 
(°K) (Cir +Ci2t+2Cua)/2 (C44) 


80 3.1375 
100 3.1018 
120 3.0663 
140 3.0300 
160 2.9937 
180 2.9575 
200 9213 
220 8850 
240 8490 
260 8125 


280 7775 


0.9622 
0.9421 
0.9220 
0.9019 
0.8818 
0.8617 
0.8416 
0.8215 
0.8014 
0.7813 
0.7612 


MMMM 


was designed to generate two pulses with a variable 
time separation between them. The tops of both of 
these pulses are flat and the amplitude of the second 
pulse is adjustable. The first pulse is applied to the 
crystal, travels down the sample, and is reflected back 
from the free end of it. When this pulse reaches the 
transducer, the second pulse is adjusted to be equal to 
the returning amplitude of the first pulse and the second 
pulse will cancel the first one, yielding a well-defined 
null (unrectified echoes are displayed at 10 Me/sec). 
From the frequencies at which the nulls occur and the 
length of the sample, the velocity of the sound wave 
may be calculated. This method enhances the precision 
of the velocity measurements, since only a frequency 
determination is required here instead of a time meas- 
urement. A relative precision of 50 ppm is easily 
achieved with the above system. Another advantage of 
this method is that it avoids the end effect, since one 
observes the cancellation in the central portion of the 
individual pulses, where they are well approximated by 
a continuous wave. 


RESULTS AND CONCLUSIONS 


The three independent velocities in the [110] direc- 
tion, a compressional mode and two shear modes (polar- 


TABLE II. The measured pV? values for CsI as a function of 
temperature in units of 10" d/cm*. The figures were obtained from 
curves drawn through the experimentally determined points. For 
the limits of error in the last signfiicant figure, see the text 


- pV? pV2 
(°K) (Cy t+Cywt2Cu 2 C 44 


80 
100 
120 
140 
160 
180 
200 


5135 0.8083 0.9543 
4810 0.7919 0.9505 
4490 0.7752 0.9454 
0.7586 0.9401 
0.7421 0.9348 
0.7256 0.9296 
0.7093 0.9242 
0.6928 0.9190 
0.6763 0.9136 
0.6599 0.9083 
0.6434 0.9030 


4165 
3835 
3515 
3190 
2865 
2550 
2220 
1900 
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ELASTIC CONSTANTS OF 
ized in the [100 ]and [110 ] directions) suffice to determine 
the three elastic constants of the salts examined. In 
Tables I and II the values for the measured quantities 
eV L(CutCwtCa)/2)], pV? (Cu) and pVs 
[ (Ci:—C 2) /2 |] are shown as a function of temperature. 
The temperature dependence of the calculated quanti- 
ties Cy, and Cy. and of the measured quantity C44 are 
shown in Fig. 1. Table III compares the room tempera- 
ture values of the CsBr, CsI, RbBr, and RbI constants 
with the values of Bolef and Menes, those of 
Marshall,'* and the results of Spangenberg and 
Haussuhl.'® 

The relative precision of a particular pV? determina- 
tion at a given temperature is limited by the repro- 
ducibility of the ultrasonic interferometer. A reading 
on this instrument is reproducible to within 50 ppm, 
enabling one to report a particular pV? with a precision 
of 100 ppm. The absolute accuracy is affected by the 


Taste III. Comparison of room temperature values of RbBr, 
RbI, CsBr, and CsI constants in units of 10" d/cm? with the 
values of Bolef and Menes and with the results of Spangenberg 
and Haussuhl 


Bolef Spangenberg 
Present and and 
investigation Menes Haussuhl 


3.47 
0.42 


RbBr 3.15 
0.493 


0.384 


3.185 
0.48 

0.385 
2.585 
0.375 
0.281 
3.056 
0.776 
0.743 


RbI i 2.54 
12 0.407 
6.276 


3.097 
0.903 
0.7500 
2.434 
0.636 
0.6316 


0.756 


2.46 
0.67 
0.624 


uncertainty in density, by the misalignment of the 
sample axis with respect to the true crystallographic 
axis, and by the thickness of the adhesive film between 
the sample and the transducer. Interference due to 
limited specimen size and diffraction due to finite trans- 
ducer size also contribute to the total error in the abso- 
lute velocity. The fact that phase and group velocity 
are different in our case would give rise to an additional 
source of error. The theory int orporates corrections for 
the change of phase angle with frequency at the trans- 
ducer. The room temperature density was obtained 
from x-ray powder values (ASTM) and the temperature 
dependence of this density was arrived at by extrapolat- 
ing the density data in the Critical Tables. The inaccu- 
racy in the constants due to misalignment was esti- 
mated according to Waterman. A bond. thickness 
correction was made, accounting for the sound velocity 
in the adhesive. The estimated total error in absolute 


23 P, C. Waterman, Phys. Rev. 113, 1240 (1960). 
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Fic. 1. The temperature dependence of the adiabatic 
elastic constants of CsBr and CsI. 


accuracy for a particular velocity measurement is ap- 
proximately 0.05%. The estimated errors in Cy, Cis, 
and C4, of the particular specimen used are +0.2%, 
+0.5% and +0.1%, respectively. 


DISCUSSION OF THE ELASTIC BEHAVIOR 
OF ALKALI HALIDES 


In Figs. 2-4 the available data on Cy, Cy2, and C44 
for all alkali halides were plotted against the respective 
radii of the alkali ions. Observing Fig. 2, one sees that 
there is no marked difference in behavior of Cy; as one 
goes from the sodium chloride type lattice to a cesium 
chloride type one. A physically reasonable explanation 
of this result is apparent, if one examines the nearest- 
neighbor interaction for uniaxial compression. In a 
sodium chloride type lattice, nearest neighbors are pressed 


's 








Fic. 2. The room temperature C;; as a function of the 
alkali ion radii. 
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Fic, 3. The room temperature C)2 as a function of the 
alkali ion radii. 














Fic. 4. The room temperature C,, as a function of the 
alkali ion radii. 


directly against each other, while in a cesium chloride 
type lattice the compressive force is divided among the 
nearest neighbors, four ions in the cube corner positions 
pressing against the body-centered ion. The data 
presented indicate that these two unlike interactions 
produce a comparable change in length for a particular 
applied stress. The results are implicit in the theories of 
Fuchs* and Krishnan and Roy.®® On the other hand, 
from an inspection of Figs. 3 and 4, drawn for Cy. and 
Cy, it is obvious that the values for Cy. and C44 for the 
cesium salts are higher than would be expected, if they 
had a sodium chloride type structure. Considering the 
C-type shear motion of lattice planes [a (100) lattice 
plane slipping with respect to the other] one finds that 
it is easier to slide a plane in a sodium chloride type 
lattice than in a cesium chloride type one, since in the 
first case one is moving the ions away from a closed-shell 
repulsion potential maximum, while in the latter case 


*K. Fuchs, Proc. Roy. Soc. (London) A153, 622 (1936). 


26K. S. Krishnan and S. K. Roy, Proc. Roy. Soc. (London) 
A210-211, 481 (1951-1952). 


the closed shell repulsion potential is a minimum at the 
equilibrium configuration. It follows that Cis and C4 
for the body-centered halides are larger, meaning that 
CsBr and CsI are stiffer in shear than would be expected 
if their structure had been the face-centered variation. 
This result also has been surmised by Fuchs and by 
Krishnan and Roy. 

On Figs. 5 and 6 the measures of the anisotropy 
[(Cu—Cw) C4] and of the ratio 2(Ci2—C44)/ 
(Cia+Ca4) are plotted for most of the alkali halides. 
From Fig. 5 one observes that the anisotropy of lithium 
salts stays constant regardless of the halide ion com- 
bined with the lithium. One also observes that as the 
atomic number of the halide ion increases, the nature 
of the alkali ion manifests itself more by making the 
heavier salts for the same halide ion more anisotropic. 
For the body-centered salts the general linear character- 
istic of the curve is broken and the anisotropy of the 


cesium salts is close to one, a value substantially lower 


than that of the immediately preceding sodium chloride 
type rubidium salts. 

















Fic. 5. The measure of the room temperature anisotropy 
(Ci,—Ci2)/2C 44 as a function of the ion radii. 
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Fic. 6. The measure of the room temperature ratio (C12 
4(Ci2+C) as a function of the alkali ion radii, 
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TABLE IV. Elastic constants of alkali halides at low 


t t in units of 10" d/cm?.* lithium ions occupy the available holes in the lattice. 
emperatures in units 0 da/cm*. ‘i 


For salts where the alkali ion size is larger, the value of 
the anisotropy increases, since the lattice departs from 
being a simple face-centered cubic lattice. For the other 
alkali ions, increasing the halide ion size also increases 
the anisotropy of the salt. When considering cesium 
3.38H chloride type halides, the observed sudden drop in the 
2.669. value of the anisotropy may be due to the increased 
number of nearest neighbors tending to make the 

crystal more isotropic. 
0.986 The meager low-temperature data in Table IV indi- 
0.54 cates that as the temperature is lowered, the anisotropy 
increases in general, while the departure from the 
Cu Cauchy relation is decreased as a rule. The scarce tem- 
perature-dependent data on Cj. and C44 would also 
1.32 


dian suggest that the slopes for the above two constants are 
0.663 0.505 0.368 55 —s pens 


somewhat coupled (possibly by the Cauchy relation), 
0.972 0.814 the slope of Cy. being, as a rule, less than that of C44 


for any particular salt. 


*® Subscript H—at liquid helium temperature; subscript N—at liquid 
nitrogen temperature. 
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The dispersion law for spin waves in a cubic canted spin array has been derived. From this dispersion law 
the spin-wave contributions to the specific heat and magnetization have been obtained. The integrals 
involved in the expressions for these quantities have been evaluated numerically for a moderate range of the 
system description parameters B and F. In a special case the behavior of the spin wave contribution has 
been shown to change from 7! at very low temperature to 7% at somewhat higher temperatures. This phe 
nomenon is discussed in terms of some available data on low-temperature spin system specific heats 

INTRODUCTION One of the most interesting facets of spin-wave 

HE subject of spin waves has been of interest ever theory is the study of such waves in canted arrays. 
since Bloch! initially proposed the method as a This interest was stimulated by Dzyaloshinsky’s 

way of describing the deviations of the magnetization observation that the observed weak transverse ferro- 
at low temperatures from that at absolute zero. Recent Magnetism? ol a-FesO3 could be explained in terms of a 
direct observations of the spin-wave resonance? have turning towards one another of the two antiferro- 
tended to increase our faith in the model. An excellent ™agnetically coupled sublattices. This in turn could 
review? includes calculations typical of those to be found reasonably be due to canted anisotropy fields. Orbach® 
in the literature. has pursued this question from the spin-wave viewpoint 
and has obtained the spin-wave dispersion law and the 

* Present address: University of Wichita, Wichita, Kansas static magnetization due to canted arrays. 

'F. Bloch, Z. Physik 61, 206 (1930). ‘ 

2M. H. Seavey, Jr., and P. E. Tannenwald, Phys. Rev. Letters ‘TI. Dzyaloshinsky, J. Phys. Chem. Solids 4, 241 (1958). 

1, 168 (1958). 5}, J. Morin, Phys. Rev. 78, 819 (1950) and references cited 
3J. Van Kranendonk and J. H. Van Vleck, Revs. Modern _ there. 
Phys. 30, 1 (1958). ® R. Orbach, Phys. Rev. 115, 1189 (1959 
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In this paper we derive the spin-wave dispersion law 
under slightly more general conditions than those 
employed by Orbach. Proceeding from the dispersion 
law the spin-wave contributions to the specific heat 
and magnetization are obtained. The complexity of the 
dispersion law forces one to determine C, and M by 
numerical integration. As a result of carrying out these 
integrations it is seen that the use of the exact dispersion 
law has interesting consequences even for uncanted 
arrays. The most direct manifestation of the use of the 
exact dispersion law is the appearance of a small 7* 
term in the spin-wave contribution to the specific heat. 
Since such a term would not be separable from the 
lattice specific heat, it could cause some difficulty in the 
interpretation of low-temperature specific-heat measure- 
ments. We might also observe that this work represents 
an extension of that of Kouvel and Brooks,’ who 
considered simple cubic lattices with finite external 
and anisotropy fields. These workers, however, re- 
stricted their work to the consideration of fields along 
a crystallographic axis. 


DESCRIPTION OF SPIN SYSTEM AND 
HAMILTONIAN 


For the purposes of this calculation it will be assumed 
that the system is a regular array of well-localized 
spins which may be divided into two sublattices. It will 
be assumed further that this division can be accom- 
plished in such a way that all the nearest neighbors 
of a spin on one sublattice are on the other sublattice 
and conversely. A given spin may be subject to three 
distinct torques due to (a) the exchange interaction with 
neighboring spins, (b) the interaction with crystalline 
anisotropy fields and (c) interaction with an externally 
applied field. 

The exchange interactions have the form (for the 
entire spin system) 


7) ® B S, > 2 92", (1) 


where the sum on 7 goes over all spin sites on sublattice 
one and the sum on z goes over the sites on lattice 
two which are nearest neighbors of the 7th site on 
lattice one. J is the negative of the exchange integral 
as usually defined.* 

The anisotropy energy, i.e., the energy responsible 
for easy and hard directions of magnetization, is the 
result of some complicated combination of the effects 
of spin-orbit coupling and the interaction of orbital 
angular momentum with inhomogeneous electric fields.’ 
As a result of this anisotropy energy there are certain 
directions, fixed with respect to the crystallographic 
axes, in which the spins prefer to align. We assume that 

7J. S. Kouvel and H. Brooks, Technical Report 198, Cruft 
Laboratory, Harvard University, 1954 (unpublished). 

8 J. H. Van Vleck, The Theory of Electric and Magnetic Suscepti 
bilittes (Oxford University Press, New York, 1932). 

°C. Kittel and J. K. Galt, Solid-State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, New York, 1956), Vol. 3, 
p. 437. 
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there is such a direction for each of the two sublattices 
but do not insist that they be parallel. We do require, 
however, that the direction be the same for all spins 
on a given sublattice. The symmetry properties of 
various crystal structures lead to relatively general 
expressions for the anisotropy energy ; however, for our 
purposes the expression 


— ¥ g:8H,-S,\— ¥ g.8H.-S, 


(K.x<S, (Ki, xS, 
KS, 

(K.x<S, 
> 


— 


+> 


— 


-(K.x§$ 
KS 


+ 


will suffice. H,; and Hy, are vectors in the easy direction 
of magnetization as are K, and Ky. It will be assumed 
that the H’s and K’s are temperature independent. 
This expression at best is valid only for small deviations 
from the preferred directions. However, it does lead to 
tractable problems and contains both of the forms 
commonly used for the anisotropy energy. Thus the 
results of this calculation can be compared readily wit! 
previous less general calculations 

The third term of interest is simply the Zeeman 
energy of the spins in the external field Ho, 


By introducing fields H,’=H,+H and H.’ 
= H.+ Hp, the Zeeman energy can be included with the 
first two terms in the anisotropy energy. It is well to 
note that the exchange energy is about 10 times the 
Zeeman energy while the anisotropy energy is about 10 
times the Zeeman energy. | 

The expressions given above can be 
give the Hamiltonian 5 for the spin system 


K=— > 2,88, -H,’- > 28S -H } 


| 


mm, 


new 


combined to 


(K,XS, -(K.xS, 
> 


+2 S >~S 


This Hamiltonian can be treated as a classical energy 
expression and used to compute torques exerted on the 
various spins or alternatively may be considered as a 
quantum-mechanical Hamiltonian. In the latter case, 
equations of motion for the individual spins may be 

© The temperature dependence is discussed by C. Zener, Phys 


Rev. 96, 1335 (1954); and F. Keffer, Phys. Rev. 100, 1692 (1955 
"J. H. Van Vleck, Proc. Inst. Radio Engrs. 44, 1270 (1956). 
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obtained from 
1 dS, “at 


[3 Ss l 
h dt 


d8. 


; —[3,8.] (5) 
h dt 


The result of evaluating the commutator for §, is the 
exact quantum-mechanical equation of motion 


hdS, dl 
xH’ 
« K, (S$, 


gi8S, 


(S; 


-K,)+(S, 
K,S, 
—2J8,°* YS. (6) 


-K,)(S, . < K,) 


+ 


The corresponding equation for S. is obtained by 
simply interchanging the appropriate subscripts and 
superscripts. Equation (6) is equivalent to the equations 
of motions used by Kouvel and Brooks? and by Orbach,*® 
among others, when the appropriate restrictions are 
imposed. 


DISPERSION RELATION 


As noted earlier, the central problem in spin-wave 
theory is the deduction of the appropriate dispersion 
relation or dependence of frequen y on wave vector. 
Obtaining this dispersion relation is essentially equiv- 
alent to solving Eq. (6). We have accomplished this 
in two ways; first by treating the S’s as classical vectors 
and solving Eq. 
librium and 


(6) for small deviations from equi- 
by making appropriate trans- 
formations to reduce the Hamiltonian (4) to one which 
describes a set of uncoupled harmonic oscillators. Since 


Se¢ ond 


the same result was obtained in each case, only the first 
will be considered here." 
The classical equivalents of (6) are 


dS, 2(S, & K,) (S,- K,) 
gioS, x H,’+ 


K 1 
pis 2JS8, 


—28S.°x* YS, 


The 


spins must now be found. As long as the anisotropy 


fields are not both zero for both lattices, this ground 


state is the configuration in which all spins on sublattice 


one are parallel to a vector which is fixed with respect 


2H. Unruh, Jr., Technical Report No. 3, Case Institute of 
Technology, 1959 (unpublished). 
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lowest energy equilibrium configuration of the 
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to the crystallographic axes and all spins on sublattice 
two are parallel to another such vector."* From (7) 
it is clear that this may be phrased 


: | 2K,(S, i) 
NS = g,GH,'+ 
| KS; 


2K. (S.° 
KS» 
ier M oko. 


In (8) the subscript eq means that the quantity to 
which it is attached is to be evaluated for the equi- 
librium configuration of the spins. The \’s are simply 
proportionality constants. Thus M, and Mz, are con- 
stants and k, and ky constant unit vectors. 

Classical spin waves are phase-coherent displace- 
ments of the spins from their equilibrium positions 
such that the termini of the spin vectors describe 
ellipses about their equilibrium positions. The im- 





Se 





Fic. 1. Canted spin orientations. 


8 The validity of this approximation has been discussed by 
P. W. Anderson, Phys. Rev. $3, 1260 (1951), and others. 
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mediate problem is the determination of such solutions. 
To do this we introduce new variables r and p‘ by 


S, , =S§,k,+r wi S, v= —Sok.+p™, (9) 


and treat r‘° and p‘” as small. That is to say only small 
deviations of the spin system from its equilibrium 
configuration will be considered. 

It is convenient at this point to define two coordinate 
systems by using k, and ky as unit vectors in the 2; and 
z2 directions and taking j, and je to be unit vectors 
perpendicular to the 2, z2 plane. The remaining unit 
vectors, i; and iy, lie in the 2, z2 plane and complete 
the appropriate right-handed coordinate systems as 
indicated in Fig. 1. In these coordinates the spin 
deviations p and r may be described by standing waves 
of the form 
S, = in’. cosk-R sinw/ 
+y,r, cosk-R 
= ip, cosk-R‘ sinw/ 

+Jj2p, cosk-R' coswt+keSe, 


coswi+k,S;, 1 
. (10) 
8.0 


where k is the wave vector and R“’, R are the position 
vectors of the 7th spin on sublattice one and the jth 
spin on sublattice two, respectively. Arbitrary waves 
of the form (10) do not satisfy the equations of motion. 
However, substituting (10) into the equations of motion 
four simultaneous, homogeneous, 
linear algebraic equations whose secular equation gives 
w as a function of k. This procedure is discussed in 
more detail later. Before doing this it is convenient 
to express the sum over neighboring spins in each 
equation of motion in a slightly different form. The 
pertinent sums all have the form >>, cos(k-R‘’’) with 


leads to a set of 


AF(B*+} = {M,[M,-— 2A 1 sin?(@,— 1) ] +M.[M.,—2K, sin? (6.— ¢2) |J—8 72S S82 ( os(4; +o 


r= | M,[M,—2K, sin? (@,— 1) ]- 


4 


| 
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the sum extending over the R‘’”’s corresponding to the 
nearest neighbors of R‘. Thus sum can be rewritten 


>. cos(k-R ))= zy cos(k-R™) 
—>. sink- (R‘)—R 


with y= (1/z) ©. cosk- (R‘”—R“™). The sum in the 
last term vanishes if the lattice has cubic symmetry. 
For noncubic symmetry the last term is not generally 
zero but is small if the nearest neighbors are approxi- 
mately evenly distributed. We will assume that this 
smallness is of such order as to justify neglecting the 
last term of (11). 

Within the framework of the approximation noted 
above and maintaining only linear terms in p and r, the 
equations of motion, (7), become . 


)sink-R®, (11) 


hor,= M,r,—2J2Sip,, 
hur, =[_M,— 2K, sin®(@:— ¢1) Jr. 
— lJ zSyy cos(A:+62) p-, 
(12) 
hwp.= — M2p,+2/2S2yr, 
hop, = —[M2—2Kz sin? (@2— ¢2) |p; 

+ 2S 2S ay cos(@; + fo)r : 
where the angles are defined in Fig. 1. These four 
equations are a set of simultaneous linear homogeneous 
equations for p., p,, rz, and r,. As such, they have a 
nontrivial solution only if the determinant of the co- 
efficients vanishes. The solution of this secular equation 
has the form 


(hw /kT)?= AF (B?+4)+x°+{ (13) 


where «x has been used for the Boltzmann constant and 


»/2(xTY)?, 


(M,—2K; sin2(@,:— ¢1) ][M2— 2K? sin*(@.— ¢ 


cos(@;+6.) 


—cos(@:+62)M,M.+M.[ M.— 2K, sin(4 


(BF)?={(M,M,—2K, sin? (@,— ¢1)— M2M.— 2K: sin’ (0.— ge) P—16J2228 So(kT)?F cos(@;+8 


4J?27§,S>2 cos(8;+62) 
= (1—~y?’). 
(xT)? 


The seemingly awkward notation has been introduced 
for subsequent convenience of numerical work. The 
variable x is actually proportional to & in the approxi- 
mation kaX<1; thus (13) gives the dispersion law for 
spin waves in a useful form. 

The dispersion law (13) reduces in the proper way to 
those obtained by Kouvel and Brooks,’ and to those 
obtained by Orbach® when the appropriate restrictions 
are introduced. 

This dispersion law gives directly the so-called spin- 


wave spectrum of the material. This is important in 
considerations of ferro-, ferri-, and antiferromagnetic 
resonance" as well as in connection with recent experi- 
ments’ on the direct observation of spin waves. These 
aspects of the spin wave spectrum have been considered 
by other authors both for parallel and for canted arrays® 
and will not be further considered here except to note 
that the spectrum is now available in Eq. (13) for an 
array of great generality. 


4 F. Keffer and C. Kittel, Phys. Rev. 85, 329 (1952). 





SPIN-WAVE CONTRIBU 
A second thing which can be done with the dispersion 
law is to obtain the partition function for the spin system 
and from it the spin-wave contribution to the specific 
heat and the low-temperature magnetization. These 
aspects are considered in detail in the next section. 


SPECIFIC HEAT AND MAGNETIZATION 

In the quantized spin-wave theory (13) gives the 
classical frequencies of the normal modes of the spin 
system. One may follow Van Kranendonk and Van 
Vieck® and relate these normal modes to spin deviations 
from which the low-temperature magnetization can be 
computed directly. Alternatively, one may follow the 
traditional approach and calculate the partition func- 
tion for the system from which the magnetization and 
specific heat follow through simple operations. We will 
follow this latter approach. 

It is well known that the partition function for a 
system of harmonic oscillators of frequencies w) is given 
by 


Vv 
Z=e Kk ‘TT [(—e hon/aT) | 1 (14) 
h=1 


where /y is the ground-state energy at absolute zero 
and the zero-point energy has been suppressed.’ From 
this partition function one readily obtains 


0 d\lnZ 
(7) 
oT oT 


N hw , 
_ ( ) err! aT (phen «T_1)2 (15) 
=1 \ xT 


and 
M=xTVn(\nZ) 


fiw) xT) | 


—_ Viko—x«T Vu : In(l—e 


A\=1 


(16) 


in (16) the gradient operator is 


0 : ra] 0 
Vu (17) 


1 +J th. 
OH, oH, oH, 


The quantity —Vylo= M, is just the magnetization at 
absolute zero. 
The summations which appear in 


oe g(k)dk 
— Ae TV[AF(B+}) f ——— 
0 (hw/xT)(e*!T—1) 


(15) and (16) can 


M—M, 


s g(k)dk 
= 1k TV ay ( pry f 


rION 


xg ( 
+3xT tan(0,+62)Vi (014 0.) f 
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be transformed to integrals by introducing a density 
function g(w). This density function g(w) can be ob- 
tained from 


k)d®k= - [V (27) 3 |@k, 


with V the nai volume, by methods which are well 
known in the theory of the electronic structure of 
solids.'* If w is not an isotropic function of k some com- 
plexity may be involved in this procedure; however, in 
the simple case where 2” in (13) is proportional to k® one 
may write 

g(w)dw=[4rk?V 


(2m)* dk. (18) 


The specific heat (per unit volume) and magnetization 
then have the form 


4a k? 


wo hw 2 eh «T 2 
fee 
0 aT] (e%elsT—1)? (2)* 


‘ Ark? 
M—My=—s7Vn f In(i—e hw «?’) 


0 (2r)8 


dk (19) 


and 
(20) 


The substitution 


y= 1-—ak?a’, (21) 


which follows from the definition of y in the approxi- 
mation k?a*<1 and which essentially defines a, gives 
4J°22S So cos(6i: +62) 
x= — 2ak?a?. 
(xT)? 
Using (22) to change the variable of integration in (19) 
to « gives 


1 K(kT) 
2r? [8J222S 1S» cos(0:+62)aa? |! 
' 


2 hwy? eX 
f(s) a 
0 kT J (e 


Using the dispersion law, 


(w/kT)?= AF (B?+1)+xe+{(BF)+Fe}3, (13) 


it is now possible to evaluate C, by numerical integra- 
tion. A similar procedure can be applied to (20); how- 
ever, because of the complicated dependence of w on 
the external field the final result is not as simple as that 
for the specific heat. It is 


£ 


k)dk 


(hw KT) (ers? —1) 


o  (hw/xT){ (hw/xT)?— A F (B24) — x2} (e*!*? 1) 


kT 
= [ViF-—F tan(@, +-8.)V 7 (0, +-4.) if 
4 


This is also amenable to numerical treatment. 


16M. J. 80, 1111 (1950). 
J. R. Reitz, 


Klein and R. S. Smith, Phys. Rev. 
in Solid-State Physics, edited by F. 


Seitz and D. Turnbull (Academic Press, New York, 1955), Vol. 


. g(k)dk 
. 
‘T_1) 


o  (heo/xT){ (he /xT)?— AF (B2+3) — 2°} (e™ 


ae 2 





1624 Ht. UNRUH, jJR., AND F. J. MILFORD 


It is perhaps worth noting explicitly that both the To summarize then, a straightforward but somewhat 
optical and acoustical modes should be included when tedious application of statistical mechanics to a set of 
(23) and (24) are evaluated. The specific heat [and each harmonic oscillators with frequencies given by (13) 
leads to the expressions (23) and (24) for the spin-wave 
contribution to the specific heat and the deviation of 
the magnetization from saturation. In the next section 
the numerical treatment of these results will be 
described. 


term of (24)] is then given as the sum of two integrals, 
one for each mode. Furthermore, for some values of the 
parameters w may vanish for finite x in the acoustical 
mode; in this case the lower limit on the integration 
over the acoustical mode should be the value of x for 
which w=0.'7 Both of the points have been properly NUMERICAL RESULTS FOR C, AND M 

taken into account in our subsequent evaluation of The detailed evaluation of the integrals in (23) and 
C, and M. (24) for an extensive range of the parameter A does not 


ve 
Taste I. The specific heat integral, R= (Hrs /xT )2e%l*T (eh oleT — 1-242 x, 
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_ 
TABLE II. The magnetization integral, { x2dx/[(teo/xT) (e%'*T —1 
«0 


0.1 0.4 10 


501 11.0 18.6 27.3 50.6 76.7 
5.60 7.80 10.2 16.4 22.8 
4.25 5.12 6.05 8.21 10.2 
3.80 4.24 4.70 5.65 6.37 
2.80 
2.34 1.60 1.20 0.352 0.175 
2.00 1.26 0.745 0.186 0.0377 
1.14 0.404 0.120 4.20 10~3 8.34 10 
0.379 0.0411 2.89 10 1.87 10°* 3.53107” 
0.0391 3.5310" 1.32 10-* 
3.38 10 1.97«K 10-8 


“ 
rasie III. The magnetization integral, f dx 


14 16.7 t 5 416.0 
14 16.5 y ‘ 131.0 293.0 
14.3 16.1 38. 90.8 166.0 
14 15.8 2 64.7 97.6 


3 10.0 5.19 0.0984 0.0157 
9 98 7.56 3.00 868 0.0190 1.45«10~* 
4.89 1.98 0.108 3.52X%10°° 1.4110 
0.821 0.0828 9.80105 81«10 % 
0.0124 6.94 10-5 
0.0119 1.29x« 10°? 


7 The nonzero lower limit is responsible for the “exponential” low-temperature behavior found by Kouvel and Brooks, reference 7. 





F 
B 


0.501 
0.51 
0.54 
0.58 
1.0 
1.5 
2.0 
4.0 
8.0 
16.0 
32.0 


SPIN-WAVE CONTRIBUTION 


TaBLE [V. The magnetization integral, -f 


1 
1 
3 


0.378 
0.0645 
3.50 10° 
1.58X10~° 


0.4 


76.2 
22.8 
10.4 


6.78 


0.663 
0.401 
0.0662 
3.56 1073 
1.60 1075 
4.59 1079 


47.7 

13.6 
6.16 
3.90 


0.301 
0.141 
0.0121 
1.54 10™ 
3.67 X 10-8 


TABLE V. The magnetization integral, -f 


0 


I 
B 0.1 


es 


0.501 
0.51 
0.54 4.67 

0.58 4.54 

1.0 3.87 

1.5 3.33 

2.0 2.89 

4.0 0.167 

8.0 0.563 

16.0 0.0580 
32.0 5.0510 4 


4.91 
4.81 


men 
Ww UI dh 


0.959 
0.161 
3.94 10-3 
1.82 10-6 


Cre SPECT Ft 


a xdx 


— x2 


(has/xT) { (eo/xT)?— A F (BP+4) 


23. 14.: 
6.48 3.8 1.66 
2 1.4: 0.531 


| 0.799 0.249 


0.0387 
0.0147 
1.80 10-4 
4.20 10~§ 


8.74 103 
1.47 10"3 
1.751075 
3.88X 10>” 


1.98 10-6 
1.06X 1078 


4.52 10-5 
5.05 10~° 
1.04107" 


vidx 


(hw/xT){ (hw/xT)?— A F (B?+} 


100 


5.10 5.3: 

4.58 48 4.50 
3.79 2.81 
3.25 1.84 


6.84 
4.51 
2.33 
1.26 


0.421 
0.197 
4.56 10% 
2.08 10-6 


0.132 
0.0296 
6.88X 107° 
2.99 107° 


1.68X 10°3 
1.98 10-4 
8.01% 107 


9.04 10-5 
6.461077 





lic. 2. The specific-heat integral 
as a function of the parameter F. 
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appear to be warranted at this time. Instead A has 
been fixed at unity, giving the simpler dispersion law 
hw/ xT = (BPF+2°) FU FI}, 


(25) 


This general form is obtained in the conventional treat- 
ment of ferrimagnetic and antiferromagnetic arrays; 
however, an approximation to (25) is usually made 
which appears to destroy some interesting features. 
Using (25) the integrals in (23) and (24) have been 


Fei/tT? 


evaluated for 0.5< B<32 and 0.1<F <100. These cal- 
culations were accomplished by relatively straight- 
forward numerical integration using an IBM 650 com- 
puter. The results are given in Tables I-V. 


The specific heat integral, R, defined by 


2 


e hia 2 ates «7 
R [ ( ) A "dx, 
J «kT [em x7 —j g 


(26) 
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is plotted as a function of F for 4=1, B=0.5 in Fig. 2. 
In this figure the range of F extends to 10°, the extension 
having been accomplished by hand calculation and, for 
large F, use of the approximation 

R= 31(})¢(3)F', (27) 


with I the gamma function and ¢ the Riemann zeta 


function, which is easily derived. 


DISCUSSION 


material is de- 
scribed by F=0. The dispersion law, (25), then takes 
the form ftw / «7 = =x. Such a linear dispersion law leads, 
as is well known, to a 7* dependence of the specific heat 
on temperature. The usual ferrimagnetic result is ob- 
tained by taking B=} and }F>2x. This gives 
hw/kT=x*/y/F for the acoustic mode. This simple 
quadratic dispersion law gives a 7! temperature de- 
pendence of the specific heat, again a well-known result. 
For finite F and B>3, one obtains the results of Kouvel 
and Brooks,’ which they have described as an expo- 


A conventional antiferromagnetic 


nential low-temperature behavior. 

One very interesting feature of our calculation is that 
it explicitly shows the transition from the 7* behavior 
of the specific heat at relatively high temperatures to 
the 7! behavior at low temperatures in weakly ferri- 
This change 


temperature 


in behavior occurs as 

of the fact that the 
dispersion law is actually temperature independent 
(F contains 1/7? as a fa contains 1/7 asa factor; 
B does not depend on 7). This is easily understood when 
it is remarked that the values of x which contribute to 
C, increase as the temperature The change 
in behavior is thus due to the factor e*#/*7/[e**/*7—1 ] 
which occurs in R. 

To further explore this changs 


magnetic materials. 


a function of in spite 


tor; 2 


ink reases. 


in behavior of C, it 
may be noted that to a good approximation 


R=524+2.15F' 


and that the middle of the transition region occurs at 
F=70. 


be cle 4 ribed 


2A, sin Wi—-¢ 


ferrimagnetic material can 
within the restrictions 


\ simple (uncanted 


2Ke sin Go— (): coslA; +.) 0), 
consistent with A 


F=(M,-—M, 


whi h are 0.5 and give 


AND F 


MILFORD 


H,'=H,!=K, 


2) 2S, from which 


Introducing the further restrictions 
= K,=0 gives M,=2J25S,, M2 


FP ” 4J?z?(S;— Se) (xT). 


(29) 


Taking J/x=18°K, z=6, and S,;—S.=1.5, which are 
typical values for nickel-zinc ferrites, gives P=1.05 
10/7? and R=52+1.25X10'7—!. The coefficient of 
T* in C, is therefore about 4X 10~ of the coefficient 7}. 
This result has been obtained using ferrite data in 
formulas which were derived on the assumption of cubic 
symmetry. This of course casts some doubt on its 
validity ; however, it is interesting to proceed assuming 
that the relative importance of the 7* term compared 
to the 7} term is correctly given by our analysis. Con- 
sidering Kouvel’s'* data on magnetite which shows an 
experimental ratio of the coefficient of 7 
efficient of JT! of about 0.01 one readily sees that the 
spin-wave contribution to the 7* dependence may 
indeed be significant. In fact if one used Kouvel’s values 
5.15°K for Jazg/« and Si—S 29) one finds 
that our spin-wave calculations give a contribution 
which is much larger than the entire experimental 7° 
term. The use of 19°K as 

T.=848°K improves matters but. still 
contribution 


8 


to the co- 


0.25 in 


Japik obtained from 

leads to a 
larger than that which is observed 
experimentally. 

These comments must be taken as preliminary since 
they are based on a comparison between experiments 
on a material with a slightly distorted spinel structure 
(magnetite) and a theory which a simpler 
cubic symmetry. In spite of this obvious deficient V the 


surprising importance of the 7 


assumes 


portion of the spec iftc 
heat due to spin waves seems to merit further considera- 
tion. A careful consideration of the implications of the 
canting of the spins and comparison with available 
experimental data would also be desirable 
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Thermodynamic and Magnetic Properties of Ytterbium Iron Garnet 


J. W. HENDERSON AND R. L. Wuirte* 
Hughes Research Laboratories, Malibu, California 


(Received April 14, 1961 


Some low-temperature thermodynamic and magnetic properties of ytterbium iron garnet have been 
calculated as functions of temperature and orientation of the magnetization. The calculation is based on the 
spectroscopically determined splittings of the ground-state doublets of the ytterbium ions. The calculation 
accounts for the principal features of the observed torques and specific heats. It predicts a compensation 
point in the magnetization near 7.7°K which has since been observed. It also predicts 
accompanying an adiabatic rotation in a saturating magnetic field 


a temperature change 


INTRODUCTION 
Peters age progress has been made in the 


recent past in explaining the gross magnetic and 
thermodynamic properties of the insulating ferromag- 
nets, especially the ferrites and yttrium iron garnet 
(YIG), in terms of the spectroscopic ground states of 
the individual constituent atoms. The insulating ferro- 
magnets are primarily ionic crystals, implying that the 
electrons giving rise to the interesting magnetic prop- 
erties remain largely localized on specific atoms. Many 
features of these materials can therefore be described by 
simple summations over the individual ion properties, 
without difficult band-structure problems arising as is 
the case in the ferromagnetic metals. 

The rare-earth garnets, however, have not previously 
been satisfactorily treated on a single-ion model, owing 
primarily to the absence of adequate information on the 
detailed spectroscopic structure of the rare-earth ions in 
these « ry stals. Re ently optic al spec troscopic and para 
magnetic resonance studies on the Yb** 
structure have yielded sufficient information that a 
calculation of the properties of ytterbium iron garnet 
(YbIG) based on a single-ion model is now possible. The 
present paper presents the nature and results of this 
calculation. 


ion in the garnet 


THE CALCULATION 
Wickersheim has determined the exchange splittings 
of the ytterbium ground-state doublets from spectro- 
scopic studies of single-crystalline ytterbium iron garnet, 
5Fe.O3-3Yb20;.! The ytterbium ions occupy six in 
equivalent sites in this lattice and the ground-state 
doublet of each site is split anisotropically by the ex- 


lic. 1. The split 
tings of the four 
ground-state doub 
lets of Yb** in ytter 
bium iron garnet. 


WAVE NUMBERS 


——— 
10 30 50 70 90 
ORIENTATION IN (110) PLANE 
* Present address: General Telephone and Electronics R« 
earch Laboratories, Palo Alto, California 


'K. A. Wickersheim, Phys. Rev 122, 1376 (1961). 


change field. For the magnetization lying in the (110) 
plane the number of inequivalent sites is reduced to the 
four whose splittings are shown in Fig. 1. The splittings 
are found to be nearly independent of temperature over 
the temperature range 4°K to 78°K. Since the first 
excited states lie approximately 500 wave numbers 
above the ground-state doublet, only the ground doublet 
of each Yb** ion is occupied at low temperatures and 
each of the six ytterbium sublattices may be taken to be 
a two-state system. The partition function and internal 
magnetic energy per ion are easily calculated for such a 
two-level system: 


Z(0,T) 2 exp( 


b> 1) cosh —A(O 2kT |, (1) 
a ¢ 


(0.7 tanh(—A(0)/2k7), (2) 


LA(O 


he 


where A is the anisotropic exchange splitting of t 
ground doublet and the other symbo!s have their usual 
meaning. From these quantities can be calculated the 
total thermodynamic properties of the system such as 


total magnetic free energy of the ytterbium sublattice 


F(0,T) > iF > ,—n kT |nZ;. (3) 


—_! 


where 1, is the number of ions on the crystallographic 
site of type 7 and the summation is over the different 
kinds of sites. 

Other properties such as magnetic torques, specific 
can be calculated in a 
detailed below. These calculations have been carried out 
using an analytical expression found by Wickersheim! 
for the Yb** energy splittings as functions of orientation 


heats, etc., similar fashion as 


SWitL< 7 Tito 
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S\ 








—_ 


NS 
Ns 
4 


50 X 
ORIENTATION IN (i110) PLANE 
Fic. 2. The free energy of the ytterbium sublattice at O°K. The 


solid curve is calculated from Eq. (3). The dashed curve is calcu- 
lated from the anisotropy constants. 
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Fic. 3. The free energy (solid curves) and the internal energy of 
the ytterbium sublattice 


of the magnetization in the (110) plane. Numerical re- 
sults have been obtained for a net of angles and temper- 
atures using an IBM 709 computer. Some of the more 
informative results of these calculations are plotted in 
Figs. 2 through 14. 

Figure 2 gives the magnetic free energy at 0°K due to 
the Yb** ions as calculated from Eq. (3). An arbitrary 
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Fic. 4. The anisotropy constants. 

constant is involved in the calculation of the free energy 
so AF, the variation in free energy with angle, is plotted. 
Figure 3 gives the variation of free energy and of in- 
ternal energy as a function of temperature for two 
major-axis orientations of the magnetization. The 
anisotropic part of the free energy of a cubic material 
can be written 


6F = K(aza:'-+a;'a;'-+a;"a;?) fat). 


(4) 


Fic. 5. The torque 
at various tempera- 
tures. 
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AND R. WHITE 
where 6F(0)=F(0,7)—F i009 (7), Ki and Kye are the 
first and second anisotropy constants, the a; are direc- 
tion cosines of the magnetization with respect to the 
[100] direction, and higher order terms are ignored. 
Values of K; and Kz chosen to make Eq. (4) predict 
accurately the calculated free energy in the three 
principal crystallographic directions are shown in Fig. 4. 
The angular variation of free energy at O°K calculated 
from this two-constant approximation is also plotted in 
Fig. 2. It is worthy to note that at low temperatures K, 
is some two orders of magnitude smaller for pure YIG 
than for YbIG, and Kg is negligible. 

The torques required to align the magnetization in a 
given crystallographic direction can be calculated from 
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;. 6. The contribution to the specific heat due to the magnetiza 
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Fic. 7. The anisotropy of the magnetic specific heat at 15°K 


A 
tan ( - ), (5 
2kT 


where the summation is again over inequivalent sites 


the free energy given in Eq. (3): 


Of n, dA 
> 


L(@,T)= 2 - 7 
00 |r 2 dO 


whose contributions here tend to cancel. Torques calcu- 
lated from this expression are plotted in Fig. 5. 

The specific heat of the Yb** lattice can be calculated 
from the internal energy 


al 1 A 
Ce= > nA > sech . ), (6) 
oT 0 4kT? 2kT 


and is presented in Figs. 6 and 7 as a function of temper- 





THERMODYNAMIC AND 
ature and of orientation. Knowing total specific heats 
(as discussed below) and the angular dependence of free 
energy, one can calculate the cooling or heating of a 
sample upon adiabatic rotation of the magnetization: 
OT T AL 1 


(/) 


~ 


_ dA, nA A ) 
Co ¢ 


sech 
00|, CoedIT le dO 4kT 2kT 


The resultant cooling is substantial, and is plotted in 
Figs. 8 and 9. 
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Fic. 8. The rate of cooling predicted for adiabatic rotation in a 
saturating magnetic field. The different curves show rates for 
various orientations in the (110) plane. 





Fic. 9. Cooling 
rates for adiabatic 
rotation of the mag- 
netization. 
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ORIENTATION IN (110) PLANE 


Finally, with one additional input, one can calculate 
the magnetic moment per ion of the ytterbium lattice. 


M=)D ; g; tanh(—A,/2k7), (5) 


where the newly introduced quantity, gj, is the aniso- 
tropic g factor of the Yb** ion’s lowest-lying doublet. 
For this calculation we have used the g tensor measured 
for Yb** in the yttrium gallium garnet by paramagnetic 
resonance techniques,’ and the results are given in 
Figs. 10 and 11. The magnetization of the Yb** lattice 
is oppositely directed to that of the iron lattice, which 
has a nominal low-temperature value of 10 Bohr 
magnetons per formula weight. Hence our calculations 
predict a compensation temperature of 7.7°K, and con- 
siderable anisotropy of the net YbIG magnetization at 
low temperatures. 


J. W. Carson and R. L. White, J. Appi. Phys. 31, 53S (1960). 
D. Boakes, G. Garton, D. Ryan, and W. Wolf, Proc. Phys. 
Soc. (London) 74, 663 (1959). 
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Fic. 10. The magnetic moment of the ytterbium sublattice at 0°K. 


COMPARISON WITH EXPERIMENT 


The theoretical results on YbIG can be compared 
with a number of experimental data. Measurements of 
the magnetic anisotropy in YbIG or in ytterbium-doped 
YIG have been made by both microwave and static 
torque techniques. The interpretation of the microwave 
data is at present unclear (problems arise as to the rela- 
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lic. 11. The magnetic moment of the ytterbium sublattice. 


tive relaxation times of the precessing magnetization 
involved) so we shall make comparison with the static 
torque measurements of Pearson et al.* The experi- 
mental results of Pearson on a YIG sphere containing 
about two atomic percent substitution of Yb** for Y#+ 
are given in Fig. 12, together with the theoretical curve 
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Fic. 12. Comparison of the experimental torque from reference 

3 (solid curve) with our prediction (dashed curve) for a sample 

having 1.9% ytterbium in YIG. The temperature is 1.5°K. 


3R. F. Pearson (private communication) 
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Fic. 13. Compari- 
son of the measured 
specific heat from 
reference 4 (curve 
A), with our predic 
(curve B). The 
prediction is the sum 
of the magnetic spe 
cific heat (curve C) 
and a reasonable 7* 
phonon contribution. 


tion 


predicted on the basis of the preceding calculations. The 
total theoretical curve was obtained by adding 2% of 
the torque predic ted by Eq. (5) to the torque curves for 
pure YIG. The torque contributed by the anisotropy of 
the pure YIG is about 20% 
The calculated torque is nearly correct in angular form 
20% smaller in magnitude than the observed 
torque. Two possibilities for the discrepancy suggest 
themselves. First, the exact environment of the Yb** ion 
dilutely incorporated in YIG may be somewhat different 
than in YbIG, in which the spectroscopic splittings were 
determined. Second, the lattice distortion which mini- 
mizes the magnetoelastic energy has not been taken into 
account. A further important difference between the 
theoretical and experimental torques is the absence in 
the theoretical curve of the kink in anisotropy at about 
30° from the [100]. This kink shows up as a large 
resonant field anomaly in the microwave resonance ex- 
periment, and its explanation probably requires an 
additional conce ptual input above the single-ion model 
utilized here. 


of the total predicted value. 


and about 


The specific heat of polycrystalline YbIG has been 
measured by Meyer and Harris,‘ who were able to de- 
duce from it the correct mean value for the splitting in 
the easy [111 ] direction. Their results are shown in Fig. 
13 together with our theoretical value for the [111 ] direc- 
tion. For comparison purposes it is necessary to add to 
the calculated Yb** magnetic specific heat the specific 
heats attributable to the remainder of the lattice. In 
Fig. 13 oniy the phonon contribution has been added. 
The coefficient for this 7* contribution has been taken 
as 3.6 ergs g deg’, a value which appears reasonable 
considering typical values for YIG.° The remaining dis- 
crepancy, not apparently attributable to spin waves, is 


currently unexplained. (For the purpose of computing 


‘Horst Meyer and A. B. Harris, J. Appl. Phys. 31, 49S (1960). 


+S. S. Shinozaki, Phys. Rev. 122, 388 (1961). 


Fic. 14. The total 
predicted magnetic 
moment. The experi 
mental points shown 
are from reference 6. 
These points taken 
alone do not indicate 
the presence of the 
predicted compensa 
tion point. A sub 
sequent experiment 
has confirmed its 
presence near 7.6°K. 
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the cooling effect mentioned above, a larger value of the 
T* coefficient, 7 ergs/g deg*, was used to give a better 
empirical approximation of the measured specific heat.) 


THE COMPENSATION POINT 


In order to confirm the existence of the predicted 
compensation point in the magnetization, the following 
simple experiment was performed. A small single crystal 
sample of YbIG was suspended near a small permanent 
magnet. A calibrated carbon resistor thermometer was 
suspended in the same horizontal plane. This assembly 
was moved through the temperature gradient above a 
liquid helium bath. Below 5.9°K and above 8.6°K the 
sample was observed to attach itself to the magnet. 
Between these temperatures it was observed to swing 
free of the magnet. Assuming that the actual 
netization curve has the same form as the calculated 
curve, this measurement indicates a compensation point 
about 0.2°K below the predicted value of 7.7°K. This 
discrepancy, while within the experimental errors, may 
be due to the inaccuracy of the assumed g tensors. 
Figure 14 shows the calculated net magnetization to- 
gether with Pauthenet’s measured values.‘ 

Experiments are also in progress in this laboratory to 
measure the cooling of a YbIG crystal upon adiabatic 
rotation in a magnetic field. 


mag- 
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Free-Carrier Voigt Effect in Semiconductors 
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Measurements of the Voigt and the Faraday effects have been made on samples of n-type InAs and 
InSb. The Voigt and Faraday data are used together to obtain values of both the efiective mass and con 


centration of free carriers which are consistent with values given by other methods 


An expe rimental 


technique for measurement of small phase shifts in the Voigt effect is described 


I. INTRODUCTION AND THEORY 


ECENTLY, Teitler and Palik! observed the 

free-carrier Voigt effect in x-type InAs and InSb. 
In the present paper we discuss an extension of the 
techniques used in the earlier work and show how the 
Voigt and Faraday effects may be used to yield comple- 
mentary information about a given semiconductor. 

In the Voigt-effect experiment, radiation propagates 
through an optically isotropic substance in a direction 
normal to a static magnetic field. We consider free 
carriers in Drude-Zener approximation with 
effective mass m* and relaxation time 7 for samples 
whose geometry is such that depolarization effects are 
negligible. If w, the angular frequency of the incident 
radiation, is away from the cyclotron frequency and is 
such that w7>>1, the indexes of refraction for radiation 
with polarization in the directions parallel and perpen- 
dicular to the static magnetic field are respectively 


‘the 


(1.1) 


Here ¢ is the static dielectric constant of the host 
lattice; w, is the cyclotron frequency, eH/m*c; w,”, the 
plasma frequency squared, equals 4a.Ve?/em*; and we 
note that m, is just the zero-magnetic-field index of 
refraction. We have used unrationalized cgs units. 

The difference in the indexes of refraction in Eqs. (1.1) 
is the basis of the occurrence of magnetic double 
refraction, i.e., the Voigt When radiation 
propagates through a sample in a direction normal to a 


effect. 
static magnetic field, we may detine a phase shift 
(1.2) 


(\,;— 1), 


where d is the thickness of the sample. Expanding 
around m,, in Eq. (1.1), we may write 


ed W x 


Wp 
4,7 w* oo 
For impure samples at low magnetic fields, i-e., when 


1S. Teitler and E. D. Palik, Phys. Rev. Letters 5, 546 (1960). 


>w., we have 


i~ a, (1.4) 


2 Nyy 


In the complementary case of the Faraday effect, 
the radiation propagates through the sample in a 
direction parallel to the static field. For 
‘1, the indexes of refraction for plus and 
minus circularly polarized light are? 


magnet 


—w,)T 


(Ww Ww, 


N4 —fw,?/w(wF (1.5) 
The Faraday rotation is 
0= (wd /2c)(n_— 1, 


ed Wp Ww 


1+ fee e | (1.6) 


Qn i w"—w 


and we note that my=a,,. lor in 
fields, 1.€., 


pure samples at low 


when w>w,>w-, we have 


6—~(ed/2n 


(1.7) 


For the same frequency and magnetic 
combine Eqs. (1.4) and (1.7) to obtain 


field, we may 


5/0= ww,/ (w’—w,”). (1.8) 


We may solve Eq. (1.8) for 
follows: 

m*/m (1.9) 
eH/mc and m is the free-electron mass. 
Unfortunately, Eq. (1.9) is complicated by the fact 
that w,” depends on m* and the carrier concentration. 
However, Eqs. (1.9) and (1.7) or (1.4) may be used as a 
basis for an iterative procedure. First we determine 6 and 
5 at a given magnetic field and frequency. We then 
neglect the quantity in square brackets in Eq. (1.9) 
and estimate m*/m. * 


where w,” 


We use this value of m*/m to 
determine w,” from Eq. (1.7) or Eq. (1.4), also by 
iteration. This value of w,” is used in the complete 
Eq. (1.9) to determine a more accurate value of m*/m. 
The procedure is repeated until consistent values of 
m*/m and w,* (or carrier concentration) are obtained. 
Thus by measuring both Faraday rotation and the 


2 See, e.g., M. i 
Solids 9, 43 (1958). 


Stephen and A. B. Lidiard, J. Phys. Chem. 
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Voigt effect, we determine m*/m and carrier concentra- 


tion by optical methods. 

If fields of the order of 250 kgauss are used for 
experiments at wavelengths around 20u, the above 
procedure could be used to determine an effective mass 
ratio up to about 0.6 with a carrier concentration of 


about 10'%/cm*. However, in considering the feasibility 
for studying any given material, one must make sure 
the mobility is sufficiently high that the condition w7>1 
is valid and that the free carrier absorption is sufficiently 


low. 


Il. EXPERIMENTAL TECHNIQUES AND RESULTS 


The Voigt effect and Faraday rotation were measured 
at 80°K for n-type samples of InSb and InAs in an 
Arthur D. Little iron core magnet which was used to 
obtain fields as high as 25 kgauss. Measurements 
were made in the spectral region from 15 to 24y using 
a KBr prism monochromator. A typical optical arrange- 
ment is shown schematically in Fig. 1. This is the case 
for Faraday rotation. The sample, mounted in a low- 
temperature Dewar equipped with CsBr windows, is 
placed so that the radiation passes through it at normal 
incidence in a direction parallel to the magnetic field. 
The polyethylene pile-of-plates linear polarizer before 
the monochromator is fixed to pass the component of 
polarization perpendicular to the slit and the other 
polyethylene polarizer is rotated to measure the angle 
of Faraday rotation. 

For the Voigt effect, the two mirrors between the 
pole pieces are removed and the sample is placed so that 
the radiation passes through it at normal incidence in a 
direction perpendicular to the static magnetic field. 
Again the experimental setup used has polarization 
optics in reverse. In our discussion we reverse the 
radiation beam direction and consider normal polariza- 
tion optics. The polyethylene polarizer before the 
monochromator is fixed at 45° so that there are equal 
components in the directions parallel and perpendicular 
to the magnetic field for the radiation incident on the 
sample. If the phase shift due to the Voigt effect is less 
that 2/2 and there is no differential attenuation of the 
equal components, the resultant radiation emerging 
from the sample is elliptically polarized with major 
axis along the direction of the incident linearly polarized 








ROTATING 
POLARIZER 


SAMPLE 











CHOPPER ‘GLOBAR pues 


MONOCHROMATOR 


Fic. 1. Schematic optical arrangement for Faraday rotation. 
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Fic. 2. Schematic diagram of elliptically polarized radiation 
with pertinent parameters. 


light. A proper combination® of elliptically polarized 
radiation and a quarter-wave plate yields linearly 
polarized radiation in a direction making an angle 
tan-'(6/a)=6/2 with the major axis. Here 6 is the 
minor and a is the major axis of the elliptically polarized 
radiation as shown in Fig. 2. A CsI Fresnel rhomb, 
placed between the sample and rotating polarizer and 
oriented along either the major or minor axis, was used 
as a quarter-wave plate. The combination of magneti 
double refraction and properly oriented quarter-wave 
plate provides an effective rotation of linearly polarized 
radiation by an angle of 6/2. Thus the measurement of 6 
Both @ and 6/2 
may be measured to an accuracy of 1° or less. However, 


and 6/2 are of equivalent difficulty. 


for a given magnetic field, the magnitude of @ is con- 
siderably greater than 6/2 as is indicated by Eq. (1.9). 

It should be mentioned that care must be taken to 
properly place the sample in the Voigt experiment so 
that the radiation is normal to both sample and 
magnetic field. If the sample is slightly skew, there is a 
Faraday rotation of the ellipse that emerges from the 
sample which causes a slight complication in the 
measurement of 6/2 in the above scheme. A simple way 
to check that there is no such Faraday rotation of the 
ellipse is to utilize a method mentioned in our previous 
report’ which we used there to measure 6. This is the 
measurement of the ellipse (with CsI rhomb removed) 
by using a polarizer fixed at 45° before the 
chromator and rotating the first polarizer. For no 
attenuation, the ratio of the transmission along the 
minor axis to that along the major axis is tan?(4é). 
This method has the difficulty that the polarizers are 
not perfect and it is difficult to assign a zero for the 
determination of transmission. However, if 
some skewness of the sample position, the extrema in 
transmission corresponding to the axes of the elliptically 
polarized light are shifted with respect to the extrema 
in the zero-field transmission. This difficulty can be 


mono- 


there is 


3J. Valasek, Introduction to Theoretical and Experimental 
Optics (John Wiley & Sons, Inc., New York, 1949), p. 406 





FREE-CARRIER VOIGT E 
removed by properly orienting the sample. Once this is 
done, one can put the properly oriented CsI rhomb in 
place and proceed with the measurement of 6/2. 

A rotation of the ellipse also occurs if there is some 
cyclotron resonance absorption which amounts to a 
differential attenuation of the equal components of 
the incident radiation. However, for th fields and 
samples used in our present experiments no such 
differential absorption occurred. Ellipticity oroduced 
by retlections from the mirrors in the optical systems 
was negligible. Polarization of the radiation by the 
prism also has little or no effect on the measurements 
since the polarization of the radiation entering the 
monochromator was always fixed. 

Typical results are shown in Figs. 3 and 4. In 
Fig. 3 we have plotted 6 vs H? and in Fig. 4 we have 
plotted @ vs H for two n-type InSb samples at fixed 
wavelengths. The points fit a straight line within 
experimental error. This is consistent with Eqs. (1.4) 
and (1.7) if m*/m is independent of magnetic field. It 
is known from cyclotron resonance data‘ on relatively 
pure samples that the effective-mass ratios for InSb 
and InAs increase roughly linearly with magnetic field. 
However, in unpublished results for higher magnetic 
fields, we have found that the slope of the effective-mass 
ratio versus magnetic field curve is considerably lower 
for Voigt- and Faraday-effect measurements on more 
impure samples. Also in Eqs. (1.4) and (1.7) we have 
neglected higher order terms in w, which tend to cancel 
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Fic. 3. Voigt phase shift 6 vs //? for two samples of n-type 
InSb at liquid nitrogen temperature. 
‘See, e.g., E. D. Palik et al., International Conference 
Semiconductors, Prague, 1960 Czechoslovak J. Phys. (to 
published). 
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Fic. 4. Angle of Faraday rotation @ vs H for two samples of n-type 
InSb at liquid nitrogen temperature 


the effect of the increase in effective mass as magnetic 
field is increased. We shall assume that in this linear 
region the cancellation has indeed occurred within our 
experimental error. Then the experimental points at the 
higher fields may be used to fix the line giving low field 
values of 6 and @ for which Eqs. (1.4), (1.7), and (1.9) 
surely apply. Thus, we may determine the zero-field 
effective-mass ratio. 

We have used the iterative procedure indicated in 
the first section on two samples of InSb and one of InAs 
for values of 6 and 6 at 1 kgauss. The results for the 
InSb samples at 80°K are an effective mass ratio of 
0.023 with a carrier concentration of 2.0 10'7/cm’ and 
an effective mass ratio of 0.019 and carrier concentration 
of 4.0X 10'*/ cm’. These values fit, within experimental 
error, the curve of carrier concentration 
obtained by Smith ef al.° using low-field Faraday- 
rotation and Hall-effect measurements. The calculated 
plasma frequencies obtained for the above samples 
are consistent with those measured by Spitzer and Fan.® 

For the InAs sample at 80°K we obtained an effective- 
mass ratio of 0.030 with a carrier concentration of 
9.6X10'®/cm*. These results are consistent with 
Cardona’s recent report’ of an effective-mass ratio of 
0.026 with a 4.9X 10!6/cm$ 
obtained by nitrogen-temperature low-field Faraday- 
rotation and Hall-effect measurements. The calculated 
plasma frequency is also consistent with the values 


mass VS 


carrier concentration of 


measured by Cardona and those measured by Spitzer 
and Fan. 


5S. D. Smith, T. S. Moss, and K. W. Taylor, J. Phys. Chem. 
Solids 11, 131 (1959). 

®W. G. Spitzer and H. Y. Fan, Phys. Rev. 106, 882 

7M. Cardona, Phys. Rev. 121, 752 (1961). 
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The temperature dependence of the nuclear quadrupole 
coupling parameters, eQg//, of Al and Ga has been measured in 
the ferroelectric compound C (NH2);Al(SO,)2-6H,O (GAISH) and 
three other isomorphous compounds that result when Ga replaces 
Al and SeO, replaces SO, 
deuterated GAISH. The temperature dependence of the electron 
ESR) of Cr**, substituted for Al or Ga in the 
above five compounds, was also measured. For the five compounds, 
eQq/h versus temperature for each compound was similar, small 

~100 kc/sec), linear with temperature, and in some cases 
changed sign. Within the framework of the ionic model, eQg/h 
and d(eQq/h)/dT have been calculated. It is found that the latter 
is fairly insensitive to the x-ray and charge distribution parameters 
and depends mainly on the large anisotropic thermal expansion 
coefficient. Using the theoretically calculated antishielding factor, 
there is agreement between the calculated and the measured 
d(eQq/h)/dT. The data also indicate that the ratio of the anti- 
shielding factors of Al’* and Ga** are in approximate agreement 
with the calculated values. 

The temperature dependence of the electron spin resonance of 


Measurements were also made on 


spin resonance 


INTRODUCTION 


eae Pound! studied the quadrupole splitting of 
nuclear magnetic resonance (NMR) lines in solids 
and Dehmelt and Kruger’ observed pure quadrupole 
resonance in solids, the techniques of quadrupole 
resonance have been used as a sensitive probe to study 
internal fields.* Electron spin resonance has also been 
used fruitfully for similar purposes.‘ In this paper the 
results of applying both of these techniques to a series 
of five isomorphous compounds are reported and 
discussed. 

The isomorphous compounds studied are listed in 
Table I with the abbreviations that shall be used to 
identify them. All of these compounds are ferroelectric® 
over the entire temperature range studied. Heating 
causes them to decompose rather than go into a para- 
electric state. The temperature dependence of the 
nuclear quadrupole coupling constant, eQg/h, of Al and 
Ga has been measured. The electron spin resonance 
(ESR) measured by substituting small 


has been 


* A preliminary account of some of this work has appeared in 
Bull. Am. Phys. Soc. 3, 371 (1958). 

1R. V. Pound, Phys. Rev. 79, 685 (1950). 

2H. G. Dehmelt and H. Kruger, Naturwissenschaften 37, 111 

1950). 

3 For general references to the field of NQR see: M. H. Cohen 
and F. Reif, Solid-State Physics, edited by F. Seitz and D. Turnbull 
(Academic Press, Inc., N. Y., 1958), Vol. 5; and T. P. Das and 
E. L. Hahn, ibid, Suppl. 1. 

‘For general references to the field of ESR see: W. Low, 
Solid-State Physics, edited by F. Seitz and D. Turnbull (Academic 
Press, ‘Inc., New York (1960) Suppl. 2; and B. Bleaney and 
K. W. H. Stevens, Repts. Progr. in Phys. 16, 108 (1953). 

5 A. N. Holden, W. J. Merz, J. P. Remeika, and B. T. Matthias, 
Phys. Rev. 101, 962 (1956). 


Cr** in the five compounds is again similar to each other. The g 
values for the Al and Ga compounds are the same within experi 
mental error. The zero-field splitting (D term in the spin 
Hamiltonian) of the deuterated GAISH has a slightly larger 
variation with temperature than the undeuterated compound 
By parametrically eliminating temperature, the relation between 
D and eQq/h is studied. The result is two parallel lines, one for the 
two different sites in the two Al compounds and the other for the 
Ga compounds. The lines are parallel only if the Ga nuclear 
quadrupole moment and antishielding factor are normalized to 
those of Al. Using simple crystal field theory, it is shown that D 
should be proportional to eQg/h. However, the data show that D 
and eQq/h are not simultaneously zero and that the slope is ten 
times larger than calculated. These two discrepancies are 
discussed. A calculation of the extra potential seen by the 3d 
electrons, due to the fact that the crystal field induces a quadrupole 
moment in the core electrons, is discussed. However it does not 
remove the discrepancy. It appears that the relation between D 
and the crystalline field is not firmly established 


amounts of Cr** in place of Al** or Ga**. This is easily 
done since C(NH2)sCr(SO,).-6H.O_ is 
with the compounds listed in Table I. 


isomorphous 


and the 
similar for all 


The temperature dependence of eQyg/h 
electron spin resonance in general are 
these compounds. The quadrupole coupling constant 
is linear with temperature and for several compounds 


exhibits the unusual! behavior of passing through zero. 


Without going into any detailed model, one can under- 
stand the difference in the slopes of eQg/h versus 
temperature for the Ga and Al compounds in terms of 
the difference in the nuclear quadrupole moments and 
antishielding factors. Then, using a model in which 
the highly anisotropic thermal expansion coefficients® 
play an important role, the slope of eQg/h versus 
temperature can be calculated and compared with the 
experimental! results. 

The electron resonance results for Cr** indicate the 
cubic component of the crystalline field has the same 
value in both the Ga** and Al** compounds. However, 
the axial components differ (i.e., the D term in the spin 
Hamiltonian, which is a measure of the axial component 
of the crystalline field). By parametrically eliminating 
temperature, eQg/h of Al** or Ga** versus D of Cr** is 
considered. The result is two straight lines. One line for 
both sites in both Al compounds and the other for both 
Ga compounds. The two lines are parallel when normal- 
ized to the same Q and antishielding factor. Simple 
arguments are given to show why a linear relationship 
is expected, but detailed analysis indicates inadequacies 
in crystal field theories. 
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(NH. 


11(S0O.4)3-6H:0 


TABLE I. General summary of results of others, and resonance results reported here. 


Thermal 


exp.4 
nit cell> 
Abbr. 


ompound 


sAl(SO4)2-6H2O GAISH 0.7622 92.80 


sAl(SeOw2-6H2O GAISeH 9.062 


>Ga(SOv)2-6H2O GGaSH 9.051 0.7696 


*(NH2)sGa(SeO4)2-6H20 GGaSeH 12.020 0.7607 71.16 


ND2)sAl(SO4)2-6D20" GAISD 


* By con ring the proton resonance in this s 
the elec tron Te sonance were grown from 99.5 / 
b These are results of N. Stemple (priv 
a =11.809 for C(NH2)sV(SO.):-6H2O 
These results are the same as in GAISH. 
1 These are results of Haussuhl and Trost. See reference 13. 
This has been measured at 20° rather than 24°C. 
This has been measured at. —164° rather than 


ate communication) 


196°C, 


CRYSTALLOGRAPHY 


The crystal structure of GGaSH has been determined 
by Geller and Booth.® Their results will be used in this 
paper. Other but less complete, results have also been 
published.’ 

The space group of this trigonal crystal is Cy,.2— P31m 
with three molecules per cell as shown in Fig. 1. The 
ions are on threefold axes and are surrounded by a 
somewhat distorted octahedra of waters. The guani- 
dinium ions lie above and below the octahedra and are 
loosely bound indicating the possibility of disorder 
or rotation. Proton resonance measurements indicate 
this may be the case.** 

Of the three Ga ions per cell, two are equivalent to 
each other and called site 2 or (2). The other is called 


1 or (i). 


Gat 


site 


The lattice parameters used are listed in Table I. They 


10 


have been measured by Stemple” of this laboratory 
and are in agreement with those published 
recently by Haussuhl' and the values measured by 
Ezhkova et al." for GAISH. Haussuhl and Trost" have 
measured the coefficients of thermal expansion and they 
are listed in Table I for convenience. Their results are 
with those obtained by Ezhkova 


good 


in good agreement 
et al.” for GAISH. 


6S. Geller and D. P. Booth, Z. Krist. 
S. Geller, Z. Krist. 114, 148 (1960). 

7L. A. Varfolomeeva, G. S. Zbdanov, 
Kristallografiya 3, 368 (1958) [Translation: 
3, 369 (1958) 1 L 

8D. W. McCall, J. Chem. Phys. 26, 706 (1957). 

®R. D. Spence and J. Muller, J. Chem. Phys. 26, 706 (1957). 

1 N. Stemple (private communication). 

1! S, Haussuhl, Z. Krist. 111, 5 (1959). 

2 Z. I. Ezhkova, G. S. Zhdanov, and M. M. Umanskii, 
lografiya 3, 231 (1958) [Translation: Soviet Phys.—Cryst. 3, 
(1958) }. 

‘8S. Haussuhl and F. 


111, 2 (1958). See also 
and M. M. Umanskii, 
Soviet Phys.—Cryst. 


Kristal 
230 


Trost, Z. Naturforsch. 14a, 437 (1959). 


(10-6 deg™) 


c (A) i ae aa 


ple with that obtained fror 
D0, ‘this sat nple is probably de utes 
aaa are in good agreement with 


d(eQq/h)/d7 
(kc/sec) gat D (cm) 
deg™ at 24°C 


D (cm™) 
& at at 
Site 196°C —196°C 


0.575 0.0752 0.107 


10.05 


0.411 
0.525 


0.0593 
0.143 


0.0821! 
0.185 


10.16 


0.228 
1.96(1.02) 


0.110 
0.0576 


0.131 
0.0866 
1.51 (0.787) 
2.29(1.19) 


0.0456 0.0664 


1.13(0.589) 0.100 


0.0774 


0.119 
0.114 


0.0610" 0.0885 


1 GAISH, this co 


ated by at leas 


npounded is 85 
the same amount 
other recent measurements. He 


ted. Since the samples used for 


also finds c =9.026 and 


EXPERIMENTAL PART 


The quadrupole coupling constants were small 
enough so that they could be found by measuring the 
splitting of the nuclear magnetic resonance line. A 
Pound-Knight-Watkins" spectrometer with minor 
modifications and a 12-in. Varian magnet capable of 
rotating about the vertical axis were used. The work 
was done at fixed frequency (15.8 M« for Al?) 
while the magnetic field was slowly swept through the 
resonances. 

The temperature of 


sec 


the sample was accurately 








Fic. 1, A schematic diagram of a unit cell of GAISH looking 
down Pe c axis. The triangles represent threefold axes with Al 
+ in the plane of the paper and a guanidine ion above and below. 

Each Al ion is octahedrally surrounded by six waters. The circles 
represent SO, groups above the plane and the dotted ones 
below. 


4R. V. Pound and W. D. 


Knight, Rev. Sci. Instr. 21, 219 
1950). R. V. 


Pound, Progr. in Nuclear Phys. 2, 21 (1952). 
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Fic. 2. A schematic diagram of the 
sample holder and cooling system. 
A—Silverplated, stainless steel rf 
lead. B—Thin-walled stainless steel. 
C—Copper. D—Control — thermo- 
couple. E-—Heater. F—Coolant 
(liquid nitrogen, etc.). G—Dewar. 
11—Bottomless Dewar. 
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controlled by a proportional controller similar to that 
described by Gunther-Mohr and Triebwasser.’® The 
heater, noninductively wound constantan wire, was 
located on the copper rod that served to connect the 
sample container thermally to the coolant below. The 
control thermocouple was in the copper rod close to the 
heater. Another thermocouple in the sample container 
was used to measure the sample temperature. The 
arrangement can be seen in Fig. 2. 

Most of the samples were grown at room temperature 
from water solutions. The Cr**-doped samples were 
grown the same way with no difficulty. 

The electron-spin resonance was observed in a 
Varian X-band spectrometer using a TEoi. mode 
cavity. A small piece of DPPH (g=2.0037)'® was glued 
to the sample to determine the g of the resonance. The 
field at which resonance occurred was determined by 
measuring a proton resonance while sitting on the 
resonance line. Only the splitting between the lines is 
required to determine the coefficients in the spin- 
Hamiltonian. 





RESULTS 


The temperature dependence of eQg/h is shown in 
Fig. 3. The field gradient tensor has axial symmetry 
about the c axis (splitting of the lines « (3 cos*#@—1), 
where @ is the angle between the c axis of the crystals 
and the external magnetic field), as would be expected 
from the x-ray work®’ and from the previously reported 

16 G.-R. Gunther-Mohr and S. Triebwasser, IBM J. Research 


Develop. 1, 84 (1957). 
16, A. Hutchison and R. C. Pastor, Phys. Rev. 81, 282 (1951). 


BURNS 


electron spin resonance of Cr in GAISH." There are 
two curves for each compound. One set of observed 
lines had twice the intensity of the other. Thus the 
lines corresponded to site (2) and site (1), respectively. 

The pattern obtained on the chart recorder sometimes 
was complicated (see Fig. 4) due to the small value of 
eQg/h and the fact that the quadrupole coupling 
constants of the two nonequivalent sites were equal or 
one was half of the other at certain temperatures. To 
remove possibilities of error, especially for GAISH, the 
temperature dependence was followed in some detail, 
as can be seen by the large number of data points for 
GAISH in Fig. 3. 

The Ga results in Fig. 3 are those for Ga". However, 
some of the points on the GGa™SH (2) were 
obtained by observing the Ga” then 
converting it to Ga” by using the accurately known 
ratio of the quadrupole moments (Ga®/ Ga™! = 1.5868).!° 
The crystals that were used for Ga resonances were 
thin and in both cases a reasonable filling factor was 
obtained only by stacking. 
cleavage and growth plane perpendicular to the ¢ axis 
enabled the stacking to be accomplished with minimum 
misalignment. However the satellites were broader than 
the Al lines. This, along with the fact that the natural 
abundance of Ga” is ~40°7, made observations of the 
Ga resonances more difficult than the Al. Thus the 
temperature dependence of eVg/h could not be followed 
to as high a temperature as the Al resonances. 


line 
resonance and 


Fortunately, the good 


The results of electron spin resonances of Cr** in the 


five compounds are given in Table I. The resonances are 
fitted to the usual spin-Hamiltonian for Cr** in axial 





G Al*’SeH (I) 


G Al"SeHi2) 





TEMPERATURE 

Fic. 3. eQg/h (in kc/sec) vs temperature for the two different 
sites in the five crystals studied. The line for GAISH also includes 
points obtained from the deuterated compound as no difference 
could be detected. 


7G. S. Bogle, J. R. Gabriel, and G. A. Bottomley, Trans. 
Faraday Soc. 53, 1058 (1957). J. M. Daniels and H. Wesemeyer, 


Can. J. Phys. 36, 144 (1958). E. G. Brock, E. I. Hormats, and 
F. C. Unterleitner, Bull. Am. Phys. Soc. 5, 58 (1960 
18 G. E. Becker and P. Kusch, Phys. Rev. 73, 584 (1948) 





NQR AND ESR IN 


lic. 4. Examples of the recorder traces for AP. In one trace 
both sites have the sanie quadrupole splitting. In the other, site 2 
has twice the splitting of site 1 


symmetry 
K= g8H-S+D[S2—1/3S(S+1)], (1) 


where S and g and D are obtained independently 
from the data. Angular measurements gave giu=£: 
within experimental error. 

The linewidths were 8 to 11 gauss peak to peak for 
the samples containing protons and 5 gauss peak to peak 
for the deuterated GAISD. The electron spin resonance 


3 
> 
( 


in GAISH can be compared to three previously reported 
results in this compound." The D’s at 24°C are all close 
but there appears a definite concentration dependence. 
The D’s obtained from crystals with the widest lines 
were the smallest. Thus, D of the pure Cr compounds 
will probably be smaller than that of GAISH. The g’s 
obtained are in those previously 
reported. Here and elsewhere" both sites have the same 
g while Bogle et al." find two different g’s at 17°C. 

The optical absorption spectra of Cr*+ in C(NH2)s- 
Cr(SO4)2:6H2O show absorptions at 17 500, 24 600 and 
38 800 cm. This is in good agreement with the spectra 
found in KCr(SO4).-12H.O" which is an alum. The 
absorption spectra were run on a model 14 Cary 
spectrometer at room temperature. The agreement is 
to be exper ted since the absorption spectra are a 
measure of the cubic part of the crystalline field which 
is expected to be very similar in the two substances 
since, in both, Cr** is surrounded by an octahedra of 
water molecules. 


agreement with 


DISCUSSION 


Before examining the electron spin resonance (ESR) 
data and its connection with the quadrupole data, the 
eVq/h results will be discussed in Secs. A-E. In Sec. F 
there will be a discussion of the effect of ferroelectricity 
on the eQq/h results. Finally, in the remaining sections 
the ESR results will be discussed. 


A. Introduction 


Within the framework of the ionic model the field 
gradient, g, at the Al** or Ga** nucleus should be 


3 cos’6;—1 
g= (1—y.2) >> ? , (2) 


1 r 


'§ See D. S. McClure, Solid-State Physics, edited by F. Seitz and 
I). Turnbull (Academic Press, Inc., New York, 1959), Vol. 9. 


C(NH 


\1(SO,.)2+:6H20 1637 
The sum is over all the other charges in the lattice 
where e; is the charge of the 7th ion a distance r; away, 
6; is the angle between the z axis (c axis) and the vector 
to the ith charge, and y,, is the antishielding factor of the 
ion for which the quadrupole coupling constant is being 
calculated, i.e., Al®* or Ga*+ in this paper. Thus the 
temperature dependence of eVg// should come from the 
sum in Eq. (2), which depends on the positions of the 
charges in the lattice. 

A short but probably ample review of the experi- 
mental confirmation of the validity of the concept of an 
antishielding factor, y., found in a recent 
publication.” The theoretical and experimental values 
of y., for the alkali ions are in agreement. For the halide 
ions the poor agreement is probably associated with the 


can be 


fact that the outer electron shell of these negative ions 
is easily deformed.2! However only positive ions (Al*+ 
and Ga**) will be considered here. 

Secs. B-E describe the quadrupole coupling data. 
First, the general behavior of eOg/h is discussed. Then it 
is shown how the theoretical ratio of (1—vy.,) of Al** to 
Ga** is needed to make the data much more consistent. 
This is done without using any detailed model of the 
lattice. In the third section q is directly calculated, 
using Eq. (2) and the x-ray data. Then the sensitivity 
of q to the various uncertainties in the structural data 
is investigated. The temperature dependence of eQq/h 
is calculated and its sensitivity is investigated. In the 
fourth section the relationship of eQg/h among the 
compounds is analyzed. 


B. General Behavior 


In molecular crystals it has generally been observed 
that eQg/h usually increases with decreasing tempera- 
ture while the slope of the curve decreases toward zero 
at very low temperature.* As can be seen in Fig. 3, 
eQg/h is markedly linear with temperature, and in 
several cases changes sign. Of course, the sign of 
eQg/h has not been measured. Thus + and + are used 
in the figure, but it is quite apparent that eQq/h does go 
through zero. This is the first time this has been observed 
for quadrupole resonances. 

One can also see in Fig. 3 that the general behavior 
of eQq/h is similar for the two nonequivalent sites in all 
the compounds studied. As mentioned before, some of 
the points on the GGa"'SH (2) curve have been ob- 
2 and then 
converting it to the curve by multiplying by the known 
ratio of the quadrupole moments. There is no curve for 


tained by observing the Ga resonance 


GAISD because it was found the results are the same 
as for GAISH. Thus, the curves marked GAISH (1) 
and (2) contain values measured on both deuterated 
and undeuterated samples. 


2G. Burns and E. G. Wikner, Phys. Rev. 121, 155 (1961). 
21. Burns, Phys. Rev. 115, 357 (1959). 
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C. Antishielding 


The effect of antishielding factors can be examined 
without considering any detailed model of the lattice. 

As can be seen in Fig. 2 or in Table I d(eQg/h)/dT 
for the gallium compounds is larger than the aluminum 
compounds. Since the nuclear quadrupole moment of 
Ga™ is smaller” than that of Al’, the temperature 
dependence of the field gradient itself, dg/d7, for the 
Ga compounds relative to Al compounds is even larger 
than that shown in Fig. 3. 

One would expect the movement of the ions with 
temperature and thus the temperature dependence of 
the lattice sum in Eq. (2) to be similar for the Al and 
Ga compounds, since all these compounds are iso- 
morphous and have very similar temperature dependent 
physical properties. Even the temperature dependence 
of the spontaneous polarizations is quite similar.® Thus, 
without considering in detail how the lattice sum in 
Eq. (2) behaves with temperature, but only assuming its 
temperature dependence is similar for the Ga and Al 
compounds, normalized Ga d(eQg/h)/dT results should 
approximately be the same as the corresponding Al 
results. 

As already noted, normalizing d(eQg/h)/dT to the 
same nuclear quadrupole moment makes the agreement 
between the Ga”! and Al’ results poorer. However, 
the use of the theoretically calculated antishielding 
factors make the results more sensible. To make the 
comparison, the values of the Ga™ eQg/h and its 
temperature dependence are multiplied by 0.521% and 
given in parentheses in Table I. These values would have 
been obtained if Ga” had the same nuclear quadrupole 
moment as Al*’ and if Ga** had the antishielding factor 
that one calculates Al** should have. The value 0.521 
is obtained from the measured values of Q and calcu- 
lated results of y,, quoted in reference 23. 

As can be seen in Table I, there is only very rough 
agreement. However it is very much better than one 
would obtain if only the nuclear quadrupole moments 
were normalized. 

Independent and better agreement of the ratio of 

—v*,,) Ga** to Al** has been observed in the NH, 
alums.* Thus, it is seen that the theoretically calculated 
Y.S are required to understand the temperature 
dependence of eQg/h, and the ratio of the Al** to Ga** 

—7.z)'s are at least approximately verified. 
2For a list of values of nuclear quadrupole moments and 
references to the original work see: C. H. Townes, Handbuch der 
a edited by S. Fliigge (Springer-Verlag, Berlin, Germany, 

3 The values used for Q of Ga™! and Al*’, were 0.12 10™™ and 
0.15 10-* cm? respectively (see reference 22). The values used 
for y. were those calculated from Hartree-Fock wave functions 
and are —6.94 for Ga** (reference 20) and —2.32 for Al** [G. 
Burns, J. Chem. Phys. 31, 1253 (1959) ]. Then to normalize the 
Ga” eQg/h data to Al’, eQg/h of Ga” was multiplied by 
0.15) (3.32)/ (0.12) (7.94) =0.521. 

*G. Burns (to be published). In the NH, alum case the 
measured [d(eQq/h) ]/dT of Al?’ is just 0.5 times the Ga?! measure- 
ments. See also G. Burns, J. Chem. Phys. 32, 1585 (1960). 
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D. Calculation of g 


In this section the field gradient g at the Ga* 
nucleus is explicitly calculated using the x-ray data 
of Geller and Booth.* This is done by performing the 
lattice sum in Eq. 2. The sum was calculated on an 
IBM 704 using a program developed by Bersohn.*® 

In calculating g and its temperature dependence, 
one is immediately faced with three problems: (1) The 
positions of the hydrogens must be ascertained; (2) 
the charge must be distributed (i.e., explicitly where is 
the charge in SO~*?) ; (3) the positions of the ions at low 
temperature must be ascertained if dg/dT is to be 
calculated. Of course, the sensitivity of the results to the 
educated guesses must be investigated. These three 
problems will be discussed in appropriately marked 
paragraphs below. 

One cannot hope for very good agreement between the 
calculated value of eQg/h and the measured value. As 
originally emphasized by Bersohn,”® the lattice sum 
is often sensitive to the x-ray parameters, even in 
simpler lattices than considered here. This sensitivity 
has been noticed elsewhere”® and is of some importance.” 
Also, as will be seen, g is sensitive to some charge 
distribution parameters. However, even though the 
absolute magnitude of g cannot be determined 
accurately d(eQq/h)/dT is found to be much less 
sensitive to the charge distribution and x-ray param- 
eters. Thus more reliability will be placed on this latter 
quantity. The insensitivity of d(eQgq/h)/dT to position 
and charge parameters may occur in other crystals than 
those considered here. If this is the case the conclusions 
drawn should be more reliable than those drawn from 
comparing g at a single temperature. 

(1) The x-ray data do not tell where the hydrogens 
are, SO one must estimate their positions. Since there is 
hydrogen bonding between the oxygen of the waters of 
hydration and the oxygens on the SO,” group the 
hydrogens were placed*’ 1.02 A from the water oxygen 
along the line joining the two oxygens. The calculation 
was also done for a distance of 0.96 A. The change in qg 
was about 2% and thus not important. In the original 
x-ray work the internuclear distances in the SOs? 
tetrahedra and guanidinium ion were assumed to be 
those usually found for these ions. These distances were 
used in the lattice sum. Although this approximation 
made in the x-ray work is quite reasonable, it again 
shows why good agreement cannot be expected between 
the value of g calculated from Eq. (2) and the measured 
value, if g is sensitive to the x-ray data. 

(2) The guanidine ion has a net charge of +1. 
In order to use Eq. (2), the location of the charge must 
be known. The calculation was done assuming the 


25 R. Bersohn, J. Chem. Phys. 29, 326 (1958). 

2°R. A. Bernheim and H. S. Gutowsky, J. Chem. Phys. 32, 
1072 (1960). 

*7 This is the distance found in an alum by neutron diffraction. 
G. E. Bacon and W. E. Gardner, Proc. Roy. Soc. (London) 246, 
78 (1958). 





NQR AND ESR 


iN Cc 


(NH:)3;A1(SO,4)2-6H20 1639 


TABLE II. Values of g for the two Ga sites at two values of c/a. The numbers must be multiplied by e/a* to get g in the 
usual units. To find the approximate value of eQg/h in kc/sec, normalized to AP’, multiply by 10. 


q at Ga(1) 
c/a =0.77242 
Ions contributing to g (high temp.) 


Ga’* —55.615 —53.105 

Guanidine ion't; +1 
charge on H 

(+1 charge on N) 

Waters; charge on the 
oxygens = —7 = —0.6 


+37.518 
(452.531) 


+39.876 
(+54.064) 


—9.207n = —5.525 
SO? groups; charge on 
oxygen = —z=—} 14.8952+3.513 =+10.961 


Sum for q (in esu/cm?) —7.802 = —2.269 X10 +11.041 = 

eQq/h (in kc/sec) (normalized 
to Al?’; i.e., O =0.15 X10-% 
cm’, (1 —y,.) =3.311] 

A(eQq/h) 
————— (normalized to Al?7) 


—81.70 +116.7 


— 1.067 X 104 kc/sec 
A(c/a) 
A(eQq//h) 


- (normalized to Al?’) —0.5607 (kc/sec) (deg™) 


Al 


charge to be first on the nitrogens and then on the 
hydrogens. Both results are listed in Table II. For 
purposes of obtaining a total g the charge was assumed 
to be on the hydrogens, the more likely situation from 
an electrostatic point of view.” The difference in the q’s 
for the two cases is large. However as will be seen, the 
temperature dependence of eVg/h is not sensitive to the 
placing of this charge. 

For the SOg* group, a charge of —z was assumed to 
be on each oxygen with the remaining charge 4s—2 on 
the sulfur. One would expect 2= 4,*"* i.e., all the charge 
on the oxygens, but again the slope of g is found in- 
sensitive to s. The waters of hydration have no total 
charge but a large dipole moment. The calculation was 
done assuming a charge of —7 on the oxygen and a 
charge of +n/2 on each hydrogen. A value of 7=0.6 is 
found for gaseous H,O.% This might be larger in the 
solid because the electric fields due to the surrounding 
ions polarize the H,O molecules. For want of better 
information »=0.6 was used. The experimental O—H 
distance of 1.02 A found in solids,”’ which is larger than 
the 0.96 A found in the gas, possibly accounts for the 
polarization. 

The results for the lattice sum for Ga at site 1 and 2 
for c/a=0.77242 are in Table II. This c/a ratio corre- 
sponds to the room temperature values measured by 
Geller and Booth.® g, at the Ga site, due to each ionic 
group in the lattice is listed in terms of the charge 
distribution parameter. Then, using the above discussed 
value of the distribution parameter, a value of q is 
given. Also the calculated value of eQg/h (normalized 
to Al*’) is in Table II. As can be seen, the results are 
sensitive to the placement of charge in the guanidine 
ion and, to a smaller extent, on the parameters 7 and z 


28 L. Pauling, The Nature of the Chemical Bond (Cornell Uni 
versity Press, Ithaca, New York, 1945) Sec. 25e. 

288 LL. Pauling, reference 28, Sec. 30; J. H. Van Vleck, J. Chem. 
Phys. 7, 61 (1939). Especially p. 65. 

* See J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, Molecular 
Theory of Gases and Liquids (John Wiley & Sons, Inc., New York, 
1954), Chap. 13. 


c/a =0.75383 
(low temp.) 


+9,994n = +5.996 


11.9182 +3.513 = +13.436 
+3,.240 X10" 


gq at Ga(2) 
c/a =0.77242 
(high temp.) 


a =0.75383 
(low temp.) 


—57.058 —54.013 


+42.590 
(+52.348) 


+43.809 
+55.082) 
+68.964n = +41.378 


+91.490n = +54.894 


—32.7892+5.150 = 


+18.035 = 


—11.245 
+5.245 X10"? + 42.287 


28.9742 +9.325 = —5.152 


+12.671 X10! 


1.438 X10 


—0.7556 (k 


which describe the charge distribution on the H,O and 
SO, groups respectively. Thus, it is not too surprising 
that while eQq/h is the right order of magnitude, it is 
not in detailed agreement with the measured value. 

(3) To calculate d(eQg/h)/dT, the lattice sum must 
be evaluated at some low temperature. Since a low 
temperature x-ray structure has not been published, 
it must be estimated. The most attractive way to do 
this is to let all of the internal distances contract an 
amount proportional to the contraction of the macro- 
scopic a and ¢ axis. (This is called homogeneous con- 
traction.) Thus, using the measured coefficients of 
thermal expansion,” one can calculate the positions of 
the ions at some convenient low temperature and again 
perform the lattice sum. It should be pointed out that 
since the thermal expansion is so highly anisotropic, 
the zs components of the positions of the ions in the 
lattice will be caused to decrease much more rapidly 
than the x components as the temperature is lowered. 
Using the coordinates of the ions thus obtained, the 
lattice sum was again evaluated for Ga at site 1 and 2 
for c/a 
Table II. 

While the homogeneous contraction of the SO, 
group with respect to the guanidine group seems 
reasonable, one might expect the interval coordinates 
of a particular ionic group, i.e., SO¢* or C(NH2); to 
change less than the macroscopic contraction. Keeping 


0.75383 (low temperature). The results are in 


some of'the interval coordinates of the separate groups 
independent of temperature has little effect on g. For 


example, the C—N distance in the guanidine ion at 
c/a=0.7538 (low temperature) was kept the same as 
it was ut c/a=0.7724 (high temperature). The result 
for site 1 was +53.987 instead of +54.064. A similar 
calculation for H,O gives +6.651 instead of 6.557 as 
listed in Table II for the low-temperature g. For site 2 
these same small effects were observed. Thus, the 
resultant g is not sensitive to the details of how the 
crystal contracts. The result depends mostly on the 
fact that the c axis contracts much more rapidly than 
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the a axis. This tends to flatten out the unit cell as the 
temperature is lowered, causing the contributions to 
g from all the ions to become more positive as can be 
seen in Table I. 

Since Q of Al’ is positive,” the calculation predicts 
that eQg/h becomes more positive as the temperature 
is lowered. Thus, the upper sign in Fig. 2 should apply. 

When A(eQg/h)/A(c/a) is considered rather than 
eVg/h, it is noticed that the result is much less sensitive 
to the x-ray and charge distribution parameters. For 
example, if the +1 charge of the guanidine ion is 
considered to reside on the nitrogen instead of the 
hydrogen, eQg/h is ~ 120 kc sec more positive, which is 
a large fraction of the total. When A(eQgq/h)/A(c/a) is 
considered, the position of the charge on the guanidine 
ion causes the result to change by only 6%. Also, as 
already pointed out, g at low temperatures is insensitive 
to whether or not the C—N and H.O bond distances 
vary with temperature, so A(eQg/h)/A(c/a) will also be 
insensitive to the quantities. Then the slope of eQg/h 
versus temperature can be obtained from the calculated 
values by 

AleVg h)/AT=A eVg h)/A(c/a)XA(ce/a)/AT. 

This assumes that A(eQg/h)/ AT depends on tempera- 
ture only through the c/a geometrical effect. The values 
are on the bottom of Table Il. The agreement for site 2 
see Table I) and for site 1 within a factor of 2. 
The calculations predict a larger temperature depend- 
ence for site 2 than site 1. Experimentally, the opposite 
is found. This may be related to the fact that site 2 has 
a lower symmetry than site 1. Thus there is more chance 
for an error in the surrounding ion’s coordinates and 
for them to contract inhomogeneously. 


is good 


Since the structures of all the isomorphous compounds 
are quite similar the calculated values of A(eQgq/h) 
A(c/a) should be close. The A(c/a)/ AT are also similar. 
Thus, the values of A(eQg/h)/ AT for all the compounds 
should be close to the values in Table IT. Since these 
calculated values are in reasonable agreement with all 
the measured slopes of eQg/h versus temperature, the 
The next section shows 
how this same homogeneous contraction leads to a 
further understanding of the data. 


model is considered adequate. 


E. Relationships Among the Compounds 


Since the compounds are isomorphous and have very 


similar behavior, it is reasonable to ask why, at a given 
temperature, one compound should have a larger g than 
another. If, at any temperature, one plots eQg/h versus 
c/a for both sites of the four compounds on a single 
graph, the points fall roughly on a line with slope 
— 2X10* kc/sec (assuming the upper sign in Fig. 2 and 
normalization to Al*’). This is in agreement with the 
results shown in Table II for A(eQq/h)/A(c/a). Thus, 
the results from the two different 


sites in the four 
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different compounds can be fitted approximately 
single line that relates g to c/a. 


F. Ferroelectricity 


As mentioned before, these crystals are ferroelectric. 
However, they decompose before reaching a Curie point 
so eVg/h cannot be followed through the Curie point. 
The spontaneous polarization, P,, 0.3 pcoul/cm? at 
room temperature and increases to 0.6 ywcoul/cm® at 
liquid nitrogen temperature.” To correlate nuclear 
quadrupole resonance data with the spontaneous polari 
zation change, it is necessary to assume a model for the 
origin of P,. This has been somewhat successful in the 
case of KNbO;.*' In the case of GAISH, it is not ap- 
parent by looking at the structure what moves in the 
unit cell to cause P, to change or what the cell would 
look like if the crystals were paraelectric. One attractive 
possibility for the causes of the ferroelectric properties 
is that the guanidine ion is nonplanar. This possibility 
allows one to understand how the dipole moment would 
be reversible without causing large groups of ions to 
move. A calculation was made to see how this model 
would affect the quadrupole coupling data. The 
hydrogen atoms of a single guanidine ion must move 
down 0.41 A in order for this model to yield the ob- 
served spontaneous polarization. The change in eQg/k 
+ kc/sec. If 


will be 3 as 


that would result from this movement is 
effect 
much. Thus, if the nonplanarity of the guanidine ion 
change in P, 


all three guanidine ions move, the 
is the cause of ferroelectricity, the would 
not show up to any extent in these measurements. 

To see if the application of dc fields could affect th 
coupling constant, fields up to 3500 volts,/cm 
applied parallel to the @ and ¢ axes in GAISH and 
GAISeH. No measurable change in eVg/h could be seen. 

In summary, it appears that one can understand 
qualitatively and semiquantitatively the temperature 
dependence of eQg/h for these isomorphous compounds 
and the interrelationship among the compounds at a 
given temperature. This was done within the framework 
of the ionic model so that the appropriate antishielding 


were 


factors were used. Homogeneous contraction was used 
to calculate d(eQq/h)/dT. The results were not sensitive 
to the details of the contraction and were in reasonable 
agreement with experiment. 


G. Electronspin Resonance Results, General 


The results of the temperature dependence of the 
Cr** resonance in the five isomorphous compounds are 
discussed here. See Table I for the 

There are no large differences in the spin-Hamiltonian 
parameters for Cr** in the Ga* or Al*+ compounds 
measured here. The ionic radius of Cr** is 0.64 A, while 
Al** and Ga* radii of 0.50 A and 0.62 A, 


measured values. 


have ioni 


* A. G. Chynoweth, Phys. Rev. 102, 1021 
3} R. R. Hewitt, Phys. Rev. 121, 45 (1961 


1956 
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respectively.” One might expect the cubic field splitting 
(which is a measure of the cubic component of the 
crystalline potential = 15Q) in the Al*+ compounds to be 
larger than in the Ga*+ compounds since the misfit is 
larger. In the electrostatic theory, the cubic field 
splitting increases rapidly as the Cr**—H,O distance 
decreases. This type of reasoning has been used to 
explain the concentration-dependent color changes that 
occur in ruby.* Changes in 15Q should show up as 
changes in the spin-Hamiltonian parameter g, since’ 


g=gL1—40/15Q]. (4) 


g, is the free-electron g value (2.0023) and X is the spin 
orbit coupling parameter. However, g values from the 
Al’+ and Ga*+ compounds are the same within experi- 
mental error, while from the above type of reasoning 
a noticeable difference should be seen. Probably in this 
open type of hydrogen bonded lattice, the ionic groups 
and the water dipole can move easily to relieve the 
strain caused by the Cr** ion. In the ruby lattice the 
strain cannot be relieved by shortening or twisting 
hydrogen bonds, so one sees the effects.** In the alums, 
which are hydrogen bonded, again no change in g is seen 
for Cr*+ replacing Al, Ga, and In.* 

As can be seen in Table I, the D term [which is a 
measure of the axial component of the crystalline field, 
see Eq. (1) ] in GAISD is larger than in GAISH at room 
temperature and the difference increases as the tempera- 
ture is lowered. Bleaney and Bowers™ have observed 
that in KAI](SeO4).:12H2O the deuterated alum has a 
larger D than in the undeuterated alum. The opposite 
has been observed by Wang in AICl;-6H,0.*° In this 
compound, as the temperature is lowered, D of the 
undeuterated compound increases much faster than in 
the deuterated sample. There appears to be no published 
theoretical discussion of these effects alt hough considera- 
tion of them might be helpful in understanding some 
of the fine points in the origin of D and might be useful 
as a tool for studying the hydrogen bond. 

As mentioned in the section on results, the effects of 
concentration on D can be seen even though the electron 
spin resonance is measured in what would be normally 
called dilute systems. 


H. Dvs eQq/h 


The temperature dependence of eQg/h for Al and 
Ga, and of D for small amounts of Cr in the isomorphous 
compounds has been measured. One can eliminate 


® See tables of Pauling’s values in C. Kittel, /ntroduction to 
Solid-State Physics (John Wiley & Sons, Inc., New York, 1956), 
2nd ed., p. 82. 

SL. E. Orgel, Nature 179, 1348 (1957). However, the experi 
mental work that Orgel’s discussion is based on has recently been 
questioned. See J. Graham, J. Phys. Chem. Solids 17, 18 (1960). 

* B. Bleaney and K. D. Bowers, Proc. Phys. Soc. (London) 
A64, 1135 (1951). 

35 E. Y. Wong, J. Chem. Phys. 32, 598 (1960). See also R. H 
Hoskins, R. C. Pastor, and K. R. Trigger, J. Chem. Phys. 30, 601 
(1958). 
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Fic. 5. D vs eQq/h. This is eQg/h (in kc/sec) for Al or Ga versus 
D of Cr. The abbreviation describing the particular points is 
obvious (i.e., AISe=GAISeH) the number in parentheses is the 
temperature in degrees centigrade. The circles and triangles 
represent results from sites (2) and (1), respectively. The eVg h 
for Ga™ has been multiplied by 0.521 to normalize it to Al 
nuclear quadrupole moment and antishielding factor 


temperature and study the relationship between D and 
eQg/h. This has been done and the results can be seen in 
Fig. 5. In this figure each point corresponds to the D 
of Cr** when small amounts of Cr are substituted in 
the crystal as discussed previously, and eQg/h of Al (or 
Ga normalized to Al) at the same temperature. The 
temperature is given in brackets. The fact that D 
versus eVgq// is linear for a particular site in a particular 
crystal is not surprising. However, from the figure there 
is a single linear relation between D and eQq/h for both 
the different Al compounds. The Ga 
compounds behave similarly with a bit more scatter. 


sites in two 
Note that eQg/h for Ga compounds are the reduced 
values. That is they have been multiplied by 0.521 to 
normalize Q and (1—y,,) to Al®’. If the reduced values 
of eg h had not been used the two lines would not be 
approximately parallel. This is a further indication of 
the validity of the ratio of the antishielding factors. 
This linear relationship has also been observed in the 
alums.” 

The field gradient, g, is a measure of the departure of 
the crystal field from cubic symmetry. The second 
the potential along the 
s(c) axis evaluated at the nucleus, is #V/d2*. [See Eq. 
(2) ]. The sum in Eq. (2 


derivative of electrostatic 
is g, due to all the ions in the 
lattice, provided the Al*t ion has perfect spherical 
symmetry. Actually, the component of the 
crystalline potential distorts the spherical electron 


axial 


cloud of the Al** ion. Using first order perturbation 
theory,*® one can write g as (1—y,,) times the sum. 
This is how it appears in Eq. (2). 

3° H. M. Foley, R. M. Sternheimer, and D. Tycko, Phys. Rev. 


93, 734 (1954); R. M. Sternheimer and H. M. Foley, ibid. 102, 
731 (1956 
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The coefficient D in the spin Hamiltonian, Eq. (1), 
is also a measure of the departure of the crystal field 
from spherical symmetry. One can write the crystal 
field as the sum of a cubic part and an axial part.‘ 


V=Q[(10)'(¥ e—V.)—(7)'¥]4+4rV2. (5) 


The first bracketed term is the cubic term and the 
second is the axial part. Y',” is a normalized spherical 
harmonic and Q and A are determined by the arrange- 
ment of the ions in the lattice. In the crystal-field 
approximation, one assumes the cubic part is much 
larger than the axial part which is borne out.‘ Actually, 
there is also a Br‘¥,° term in the axial part of Eq. (5). 
According to Walsh,* it is about 25% of the ArY,° 
term in NiSiFs-6H,O and a smaller percent in Al.O3.** 
No higher terms need be considered for Cr** since d 
electrons have an orbital angular momentum of two.! 
One can relate the parameters in Eq. (5) to measured 
parameters g and D by Eqs. (4) and (6).*7.” 


Ax\?_. 157Ag\?. 
D=30/ -)A = ( ya, 
15Q Sig 


where 


14(57)? 


Ag=g-—g,, and (r") is the expectation value of r" over 
the 3d electron wave function. Actually one can also 
measure 15Q by optical absorption methods and this 
has been done in C(NH2);Cr(SO,4)2-6H.O as discussed 
in the section on results. 

From Eq. (5) one can also calculate the field gradient 


0°V /dz*= (5/r)A. (9) 


The question immediately arises, is this the field 
gradient due to the lattice as if the Al** has spherical 
symmetry, or is it the actual field gradient at the 
nucleus, (i.e., including the distortion of the almost 
spherical electron cloud that gives rise to y,,)? Since it 
arises from the potential due to the ions of the lattice 
around the Al** site, it is the former so it does not as yet 
contain the antishielding effects. 


Combining Eqs. (6), (8), and (9), one obtains 


3 /Ag\? 
( +) er” du. 
112\ g, 


The subscript « is just a reminder that this is the 
unshielded field gradient. The relation between D and 
37 W. M. Walsh, Jr., Phys. Rev. 114, 1473 (1959). 
3 T. S. Piper and R. L. Carlin, J. Chem. Phys. 33, 1208 (1960) 
% J. Becquerel and W. Opechowski, Physica 6, 1039 (1939). 
# J. H. Van Vleck, J. Chem. Phys. 7, 1039 (1939). 


(10) 
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eQg/h is 


5 Ag 3 (r° h 
D= ( ) (eQq/h). 
112\ g,7 (1—7.)O 


Using the values Q=0.15X10-* cm’, (1—y,,) 

and (r?)=0.405 X10-'* cm?,*" one obtains” 

cm (ke/sec)~ for the slope of D versus eQg/h. There- 
fore, from fairly general reasoning, one expects D to be 
proportional to eQg/h with the constant of proportion- 
ality as given above. The measurements show that D 
and eQq/h are indeed linearly related, but D#0 when 
g=0 and the slope from the curve is 2.610 cm 
(kc/sec)~, i.e., an order of magnitude larger than the 
calculated value. The result for D versus eQg/h for the 
Ga compounds is the same as for the Al compounds 
but the line is displaced 0,04 cm~ in D. 

One can qualitatively understand why D and eQg/h 
might not be simultaneously zero by remembering that 
the Cr** ion will not be a perfect fit in an Al** site. Thus 
the introduction of Cr** will result in a distortion in the 
lattice immediately around it. This could give a finite 
D even though the rest of the Al sites might have zero g. 
However the ionic radius of Cr** is much closer to Ga** 
than to Al**, so the D value at zero eVQg/h should be 
smaller in the Ga compounds than in the Al compounds. 
The opposite is observed. Das and Bersohn® have 
pointed out that overlap effects can lead to the 
equivalent of a shift of the curve in the D direction, 
but again one would expect less of a shift in the Ga 
compounds. Thus the reason for the different intercepts 
for the Al and Ga data is not clear. 

There are a number of possible reasons for the lack of 
agreement between measured slope of D vs eQg/h and 
that calculated from Eq. (11). ; 

1. In Eq. (5), the axial component of the crystalline 
potential seen by Al** or Cr” xr, This 
is correct if the charges producing the potential are 


is written as 


outside the region of the ion that is being measured, 
which is within the framework of the model. 
Actually some overlap must exist. It might be expected 
to affect D more than eQg/h since D is more dependent 
on the outer part of the wave function. Phillips“ has 
shown in the case of calculations of the cubic crystal 
field splitting, 15Q, that to a first approximation, the 
effects of the finite distribution of charge of the neighbors 


ioni 


cancel, and the estimates of 15Q based on point charges 
is justified. If the same arguments are approximately 
applicable to D, then Eq. (5) is reasonable and one 
must look elsewhere to understand why the experi- 


"' Calculated from wave functions computed by R. E. Watson, 
Phys. Rev. 118, 1036 (1960). 

To obtain the numerical value —2.310~° cm™ (kc/sec) ! 
the value obtained from Eq. (11) was multiplied by approxi 
mately 2, since P. H. E. Meijer and H. J. Gerritsen, Phys. Rev. 
100, 742 (1955), show that Eq. (6 
numerical value. 

*%T, P. Das and R. Bersohn (private communicatior 

“J.C. Phillips, J. Phys. Chem. Solids 11, 226 (1959 


should be changed by this 
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mental slope of D versus eQq/h is ten times larger than 
the calculated one. 

2. Pryce* has pointed out that the magnetic spin- 
spin interaction between pairs of electrons within the 
Cr** ion gives a contribution to D. However this 
contribution should be independent of temperature. 
Thus it cannot affect the slope. It might on the other 
hand contribute to D not being zero when q is. It also 
might be a cause for the displacement of the D versus 
eQg/h for Ga** with respect to the Al** line, since the 
contribution from the spin interaction to D is sensitive 
to the wave function of the 3d electron. However this 
cause for the displacement is unlikely, since the differ- 
ence in the contraction of the Cr+ 3d wave functions 
in the Ga** and Al** compounds that is large enough 
to shift the D versus eVy/h curve, would also cause a 
change in 15Q large enough to show up in the measure- 
ments of g. [See Eq. (4). ] 

3. Another possible cause of the disagreement be- 
tween the slope of D versus eQg/h calculated from Eq. 
(11), and the measured value could be the following: 
The Cr** electrons not only see the potential due to other 
external ions as in Eq. (5), but also see the potential 
due to any distortions in the ion core itself. Thus the 
axial part of the potential in Eq. (5) induces a quad- 
rupole moment in the electron distribution of the Cr** 
ion. Then the 3d electrons on this ion see the potential 
due to the axial term in Eq. (5) plus this additional 
potential. Of course this extra potential has just the 
right symmetry to contribute to Eq. (6). It is this sort 
of reasoning that leads to shielding or antishielding*® 


effects in calculating g. However the averaging here will 
be different. 


Thus Ar¥,.° is considered as a perturbation on the 
electrons in the ion under consideration. This pertur- 
bation will have nonzero matrix elements with certain 
excited state wave functions. The resultant new wave 
function will produce a potential that can be written 


1 ” Uolty 
fortune ——dr}}, 
rJo ry 


’ 


as 


V(r,0)=AYOW (12) 


where wp is the radial part of the ground state wave 
function, #, the radial part of the particular excited 
state wave function that is connected to uo by the 
perturbation, and W is a number that arises from the 
angular integrations of the angular part associated 
with the wave functions #) and ;.47 The quadrupole 
type perturbation (4r°¥.°) connects s states to d, p 
states to pand f, and d states to s, d, and g. To compare 


45 M. H. L. Pryce, Phys. Rev. 80, 1107 (1950). 

‘© See for example reference 29, Chap. 12. 

‘7 Values for the angular integrals, W, are one-half times the 
angular integration values calculated by Sternheimer, Phys. Rev. 
95, 736 (1954). Thus, for the s->d, p— p, pof,d—->s,d—d, 
andd— g contributions, W is 4 5, 24 25. 36 Zz, 4 “4 8 i? and 


72/35, respectively. 


C(NH: 
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the effects of this extra potential with the lattice 
potential Ar’Y,°, one need only compare the radial 
part of the expectation value of V(r,0) over the 3d 
electron wave function to (r*), the A Y2° being necessarily 
common to both. 

To do this calculation, good estimates of the excited 
wave function, “;, must be known to use the Eq. (12). 
Detailed calculations were carried out using the 1’s 
calculated by Sternheimer*® for the case of Cut since it 
has 3d electrons. The sum of radial expectation values 
of V(r,0) over the 3d electrons was ten times smaller 
than (r?) for the 3d electrons and less detailed calcu- 
lations indicate the same small effect will occur in 
Cr*+. Thus this approach does not seem fruitful. 

4. Another possible source of understanding the 
discrepancy in slope, stems from calculations of Sugano 
and Tanaba.* They re-evaluated D in terms of the 
crystal field parameter and obtained for D the term 
listed in Eq. (6) plus two others. These two new terms 
arise from dropping the assumption that the spin 
orbit coupling is isotropic. They relate the anisotropic 
spin orbit coupling parameter to the anisotropic g 
factor. Unfortunately one must be able to measure a 
difference between g,, and g, to apply the equations. 
For Cr* this difference is very small and usually not 
measurable,‘ as is the case here. If it is measurable, the 
errors in g,, and g, are close to g;,— g:. Besides Al.Os, the 
equations of Sugano and Tanabe can be applied to the 
recently measured values of Cr** in MgAl.O4.% The 
agreement is reasonable, but it is also in agreement with 
the older theories that assume an isotropic spin orbit 
coupling. However optical measurements could distin- 
guish between the two. An understanding of the aniso- 
tropic spin orbit coupling and its dependence on the 
crystalline fields would make this theory more useful. 

Recently, Sugano and Peter®! have calculated D in 
Al,O; by an entirely different approach, where con- 
figuration mixing and covalency play a dominant role. 
Again, agreement is obtained. 


SUMMARY 


1. The temperature dependence of eVg/h for the two 
different sites in the four different compounds is 
similar. However, the large value of [d(eQgq/h) ]/dT 
for the Ga compounds with respect to the Al compounds 
is shown to be evidence for an antishielding factor in 
agreement with the calculated value. 

2. By using the structural data, thermal expansion 
coefficients, and reasonable estimates as to the charge 
distribution parameters, both g and dg/dT are calcu- 
lated. The latter is found to be fairly insensitive to the 


48R. M. Sternheimer, Document No. 6044-ADI Auxiliary 
Publications Project, Photoduplication Service, Library of 
Congress, Washington 25, D. C. 

4S. Sugano and Y. Tanabe, J. Phys. Soc. Japan 13, 880 (1958). 

50 R. Stahl-Brada and W. Low, Phys. Rev. 116, 561 (1959). 

51S, Sugano and M. Peter, Bull. Am. Phys. Soc. 5, 415 (1960). 
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structural data and to the charge distribution param- 
eters. When it is multiplied by the known Q and the 
calculated (1—y,,), then it is in agreement with the 
values measured for d(eQg/h),/ dT. The value calculated 
for eQg/h is of the right order of magnitude (within 
several hundred ke/sec of but sensitive to the 
charge distribution parameters. The calculations also 
show the relationship of eQg// among the compounds 
at a given temperature. 


zero), 


3. In an attempt to study the ferroelectricity of these 
crystals a simple model is proposed. However, the ion 
movements that are necessary to account for the large 
temperature dependence of the spontaneous polari- 
zation produce very small changes in eQg/h. These 
smaller changes would be masked by the other much 
larger changes in eQg / with temperature as discussed 
here. Therefore they would not be seen. 

4. The temperature dependence of the ESR of Cr** 
substituted for Al and Ga in two different sites of four 
compounds has been measured. Again the results are 
generally similar. The g value for the Ga and Al com- 
pounds experimental error. Thus 
“squeezing” of the Cr ions is not seen. The D term in 
the spin-Hamiltonian of the deuterated compound 

GAISD) has a different value than in the undeuterated 
compound (GAISH 
is slightly different. However no difference was seen 
for the Al nuclear quadrupole resonance in these two 
compounds. 


is equal within 


and the temperature dependence 


5. By parametrically eliminating temperature, the 
relation between D and eVg/h is studied. The result is 
two parallel but displaced lines, one for the two sites 
in the two Al compounds, and the other for the two Ga 
compounds. The lines are parallel only if the normalized 
eQg/h values are used. Using the general results from 
the literature describing the connection between the 
crystal potential and the spin-Hamiltonian parameters, 
a relation is derived that shows D should be propor- 
tional to eJg/h. However the experimental data show 
that D and eQVg/h are not simultaneously zero. Perhaps 
this is not too surprising since it is expected that the 
Cr ion distorts its immediate neighbors. Thus a finite D 
is possible, while the rest of the Al ions see zero g. 
However, the fact that the line for the Al compounds 
is displaced from the line for Ga compounds (the latter 
being the further from the origin 
disagreement with present understanding. 


seems to be in 


6. The measured value for the slope of the D versus 
eVJq/h curve as discussed above is ten times larger than 
the calculated value. The origin of this difference is not 
known. One possible reason is investigated. The 3d 
electrons see not only the potential due to the crystalline 
field, but they also see the induced potentials of the core 


electrons. However this effect proves to be small. 


GERALD 


BURNS 


Thus, using the general crystalline potential relations, 
an equation relating D to eQg/h is found. However, 
agreement with the experimental measurements is not 
satisfactory. Since the nuclear quadrupole resonance 
data are fairly well understood and the theoretical 
relation found between D and eQg/h should be general, 
it is concluded that detailed understanding of the zero- 
field splitting (D term) is lacking. 

Note added in proof.—The variation of D with uni- 
axial stress was measured in GAISH. This was done to 
further check the variation of D with geometry of the 
unit cell. As discussed in the paper, one can understand 
the temperature dependence of eQg/h in terms of 
changes of the geometry of the unit cell. In particular, 
lowering the temperature causes the ¢ axis to contract 
much faster than the a axis. This causes the contribu- 
tions to g from all the ions to become more positive as 
the temperature is lowered, as can be seen in Table IT. 
The calculated temperature dependence of eQg/h is 
in agreement with the measurements. Also, the varia- 
tion of eVg/h with c/a from one compound to the other 
at one temperature is in agreement with the calcula- 
tions. To explic itly check the dependen e of D on the 
geometry of the unit cell, [0D/0(c a) |r was measured 
at room temperature in GAISH by applying uniaxial 
pressure along the ¢ direction. The general techniques 
used for this measurement were similar to those used by 
Walsh.*” The elastic needed to 
find the variation of c/a with stress have been pub- 
lished." The result is (1/D)[0D/0(c/a) }r=—21. This 
can be compared to the variation of D with c/a 
at constant pressure (i.e., the temperature) 
(1 D)[aD Olé a) |p —33. Thus, changes in D ap- 
pear to come mainly from changes of the distribution 
of the ions in the unit cell as determined by c/a. This 
is not always the case. For example, in NiSiFs-6H.O 
the D of Nit? is affected strongly by lattice vibra- 
tions*®’ and the two derivatives have different signs, e.g., 
(1 D){aD 0(c/a) }r=—120 while (1/D [aD O(c/a) |p 

+60. It should be noted that the relationship be- 
tween D and gq should not be affected by the actual 
cause of the temperature dependence as long as the 
cause can be written in terms of the usual crystal field 
potential. 


constants which are 


vary 
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Field-effect measurements have been employed to study constriction of current flow in very thin single 
crystals of conducting CdS. With an electrolyte field electrode and crystals having about 1 ohm-cm resis 
tivity, it has been possible to obtain complete pinch-off of current flow through the crystal by applying 
voltage to the field electrode. The technique used is evaluated quantitatively and is found to bea satisfactory 
method for obtaining high electric fields of known magnitude in CdS. Dielectric breakdown occurs when 
sufficiently high voltage is applied to the field electrode. The breakdown field strength was found to be 


1.8 10® v/cm at 25°C 


EVERAL interesting properties of solids require, for 
their study, the production of a high electric field 
in a crystal of an insulator. A voltage must be applied 
to a suitably dimensioned specimen in such a way that 
the injection of carriers from the electrodes is at a 
minimum and the distribution of the field within the 
specimen is known. Use of an electrolyte solution as a 
blocking electrode on a crystal of conducting CdS 
permits high fields to be established within the crystal 
across a carrier-free space charge region adjacent to the 
electrode.'* Injection of carriers from the electrode is 
minimal with this arrangement. To be confident of 
the distribution of the field within the crystal it is 
desirable to have a quantitative test showing how well 
the relevant theoretical model of the space charge 
region is able to describe experiments with this elec- 
trode arrangement. In the work described below, field- 
effect current pinch experiments are used to test the 
applic ability of the Mott-Schottky model which relates 
the thickness of the space charge region at the field 
electrode to the applied voltage.* Results show that, 
under these conditions, the space charge region is 
adequately described by the Mott-Schottky model 
with a uniform volume distribution of donor centers. 
When sufficiently high voltages are applied to the 
field electrode, dielectric breakdown occurs, followed 
by destruction of the crystal at the interface with the 
electrolyte. The model used to describe the space 
charge region is then used with experimental data to 
obtain the field strength at which dielectric breakdown 
occurs. 


EXPERIMENTAL 


The excellent blocking contact which an electrolyte 
solution makes to CdS allows its use as a field electrode 
to pinch off current flow in thin conducting crystals, 
without need of the dielectric spacer commonly em- 
ployed in field effect measurements. Vapor-grown CdS 


crystals were used. These were grown in this laboratory 


* This work was supported in part by a Naval Ordnance govern 
ment contract. 

'R. Williams, Phys. Rev.”117, 1487 (1960). 

*R. Williams, J. Chem. Phys. 32, 1505 (1960). 

‘H. K. Henisch, Rectifying Semiconductor Contacts (Oxford 
University Press, New York, 1957), p. 189. 


by C. Busanovich and S$. M. Thomsen. The conduc- 
tivity was type and due to either bromine or chlorine 
incorporated during growth. There was no observable 
difference between chlorine and bromine doped crystals 
for the type of experiments done here. The halogens, 
when incorporated in CdS, form shallow donor levels 
lying several hundredths of an electron volt below the 
conduction band.* These levels are completely ionized 
at room temperature and result, for the crystals used 
here, in dark resistivities ranging from about 0.2 to 
10 ohm-cm. 

The crystals grew in the form of thin ribbons about 
1 cm long, 0.05 cm wide, and with thicknesses ranging 
from 24 up to 15 yu. Most crystals were used as grown. 
Some were etched in 7.0 M HC] to reduce their thick- 
ness. The properties of crystals which had been etched 
were no different, in the field effect measurements, from 
the properties of crystals with similar final thickness 
which had not been etched. Crystal thicknesses were 
measured by mounting in a vertical plane and viewing 
the thin edge of the crystal in vertical illumination 
through a microscope fitted with a calibrated scale in 
the eyepiece. The precision of this method is about 
t 5%, for thicknesses above 5 yu and about +10% for 
the smaller thicknesses. 

CdS ordinarily crystallizes in the hexagonal wurtzite 
lattice. In the crystals used here, the c axis was in the 
plane of the thin ribbon and perpendicular to the long 
dimension of the ribbon. This is of importance in con- 
nection with the dielectric breakdown experiments 
which show pronounced anisotropy. 

The mounting of crystals and electrical connections 
are best explained with reference to Fig. 1. Ohmic 
contacts were applied to the ends of a ribbon crystal 
by brushing on a fused alloy containing equal parts of 
gallium and indium. The crystal was mounted on a ring 
of Glyptal resin which served to hold it and to contain 
an electrolyte solution so that the electrolyte could sur- 
round the center section of the crystal without coming 
into contact with the ohmic electrodes at the ends of 
the crystal. In operation, the ring was filled nearly 
to the top with 0.1 M water solution of KCl, which 


*R. H. Bube and S. M. Thomsen, J. Chem. Phys. 23, 15 (1955). 
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Fic. 1. Method of mounting thin CdS crystals for field-effect 
measurements. The field electrode is an electrolyte solution which 
fills the reservoir and surrounds the center section of the crystal. 


served as a field electrode encircling the crystal. Contact 
between the solution and the external circuit was made 
through a platinum wire. It was determined that there 
was no appreciable polarization occurring at the plati- 
num wire for any of the current densities which were 
encountered. Thus, to a good approximation, the poten- 
tial difference across the interface between the platinum 
wire and the solution was independent of applied 
voltage. 

? 


Figure 2 shows the circuit employed to study con- 


striction of current flow through the crystal by d¢ 
voltage on the electrolyte field electrode. To make 
contact to the Ohmic end electrodes of the crystal, 
silver paste stripes were painted from the electrodes 


to metal tabs cemented on the glass base plate. Vj and 
V2 could be varied smoothly by means of Helipot 
potentiometers. The electrolyte solution makes blocking 
contact to the crystal only when the crystal is main- 
tained at a potential positive with respect to the 
solution. Reversing the polarity of V2 leads to high 
current flow and destruction of the surface of the 
crystal.? For this reason, the polarity shown in Fig. 2 
was always maintained. Light was excluded from the 
crystal during field effect measurements to avoid light 
generated carriers in all experiments except those where 
the behavior of such carriers was being investigated 
explicitly. 


PLATINUM 
WIRE 


ELECTROLYTE 


FIELD ELECTRODE CRYSTAL 





Fic. 2. Circuit connections for field-effect measurements. V; 
and V; are taken off Helipot potentiometers. The voltage drop 
in the meters for 7; and #2 is negligible compared to the respective 
values of V; and V, 
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RESULTS AND EXPERIMENTS 


With increasing values of V2, the voltage applied 
to the field electrode, the thickness, A, of the space 
charge region in the crystal increases. The electrolyte 
field electrode is always negative with respect to the 
crystal. Under these conditions the space charge region 
in the crystal results from positive ionized donor centers 
whose electrons have been removed from the crystal 
in order to establish the voltage on the field electrode. 
The equivalent negative charge has been placed on the 
surface of the crystal in the form of negative ions from 
solution. The space charge region is devoid of free charge 
carriers and as it becomes thicker it fills more of the 
crystal and reduces the effective cross section for current 
flow. This behavior has been analyzed in detail by 
Shockley® and is described here to make clear the 
function of the components of the present 
arrangement. 


several 


Measurements were made of the current 7;, through 
the crystal for various values of V2, keeping V; constant. 
(Definition of terms is in Fig. 2. Vi<V.2 and ix<<ij.) 
Figure 3 shows results of such a measurement for two 
different values of V;. The current through the crystal 
is pinched off approximately linearly as V 
It is completely pinched off when V2 
so as V2 is increased further. When V 
current returns to its original value and after many 
measurements over several days time there is no change 
in the appearance or properties of the The 
frequency response of the effect has not yet been de- 
termined and, at present, it can only be said that the 
response occurs in less than a tenth of a second. The 
current 72 is small compared to 7; but increases with 
increasing V2. Its magnitude at the pinch-off voltage, 
V ,, is generally about 10~‘ times the amount of current 
which has been pinched off. 


» is Increased. 
remains 


the 


35 v and 


» is removed, 


crystal. 


To compare the data with theory we employ the 
Mott-Schottky equation in the form given by Henisch.* 
The thickness, A, of the space charge region is given by 


= (Vpt+Va), (1) 


2nrNe 


where e=the static dielectric constant of the crystal, 
N=number of ionized donor centers/cc, e= electronic 
charge, V p=diffusion and Vz 


applied voltage. The concept of diffusion voltage is not 


voltage, externally 
simple for a system including an electrolyte, which is 
not an electronic conductor. A detailed discussion has 
been given by Dewald.* The appropriate quantity has 
the order of magnitude of 1 v. Since the applied voltages 
in the current pinch experiments are much larger than 
1 v over most of their range, the quantity Vp+V~ 
5 W. Shockley, Proc. Inst. Radio Engrs. 40, 1365 (1952). 


‘J. F. Dewald, Semiconductors, edited by N. F. Hannay 
(Reinhold Company, New York, 1959), Chap. 17 
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ric. 3. Pinching-off of current flow, 7:;, by the field electrode 
voltage, V2. The two curves are for two different values of V;. 
1’, is constant for all points on a given curve and is much smaller 
than V2 over most of the curve. 


will be replaced by the experimental quantity, V2. Using 
the value of 11.6 for the static dielectric constant of 
CdS,’ Eq. (1) takes the form: 

\=3.6X 108(V2/N)) cm. (2) 
The derivation of Eq. (1) assumes a uniform volume 
distribution of donors. In this work the value of V is 
obtained from measured values of resistivity, using the 
reported value* of the bulk electron mobility in CdS 
of 210 cm?/v-sec. 

To compare Eq. (2) with the data, it may be recalled 
that the complete pinch-off of current by the field 
electrode occurs when the space charge region is thick 
enough to fill the entire crystal. Since the space charge 
regions from the two opposite broad faces penetrate 
into the crystal and meet at the center, the pinch-off 
occurs when each of them is half the total thickness 
of the crystal. This gives the experimental thickness 
of the space charge region at the pinch-off voltage, V ,, 
from the measured crystal thickness. The thickness is 
then calculated from Eq. (2) for V2=V,, using the 
measured value of .V. Values of experimental and calcu- 
lated thicknesses for several different crystals are given 
in Table I. The agreement is satisfactory, considering 
that an absolute calculation of \ is involved. The small 
systematic difference between experimental and theoret- 
ical values could easily be due to error in the values of 
mobility and dielectric constant used in the calculation. 

\ further test of Eq. (2) is to examine the variation 
of \ with V2 bearing in mind that the effective thickness 
of the crystal for current flow is the geometric thickness 
minus 2d. In the case where the crystal is wide compared 
to its thickness and the field electrode extends the entire 
length of the crystal, Eq. (2) gives a very simple re- 
sult for the experiments were V; is constant and small 


‘FP. A. Kréger, H. J. Vink, and J. Volger, Philips Research 
Repts. 10, 48 (1955). 

‘FF. A. Kréger, H. J. Vink, and J. Volger, Philips Research 
Repts. 10, 39 (1955), 
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TABLE I. Experimental test of Eq. (2), using field-effect current 
pinch data from nine different crystals. All measurements made 
at 23°C. 


Thien 
p Half of 
Measured Neale measured 

crystal Calculated crystal 
resistivity from Eq. (2) thickness 
(ohm-cm) (microns) 


Voltage for 
complete 
pinch-off 
of current 

(volts) 


Fractional 
difference 
(microns) (Aexp—Aeaic) /Aexp 


11.6 
42 
90 
35 
45 
80 


2.05 
0.86 
1.20 
1.92 
1.13 
1.08 
44 2.46 
140 1.23 
105 2.57 


Average value 


+0.09 
0 
—0.05 
+0.15 
+0.25 
+0.21 
+0.12 
—0.08 
+0.21 
= +0,09 
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compared to V2. This is 


i1(V2)/i,(0)=1—(V2/V,)}, (3) 
where 7;(0) is the value of 7; when V2=0. Derivations 
of this and a more general case were given by Shockley.°® 
A modification of Eq. (3) must be made to treat the 
present data. As may be seen from Fig. 1, the field 
electrode in these experiments does not cover the entire 
length of the crystal. Because of the small dimensions 
involved and the need to prevent the electrolyte from 
reaching the end contacts, the field electrode was signi- 
ficantly shorter than the total length of the crystal. 
With a voltage applied to the ends of the crystal and 
with V2=0, there is a uniform field throughout the 
crystal in the direction of current flow. When V2 is 
increased, the resistance increases in the center section 
of the crystal covered by the field electrode. With con- 
stant V;, the field in the direction of current flow in 
the center section becomes larger as a result of this 
increased resistance. For this reason, the current flow 
is not pinched off as much as Eq. (3) predicts. The 
appropriate correction is easily made. A parameter, ¢, 
is defined as the ratio of the total resistance of the end 
sections of the crystal, not covered by the field electrode, 
to the resistance of the center section which is covered 
by the field electrode; both for V2=0. The parameter 
may be measured by measuring the appropriate lengths 
since the crystals have uniform cross section. The 
modified form of Eq. (3) now becomes 


1;(V2) V2\3 1+¢@ 
i 1-( ) . (4) 
i,(0) V,7 N+efi—(V2/V,)4] 


Figure 4 shows current pinch data for two representa- 
tive crystals of different thickness. For comparison, a 
plot of Eq. (4) for the appropriate value of ¢ is included 
for each crystal. The agreement indicates the validity 
of Eq. (4) and demonstrates an approximately uniform 
volume distribution of donors, 
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Fic. 4. Current pinch-off for various values of field-electrode 
oltage compared with Eq. (4). Circles are experimental data and 
d lines are calculated from Eq. (4) for the appropriate value 


From the data of Fig. 4+ and Table I it is concluded 
that the magnitude and spatial variation of the poten- 
tial in the « rystal are described, toa good approximation, 
by the Mott-Schottky model for a space charge region 
with a uniform volume distribution of donors. 


DIELECTRIC BREAKDOWN 


When a crystal specimen is used which is somewhat 
thicker than those described above, dielectric break- 
down occurs before a voltage high enough to cause 
complete current pin h-off is reached. This is indicated 


\ 





° 
c-axis 

Fic. 5. Photograph of destructive dielectric breakdown along 
the edge of a CdS crystal. The electrolyte electrode surrounded 
this section of the crystal and the applied field was directed per 
pendicular to the surface at all points. The plane of the thir 
crystal lies in the plane of the page. Width of crystal is 0.5 mm 
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by a very steep rise of the current in the field electrode 
circuit with increasing values of WV». Sudden pulses of 
current flow as successive areas of the crystal surface 
break down. There is no evidence that heating raises 
the temperature substantially in the prebreakdown 
region and it appears to be a true electronic breakdown 
which leads to the destruction of the surface. Extensive 
studies by Boer and co-workers’ on dielectric breakdown 
in CdS have delineated the conditions which lead to 
true electronic breakdown as opposed to thermal break- 
down. The conditions of the present experiments are 
similar to those which these workers found to give 
electronic breakdown. 

The chief qualitative feature of interest is that the 
breakdown nearly always occurs along one edge of the 
crystal. As can be seen from Fig. 1, the electrolyte sur- 
rounds the center section of the crystal. The electric 
field within the crystal is everywhere perpendicular to 
the surface. The two narrow faces perpendicular to the 
c axis are not equivalent since the hexagonal wurtzite 
structure lacks a center of symmetry. The breakdown 
appears to start on one of these narrow faces and spread 
to the broad side faces, with the extent of this spreading 
differing from crystal to crystal. Figure 5 shows an ex- 
ample of a breakdown which has spread far enough onto 
the side faces to be readily visible. There is no visible 
roughness or surface structure on the breakdown face 
which might lead to breakdown merely by concentra- 
tion of the electric field geometrically. In some cases 
the breakdown destruction is in the form of small 
separated spots on one edge rather than a continuous 
area as in Fig. 5. The (0001) face of a CdS crystal may 
be distinguished experimentally from the (0001) face 
by examination of etch figures produced in acid solu- 
i (QOO1), 


tions."”"! Hexagonal etch pits are formed on 
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while on (0001) there are formed either conical pits 
or uniform roughening of the surface, depending on the 
etch employed. This technique was applied to five 
crystals on which the edge breakdown described above 
had been produced. The etching was done on portions 
of the crystals near the ends which had not been exposed 
to the electrolyte and had suffered no surface damage. 
In all cases the breakdown had occurred at the face on 
which hexagonal etch pits were produced; i.e., (0001) 
in the notation of reference 10. Thus, there is either a 
preferred crystal face less resistant to breakdown than 
the others or, alternatively, there is a direction within 
the crystal having a particular polarity with respect 
to the ¢ axis, along which the field most readily causes 
breakdown. 


BREAKDOWN FIELD STRENGTH 


For these measurements, V; and the current meter 
for 7; was removed from the circuit of Fig. 2. As V2 is 
steadily increased, there is a region where 72 is small 
and then a steep rise in 7, followed by destructive 
breakdown. A typical result is shown in Fig. 6. Because 
of the steep rise of current with voltage just before 
breakdown, it is possible to define the breakdown 
voltage arbitrarily as the voltage at which the current 
reaches a certain value, chosen here as 1 wamp. As in 
preceding sections, the value of \ is obtained from the 
Mott-Schottky equation for the value of V2 at which 
breakdown occurs. The average field within the space 
charge region for any applied voltage is V2/A. At the 
inner edge of the space charge region the field is zero 
and it increases linearly with distance until it reaches a 
maximum value at the interface with the electrolyte. 
Hence the maximum value of the field is twice the aver- 
age value. It is, of course, the maximum value which 
should be taken as the breakdown field strength. Table 
II contains values of the breakdown field strength ob- 
tained in this way for several crystals. 


BEHAVIOR OF INJECTED CARRIERS 


In considering the mechanism of the breakdown, it 
is of interest to know the behavior of carriers in the 
space charge region as the field is increased. As in the 
experiments described in the preceding paragraph, V: 


TABLE II 


Measured values of dielectric breakdown field strength 
in CdS. All measurements made at 25°C. 


Breakdown field 
strength, F 
(volts/em) 


Crystal \pplied voltage 
specimen at breakdown 


No volts) 


90 1.6 10° 
75 2.3X 10° 
90) 2.2 108 
100 2.1 108 
130 0.85 X 10! 


Average value of / 1.8+0.3) X 10! 
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was increased steadily and the resulting current meas- 
ured. To inject carriers, the crystal was illuminated 
during the measurement with light of 450 my wave- 
length from a monochromator. The absorption coeffi- 
cient for light of this wavelength” in CdS is about 
10° cm~', so most of the light is absorbed within a tenth 
of a micron from the surface. Under the action of the 
field, the electron produced by the light moves toward 
the interior of the crystal and the hole moves toward 
the surface. The potential within the space charge 
region is a parabolic function of distance along the field 
direction. In a representative case of interest where a 
voltage is applied sufficient to make the thickness of 
the space charge 1 yw, a typical electron produced by: the 
light traverses 90% of the length of the space charge 
region and falls through a potential equal to 80% of 
the applied voltage, providing no trapping occurs. The 
conditions are thus provided where multiplication of 
carriers by impact ionization might be detected. Figure 
7 shows an i-V curve obtained with this arrangement. 
It is seen that there is a long range of voltage where there 
is a saturated photocurrent of approximately one elec- 
tron per incident photon. In this region it is clear that 
impact ionization is of occurring. The steep noisy 
rise of current near 80 v might be due either to impact 
ionization or to.a steeply rising tunneling current of 
carriers from the valence band, deep traps, or the elec- 
trode. Since this steep rise coincides with that of the 
prebreakdown current in the unilluminated crystal, 
it is not possible to say from this experiment alone 
whether this rise in current is due to impact ionization 
which also initiates the breakdown or whether there is 
no impact ionization and the steep rise is due to a tunnel 
current superimposed on the constant current of the 
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lic. 7. Comparison of pre-breakdown currents in the same crys 
tal in the dark and when illuminated with strongly absorbed light. 
With light-injected carriers there is a long voltage range in which 
there is a saturated current of approximately one electron per 
incident photon. This is followed by a very steeply rising and noisy 
current. Curves copied from a recorder tracing 
Am. 46, 1013 (1956 
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light-injected carriers. If one assumes that the field 
in the space charge region is not greatly altered by the 
presence of light-injected carriers, then it is possible 
to specify a minimum field below which impact ioniza- 
tion does not occur. This value is 1.6 10° v/cm for 
the crystal used for Fig. 7. There is some support for 
the contention that impact ionization does not occur 
and that the rise in current is due to a tunneling process. 
This will be brought out in the discussion. 


DISCUSSION 


The anisotropy of the breakdown produced by a 
symmetrical electrode arrangement illustrates the im- 
portance of crystal symmetry in the breakdown process. 
Davisson has shown that, for a variety of crystals, the 
breakdown paths conform to the point group symmetry 
of the crystal.“* For noncentrosymmetric crystals the 
breakdown paths should conform to this lack of sym- 
metry and slightly different breakdown strengths at 
different faces would arise for the electrode arrangement 
used here.'® A more detailed discussion of this requires 
further knowledge of the mechanism of breakdown. 

The theories of dielectric breakdown most relevant 
to the present experiments are the impact ionization 
theory of Fréhlich'® and the tunneling theories discussed 
extensively by Franz'? and Béer.'* An approximate 
quantitative comparison of the present work can be 
made with the treatments of Frohlich and Franz and 
the discussion will be confined to these. 

Frohlich gives an equation for the breakdown field 
strength, F, which is in excellent agreement with experi- 
ment for the alkali halides, and which assumes impact 
ionization as the process initiating breakdown. The 
equation Is 


d\3 d 1 ' 
F= 1.64 10%( ) (ee) (1+ - ). (3) 
G A ehe/kT_ | 


with F in v/cm. Here d=density in g/cc, G= molecular 


weight, e= static dielectric constant, ¢97= high-frequency 
dielectric constant (square of the refractive index for 
near infrared wavelengths), A\o=wavelength in A of 
optical band edge, and A,;=wavelength in microns of 
reststrahlen absorption whose frequency is v. (Recent 


measurements indicate A;= 38.5 yu.) 


It is of interest to estimate the breakdown field which 
the equation predicts for CdS. Using the value 5.3 for 


+ J. W. Davisson, Acta. Cryst. 9, 9 (1956). 

‘J. W. Davisson, in Progress in Dielectrics (John Wiley & 
Sons, Inc., New York, 1959), Vol. 1, pp. 59-96. 

+ J. W. Davisson (private communication) 

*H. Frohlich, Proc. Roy. Soc. A188, 230 (1937). H. Fréhlich 
and J. H. Advances in Electronics, edited by L. 
Marton Pre ss, Inc ° New York, 1950), Vol. Il. pp. 
185-216. 

17 W. Franz, in Handbuch der Physik, edited by S. 
Springer-Verlag, Berlin, 1956), Vol. 17, pp. 155-263. 

‘8K. W. Boer and U. Kiimmel, Ann. Physik 14, 341 (1954). 
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€o,!? 11.6 for e, 5100 A for Xo,”? 38.; 
for G/d, we arrive at the result: 


w for Ay, and 33 


F=7.7X 108 v/cm. 


This is about an order of magnitude higher than the 
value which the same equation predicts for the alkali hal- 
ides. It is in agreement with the evidence presented in 
the previous section that impact ionization does not oc- 
cur at any field strengths less than 1.6X 10° v/cm. How- 
ever, the difference between the predicted value and the 
observed breakdown field strength of 1.8 10° appears 
to be outside the limits of error in the measurements. 
Questions have been raised concerning the validity of 
Eq. (5) and these are reviewed in reference 17. Tenta- 
tively, we accept the discrepancy between calculated and 
observed breakdown field strengths as an indication that 
the breakdown is not initiated by impact ionization in 
order to consider an alternative hypothesis. 

The process of electron tunneling from valence band 
to conduction band of an insulator in an electric field 
has been extensively treated. The tunneling leads to 
a current which rises very rapidly with increasing field 
and could initiate destructive dielectric breakdown. A 
theoretical expression for the probability of this kind 
of tunneling has been given by Franz” who discusses 
the problem with explicit reference to dielectric break- 
down. The transition probability, w, that an electron 
shall tunnel from valence band to conduction band is 
given by 


log ow (sec!) = logio(4.6X 10-84 F’’) 
—1.75X107(m*/m)'J'/F, (6) 
where m*/m=electron effective mass ratio, J = optical 
band gap (2.44 ev for CdS), F= electric field in volts/cm, 
and A=a complicated function whose order of magni- 
tude is unity. It is the last term which dominates 
the dependence of transition probability on field. Tun- 
neling becomes important” when the quantity in the 
last term is about 15. The field for which this is true 
may be readily calculated, then, if the electron effective 
mass is known. Reported values of m*/m for CdS range 
from 0.15 to 0.35.4 For these two values, the critical 
field strengths are 1.6K10® and 2.3X10°® v/cm, re- 
spectively. The observed breakdown field strength lies 
between these two numbers. This approximate numeri- 
cal agreement with theory may mean that the break- 
down process observed here is a true intrinsic break- 
down initiated by tunneling of electrons from valence 
band to conduction band. There is other evidence in 
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support of this idea. If tunneling from valence band to 
conduction band occurs at a certain value of the field 
according to the theory, then identical theoretical con- 
siderations show that, for somewhat lower fields, there 
should be an observable shift of the optical band edge 
on applying the field.* This effect has been observed 
in CdS using the same electrode arrangement employed 
here.’ Results are in good qualitative and quantitative 
agreement with theory and the effect does, indeed occur 
for field strengths just lower than that which produces 
breakdown. The shift of the band edge with field is 
attributed to a precursor of tunneling in which electrons 
from the valence band penetrate part way into the for- 
bidden energy gap but do not cross completely through 
to the conduction band. 

Though the evidence presented here is in agreement 
with the hypothesis that breakdown is initiated by 
tunneling, many features of the data could be explained 
equally well as impact ionization. In addition, the use 
of existing theories for the absolute calculation of 
breakdown field strength is probably a treacherous 
procedure, though a worthwhile one in bringing out 
the relation of theory to experiment. Further experi- 
ments are in progress to study more extensively the 
current-voltage characteristic in the pre-breakdown 
region and establish more firmly the mechanism of 
breakdown. 

An measurement of the breakdown field 
strength by Béer and Kiimmel'* gave values around 
10° v/cm. The properties of their crystals, as well as 
the electrode arrangement, were quite different from 
those used here so a direct comparison of results is 


earlier 
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difficult. It appears likely that breakdown was initiated 
by a different process before the field strength was 
reached necessary for the process observed here. They 
also observed prebreakdown currents showing a general 
resemblance to those of Figs. 6 and 7. 


SUMMARY 


A technique has been evaluated for the production 
and study of high electric fields of known magnitude 
in single crystals of CdS. Fields were produced by ap- 
plying voltage to an electrolyte blocking electrode in 
contact with a conducting crystal. The field occurs in a 
space charge region approximately a micron thick within 
the crystal. A quantitative description of the properties 
of the space charge region is found to be given by the 
Mott-Schottky equation. This was demonstrated by 
field-effect current pinch experiments with very thin 
crystals. Dielectric breakdown for fields of 
1.8108 v/cm. With a symmetrical electrode arrange- 
ment, the breakdown is unsymmetrical, in agreement 
with the point group symmetry of the CdS crystal. Com- 
parison of the measured breakdown field strength with 
existing theories of dielectric breakdown is made. Results 
agree with the interpretation that the breakdown is ini- 
tiated by tunneling of electrons from valence band to 
conduction band though the hypothesis that impact ion- 
ization also takes place cannot be excluded. 
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Magnetic Properties of KMnF;. II. Weak Ferromagnetism* 
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The static magnetic properties of single-crystal KMnF; have been studied by magnetic torsion measure 
ments. These measurements are consistent with a transition to uniaxial antiferromagnetism below 88.3°K 
Below 81.5°K the magnetic behavior is complex with the development of hysteresis and discontinuities in 
the torsion. Further, the torsion increases linearly with magnetic field in this range. These observations 
suggest the development of weak ferromagnetism in this crystal below 81.5°K. From a comparison of the 
direction of the weak moment and the known distortions in the crystal structure it is concluded that the 
weak moment results from a canting of the magnetic sublattices because of differences in the sublattice 
anisotropy. Between 81.5° and 88.3° a moment appears only in strong magnetic fields. It is shown that the 
moment is developed in a field because of the increased parallel susceptibility of a canted antiferromagnet 
The canting transition is interpreted as a first order transition of the Jahn-Teller type. The antiferromagnetic 
transition itself is associated with a change in lattice parameter and is interpreted as an exchange-controlled 


first-order transition 


I. INTRODUCTION 


ROM measurements of the static magnetic suscep- 
tibility of polycrystalline KMnF; as a function of 
temperature'” it has been generally concluded that this 
crystal becomes antiferromagnetically ordered below 
88.3°K. Accurate measurement of the temperature de- 
pendence of the shift in the F" nuclear resonance? indi- 
cates a susceptibility of the form x=C/(T+8), with 
§=238°K. From the magnitude of the resonance shift 
and its directional dependence and from the small reso- 
nance linewidth a strong superexchange interaction be- 
tween manganese ions seems indicated. The resonance 
was observed to broaden and decrease rapidly in in- 
tensity as the temperature was reduced to 88.3°K, sug- 
gesting an antiferromagnetic transition. The continuity 
of the magnetic susceptibility and its temperature inde- 
pendence just below the transition supports this in- 
terpretation. Recent neutron diffraction studies of 
powdered KMnF; have confirmed‘ the existence of anti- 
ferromagnetic ordering at low temperatures. The Mn** 
ions lie on a simple cubic lattice and the neutron studies 
indicate that the spins are ordered so that the spin 
directions alternate along a cube edge. It was not possi- 
ble however to determine the orientation of the spins 
with respect to the crystal. 
The behavior of the static magnetic susceptibility of 
KMnF; above its magnetic 
about 10 deg below the 


transition and down to 
transition is that of a classic 
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antiferromagnet. But below 81.5°K the static magnetic 
measurements indicate a highly nonlinear magnetic 
susceptibility.2> Measurements in this laboratory of the 
magnetic anisotropy of single crystals of KMnF;,° gave 
independent indication of a second transition at this 
lower temperature. These measurements, which are de- 
scribed in detail here, establish that the observed non- 
linear behavior is associated with the development of a 
weak ferromagnetic moment as the result of a slight 
canting of the sublattice moments. 

A theory of the relation between canted antiferro- 
magnetism and crystal symmetry has been developed by 
Dzialoshinskii’ with special application to the weak 
ferromagnetism of a Fe2O;. Bozorth® has developed a 
theory along similar lines with special application to the 
rare earth orthoferrites. This theory has been extended 
by Moriya’:’ with emphasis on the physical interaction 
responsible for canting. Moriya points out that there 
are two distinct mechanisms which can produce canting. 
One mechanism is a difference in the single-spin mag 
netoc rystalline anisotropy for differing These 
differences could produce differing anisotropy at the two 
sublattices. Since a small canting will 


sites.? 


ower the ani- 
sotropy energy in first order while it raises the exchang 
energy only in second order, canting: will be expected 
where it is consistent with the symmetry. The second 
mechanism is associated with the exchange coupling 
itself..° Moriya has demonstrated that for certain sym- 
metries there may be an antisymmetric exchange coup 
ling which will lead to canting 
KMnF; has been studied in 
symmetry of the Mn** sites. 


rhe crystal structure of 
to determine the 
The crystal is found to be 


order 
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Fic. 1. Magnetic torsion of a single crystal of KMnF; at 83.2°K 
in the uncanted state for a field in the | 100} plane. The torque 
is observed to vary as the square of the field and with a period 
of 180 A 


distorted from its perovskite structure with the probable 
space group Pbnm (De;'®). As will be shown below the 
indicated structure suggests a single-ion anisotropy of a 
form leading to canting. Pearson’ has examined the 
sources of single-ion anisotropy in the distorted struc- 
ture and finds that the observed fluorine displacements 
should produce a distortion of the Mn** spherical dipole 
distribution. Estimates of the expected distortion are in 
good agreement with the observed anisotropy energies. 
It is believed therefore that the canting observed in 
KMnfF; is primarily associated with the anisotropy of 
the dipolar energy of the Mn** core and that there is 
very little orbital coupling of the kind that would result 
in antisymmetric exchange. 


Il. EXPERIMENTAL RESULTS 


The anisotropy of the magnetic susceptibility of a 
single crystal’® of KMnF; was investigated by torsion 
measurements in a uniform magnetic field. The appara- 
tus is similar to that previously described by Stout." 
The crystal is rigidly attached to a long glass rod, which 
is connected via the suspension wire to the rotating 
torsion head. A mirror, fixed on the rod, determines the 
orientation of the crystal. By rotating the torsion head 
until the mirror is back to its zero-field position, the 
torque is determined for a partic ular orientation of the 
magnetic field with respect to the crystal. In discussing 
the experimental results we will distinguish three tem- 
perature regions: (1) above 88.3°K—paramagnetic 
region, (2) between 88.3° and 81.5°K—uniaxial anti- 
ferromagnetic region, and (3) below 81.5°K—canted 
antiferromagnetic region. 

In the temperature range above 88.3°K there was no 
detectable anisotropy in the magnetic susceptibility. 
Even though the crystallites are tetragonally dis- 
torted!'5 the samples are highly twinned so that if the 

12 J. J. Pearson, Phys. Rev. 121, 695 (1961). 
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ic. 2. Plot of the torque at 83.2°K in the uncanted state 
demonstrating that the torque is accurately proportional to H?. 
\t the top of the figure is shown the magnitude of the (100) 
discontinuity in the torque as a function of field. The discontinuity 
is proportional to the field at high fields 


tetragonal axes are equally distributed over the cube 
directions, no torque should be observed in a field. 
Below 88.3° a small torque is developed. For a uniaxial 
antiferromagnet we expect!® 


T= (xi—- x1 )H? sin26, 


where @ is the angle between the field direction and the 
magnetic axis. One expects from molecular field theory 
that y1=1/A=x(7n)~1.5X10~ per mole and a=1 
—yx1/xr~ (Ty—-T)/Ty near Ty. Then the maximum 
torque per mole should be about 1.710 H?(Ty—T). 
The sample weighed 390 mg or 0.0026 mole. The ob- 
served torque as shown in Fig. 1 follows this law except 
that the torque is only 10°% of the indicated magnitude. 
The observed reduction follows from the twinning and 
is not unexpected. The dependence of the torque on field 
at 83.2°K for fields up to 7000 oe as shown in Fig. 2. A 
plot of a as a function of temperature is shown in Fig. 3. 
It can be seen that the torque is accurately proportional 
to H*. For fields above 7000 oe the sample behavior 
becomes surprisingly complex. For the crystal suspended 

16 T, Nagamiya, K. Yosida, and R. Kubo, Advances in Physics, 
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Fic. 3. Plot of x:—Xn in arbitrary units in 
the intermediate temperature range. 


along a cube edge, discontinuities in the torque appear 
when the field passes a (100) direction with some hyster- 
esis with respect to the direction of rotation of the 
magnetic field. One interesting way of demonstrating 
this behavior is to orient the field along a (100) direction 
and slowly increase its magnitude. For fields below 
7000 oe there is no torque observed. Above a critical 
field, which is a function of temperature as shown in 
Fig. 4, a torque suddenly develops and increases linearly 
with the field for higher values of the field. The linear 
variation of torque with field and the hysteresis strongly 
suggest the development of a weak ferromagnetic 
moment as the result of a large applied field. We will 
return to a discussion of this field induced transition 
in Sec. V after the behavior at 
temperatures. 

Finally, below 81.5° the crystal behaves as if it has a 
spontaneously developed weak moment. The curves of 
torque vs angle increase linearly with the field as shown 
in Fig. 2 and show hysteresis over the whole range of 
applied fields. The striking feature of the torsion curves 
is the existence of strong discontinuities in torque. These 
discontinuities persist down to temperatures in the 
helium range, where they are most strongly developed. 
Data for three different suspension directions are shown 
in Fig. 5. The discontinuities observed along the (100 
direction for the magnetic field in a {100} plane tend to 
disappear at high magnetic fields. At 77°K these dis- 
continuities have pretty well disappeared in fields above 
1000 oe. At 4.2° they disappear only above 10 000 oe. 
The relative amplitudes of the discontinuities vary from 
crystal to crystal. They even vary for a given crystal 
with repeated temperature cycling, suggesting that the 
multiple discontinuities are to be identified with the 
twinned structure of the crystal. 

The linear dependence of the torque on field plus the 
existence of discontinuities strongly suggests the exist- 
ence of a weak moment with a number of energetically 
equivalent directions. There must always be at least 
two equivalent directions, corresponding to reversal of 
the sublattice magnetization and therefore of the weak 
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moment. The fact that the discontinuities are present 
down to very low fields and remain even at high fields 
suggests that the mechanism involved is antiferromag- 
netic domain wall motion where the wall is driven by the 
interaction of the weak moment and the applied field. 
The small angular hysteresis which is observed at the 
discontinuities is consistent with this interpretation, 
with HA6/2 oe being a coercive field. For very high 
fields one would expect that domain rotation processes 
would come in and some of the discontinuities would 
disappear. This is our interpretation of the softening of 
the (100) discontinuities at high field. The results de- 
scribed here are very similar to those obtained in the 
torsion studies of NiF, and the rare-earth orthoferrites.!” 
It has been shown that the F" nuclear resonance in 
NiF: can be excited by domain wall motion!'’ confirming 
that this motion is a principal magnetization process. 
We believe that the wall processes in NiF, and KMnF; 
are entirely similar with the exception that whereas 
there are four equivalent directions for the weak mo- 
ment in NiF>,’ there are as we shall see only two equiva- 
lent directions in KMnF;. It is at first sight surprising 
that the KMnF; torque does not show strong H? com- 
ponents at high fields as does the NiF2 torque.'’ This 
may be partly because the KMnF; crystals are highly 
twinned whereas the NiF»2 crystals are untwinned. But, 
in addition, as will be discussed in Sec. V, there are 
indications of a strong parallel susceptibility at low 
temperatures in KMnF;. It is not unlikely that the 
anisotropy in the susceptibility is considerably smaller 
than in an axial antiferromagnet or in a canted anti- 
ferromagnet with high axial anisotropy. 


Ulf. THEORY 


In this section we shall study the magnetic structure 
of KMnF; from a theoretical point of view. First an 
approach based only on symmetry analogous to that 
proposed by Dzialoshinskii’ in explaining the weak 
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Fic. 4. The critical field at which canting is produced 
is shown as a function of temperature. 

17 L. M. Matarrese and J. W. Stout, Phys. Rev. 94, 1792 (1954) ; 
R. C. Sherwood, J. P. Remeika, and H. J. Williams, J. Appl. Phys. 
30, 217 (1959); C. Kuroda, T. Miyadai, A. Naemura, N. Niizeki. 
and H. Takata, Phys. Rev. 122, 446 (1961). 

18R. G. Shulman, J. Appl. Phys. 32, 126S (1961). 
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ferromagnetism of Fe will be developed. Then we shall 
give a phenomenological theory based on the lattice 
distortions as given in I. 

Dzialoshinskii has shown that the possible magnetic 
structures of a given crystal may be derived from sym- 
metry considerations alone. We now apply this theory 
to KMnF;. The space group of KMnF; is Ponm (Dz,'°) 
where the three twofold rotation axes are all screw axes 
as shown in Fig. 6. The magnetic state of this crystal can 
be described by assigning a mean spin function §; to each 
of the four Mn?* ions in the unit cell. Having done this, 
we expand the thermodynamic potential ® in a power 
series in the components of the S,;. Such an expansion 
will converge rapidly for temperatures near the Néel 
point where the S; are small. This anisotropy series 
should converge rapidly even well below Ty since the 
distortions from cubic symmetry are all very small. The 
expansion of ® can contain only even powers since ® 
must be invariant to replacement of every S by —S 
(time-reversal symmetry). Furthermore, the expansion 
must be invariant under the operations of the space 
group of the crystal. 

We introduce the vectors m, lh, I, and 1; defined by 


m- S; +S, + S;+S,, 


1, S,—S, +$;—S,, 
l,=S,—S,—S;+S,, 


1,=S,+8.—S;—S,, 


where the subscripts correspond to the four Mn?* ions 
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in the unit cell as labeled in Fig. 6. As we shall see below, 
sites 1 and 3, and 2 and 4 are equivalent to the order of 
our energy expansion. Although the space group allows 
four sublattices, we will expect only two sublattices in 
practice. Then Ip and 1; will be identically zero and we 
may simply write I, as L. 

We now consider the transformation properties of I 
and m. The character table for the group Dz is 


E C2? Cy C2? 


A, 1 
B, —1 
Bs - 
B; 1 
We need not consider the full point group D2, since 
both m and I are even under inversion. Now m, being 
simply the mean magnetic moment per unit cell, trans- 
forms like an axial vector. Thus m, transforms according 
to B3, m, according to Bs, and m-, according to B,. The 
minus signs in] complicate its transformation properties 
somewhat. From Fig. 6 we see that the screw axes C2? 
and C,* take ions labeled by @ onto ions labeled by © 
where the sign given to the 7th ion corresponds to the 
sign in front of S, in I. C2”, however, takes a ® ontoa @. 
Thus /, transforms according to B;, /, according to A, 
and 7, according to By. 

We are now in a position to write the most general 
form of the expansion of ® in terms of the components 
of land m, including“all invariants of ‘sec ond order: 


co — tAP4 1 Bm? — sal 2+, 2 
tham2+3bm,?—ymd.—dm_:. 


We have written terms only to second order assuming 
all higher terms small. The terms in ® which are inde- 
pendent of orientation with respect to the crystal axes 
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lic. 6. Location of screw axes with respect to Mn?* ions in KMnF3. 
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are clearly to be identified with exchange terms, whereas 
the other terms are of anisotropy origin. Thus the ratio 
of the coefficients of such terms is of the order of the 
ratio of the anisotropy energy to the exchange energy 
and is small. 

Minimizing @ for a given I gives the equations 


al,+ém.+yul,=0, (B+a)m,—yl.=0, 


Bly—pl, =0, Bm,+bm,=0, 


—ym_,—pl,.=9, Bm,—6l,=0, 


where uw is a Lagrangian multiplier. These equations 
have the following solutions: 


lL=l, 


m=0, = 0, 1,40. 


j,.=l,=m,=m,=0, 


+6l./B, L, 


m,= +yl, (a+ B), 


m= =|,=m,=m,=0. 


Solutions corresponding to different magnetic ordering 
will exist corresponding to /, and /; not equal to zero. 
To the order of the expansion given here, these solutions 
will not mix with the solution corresponding to an 
alternating magnetic structure. The alternating struc- 
ture has three possible solutions: Solution (i) corre- 
sponds to the sublattice along the + and — y axes with 
no canting. Solution (ii) corresponds to the sublattice 
along the + and — z axes and canted so as to produce 
a magnetic moment along the x axis. Finally solution 
(iii) corresponds to the sublattice along the + and — x 
axes and canted so as to produce a weak moment along 
the z axis. 

Since the actual lattice distortions have been deter- 
mined in I, it is possible to examine the microscopic 
theory of canting in this structure. The crystal structure 
is shown again in Fig. 7 with the fluorine displacements 


_o one 
iP Gans < 
— i 
O | 


Pbnm 


Flourine distortions in KMnF3. 
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shown. We first find the potential in the vicinity of the 
Mn** sites as a function of the fluorine displacements. 
The Mn ion at site 1 is surrounded by six fluorine ions 
located at 


+[a 2v2+na v2, —a/2v2-+ na v2, ag (L ] 
+[a 


+ £a,0,c/2], 


’ 


2v2—na/v2, a/2v2+na/v2—¢c 


where & 9, ¢ are the fluorine displacements shown in 
Fig. 7. We can reproduce the fluorine distribution about 
site 2 from the distribution about site 1 by the 
transformation : 


—f and §—>-—. 


Similarly for site 3: 7—> —7n; and for site 4: ¢— — 
« 7 Ui é 

n— —n, §— —f£. We write the potential about site 1 
to second order in the distances from site 1 and to first 


order in the lattice distortions: 


V=12(9/a)[1— (W /3) +2 (r°- 


where Y= (c/a)—1 and & 
single-ion anisotropy energy as an expansion in powers 
of the spin components. Since the anisotropy energy 
should transform in the same way as the potential, 
we expect 


£—v2¢). We now write the 


Pp; =, 
b.=, 


+ (Dy /4)[S(S+1)—382]+D6S.S., 


- + (Dy/4)[S(S+1)—382]—DES.S., 


where we have used the relation between the distortions 
as viewed from the various sites. In what follows it will 
be convenient to write the magnetic energy per unit 
volume in terms of the sublattice magnetizations 


M, = NVgusS: 2 M. \ Puy S ) 


and 


where we have assumed that §;=S; and S2=S, since 
their anisotropies are equal. We write for the total 
magnetic energy per mole 


5 = +\M,-M.—Ki(Mi2+M22)/2M 
—K.(M 7M y?— Mo*M2*)/M?. 


We may now find the positions of minimum energy 

subject to the constancy of the sublattice magnetiza- 
tion. We obtain three solutions: 

(i) M,? 

M, , 

M\ 

Vv 


—M,"=M, 
M, 


M.v=0, 

M,7=M.7~K,2/2\M, 

My=—M.'~M, 
U=—-)\M?—K,-—K; 


(ii) 


M\ 


AM 
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M,"=M,"=0, 

M\?= M2*~K2/2dM, 

M,7=—M.7¥~M, 
U=—)\M?— K2?/\M?. 


(iil) 


We see as expected from the general group theoretical 
arguments that there are two solutions with a canted 
magnetization and one solution with an uncanted mag- 
netization. Solution (ii) is lowest with solution (iii) next 
and the uncanted solution highest in energy presuming 
that A, is positive. 


IV. INTERPRETATION OF LOW-TEMPERATURE 
BEHAVIOR 


In this section we compare the torsion behavior below 
81.5°K with that expected from the theory of the effect 
of lattice distortion on the magnetic structure. The ob- 
served fluorine distortions are given in Table I. We 
observe from the table that at 95°K, which is above the 
Néel point, the fluorine octahedra are orthorhombically 
distorted. At the Néel point " the ca ratio drops below 
one and the fluorine distortion becomes tetragonal. 
Finally at 65°K, which is below the lower transition, the 
fluorines are again distorted orthorhombically. 


TABLE I. X-ray strain parameters. 
E n ¢ ¥ & 
0.050 


0.054 
0.032 


0.042 
0.025 


0.060 
0.036 
0.008 


0.002 
0.002 
+-0.006 


~0.035 
+-0.003 
0.064 


In this section we first discuss the positions of the 
discontinuities observed in the torsion, and then their 
magnitude, which is an indication of the size of the weak 
moment. The discontinuities should occur when the 
applied field makes equal angles with the two degenerate 
directions for the weak moment. Therefore we expect 
the following discontinuities on the basis of the theo- 
retical results of Sec. III. 


1. Sample suspended along a cube edge should give 
discontinuities for state (ii) when the field passes (110) 
directions and (100) directions. For state (iii) the weak 
moment should reverse when the field passes (100) 
directions. 

2. Sample suspended along a face diagonal should 
give discontinuities for state (ii) when the field passes 
(100) directions and (111) directions. For state (iii) the 
weak moment should reverse when the field passes (110 
direction and (100 

3. Sample suspended along a body diagonal should 
give discontinuities for state (ii) when the field passes 
(110) directions and (112) directions. For state (iii) the 
weak moment should reverse when the field passes (110) 


directions. 


directions. 
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hic. 8. Torque per unit field as a function of the angle of the 
field from a (110) direction for the field in a {111} plane. The 
closed points are for 9000 oe and the open points are for 13 000 oe. 


II shows 
that the discontinuities do occur at these positions and 
only at these positions. Since all the expected discon- 
tinuities actually appear we must conclude that both 
states (ii) and (iii) are present. However those discon- 


Comparison of the data as described in Sec. 


tinuities associated with state (ii) are always relatively 


small and sometimes absent altogether. This suggests 
that state (ili) may have the lower energy. A theoretical 
fit of the torsion data is shown in Fig. 8 for the sample 


suspended along a (111) direction with only state (iii) 
present. We can use the data to determine the strength 
of the weak moment by the following argument. The 
torque as a function of angle can be written as 


r=H Mcos8o( f; sind,+ | 


sinfo+ fs sin8s), 


14 


where 6 COS (2 3)? | is the angle between the gz axis 
and the (111) plane, and 6), 62, and 63 are the angles 
between the applied field and the projections of the z 
axes of the three kinds of crystallites onto the (111) 
plane. The relative fractions of each crystallite present 
are indicated by fi, fe, and f;. From ratios of the mag- 
nitudes of the discontinuities we can determine fi, f2, 
and f;. Finally we determine the weak moment at 


4.2°K to be 


m= 19.3 emu/mole, 


where the sublattice magnetization M=14000 emu/ 
mole. Then the anisotropy constant per mole at 4.2°K is 


Ko=\Mm=1.8X 107 ergs /mole. 


The single-ion anisotropy energy is 


D&=—2K2/NS?=—9.6X10 


‘ ergs/ion. 


The weak moment has similarly been determined at 
77°K and found to be equal to 0.77 emu/mole. On the 
assumption of molecular field theory we expect the 
magnetization to be given by the associated Brillouin 
function: 


M(T)=M(0O)B;(7). 
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Then the magnetization at 77°K should be 0.5 times the 
saturation value. This gives K2(77°K) =4.5X 10° ergs 
mole or about a factor of 40 smaller than the value at 
4.2°K. On the assumption that K2 varies as the third 
power of the magnetization as suggested by spin-wave 
arguments” we would expect a reduction by only a 
factor of 8. Evidently the apparent moment is more 
strongly temperature dependent than expected from 
these arguments. On the assumption that the strain at 
4.2°K is the same as at 65°K we compute for the single- 
ion anisotropy constant 


D=2.7X10~"* ergs/ion (experimental). 


This value is to be compared with Pearson’s computed 
value” of 


D=1.6X 10~"* 


ergs, ion (theoretical). 


With the uncertainties in the calculation and 
question about the fluorine distortion at low tempera 
tures, this agreement seems quite satisfactory and sup- 
ports the idea that the anisotropy arises from a distor- 
tion of the manganese 3d wave functions. 


some 


V. INTERPRETATION OF INTERMEDIATE- 
TEMPERATURE BEHAVIOR 


The presence of a state with no weak moment inter- 
mediate between the low-temperature canted phase and 
the high-temperature paramagnetic phase is puzzling. 
From the arguments of Sec. III one would be inclined to 
think that the sublattice magnetization must be directed 
along the y axis, which is a pseudocell (110) direction in 
this intermediate temperature range. However, the 
torsion data of Fig. 1 unambiguously establishes that 
the magnetization is directed along a pseudocell (100 
direction. We are therefore forced to the conclusion that 
Kz is identically zero in this intermediate temperature 
range. As may be seen from Table I, whereas 6 is large 
and negative both above 88.3°K and below 81.5°K it is 
small and probably zero to within experimental error in 
the intermediate temperature range. The perovskite 
structure is highly unstable and we can only presume 
that the contraction of the c axis at the Néel point 
stabilizes the fluorine octahedron with &=0. We then 
imagine that at the Néel point the free energy of the 
canted state is higher than the free energy of the un- 
canted state by an amount A®. As the temperature is 
lowered, the free energy of the canted state drops with 


respect to that of the uncanted state because of the 


The free e1 


canting energy ergy may also drop if the 


ted state is higher, but we 
do not consider that possibility. We can expect that at 


the temperature at which tl 


exe hange ( oupling in the can 


ese two terms are equal, we 
will obtain a transition to the canted state: 


Ab= — K-*(T,.)/AM?(T,.) + Ab, (T.) =0. 


From the liquid-nitrogen data this result suggests that 


4 P. Pincus, Phys 113, 769 (1959). 


Rev 
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the free-energy difference is only 60 ergs/mole. For 
reference the shear modulus of an ionic crystal like 
NaCl is 3.510" ergs/mole. With 3% distortion the 
shear energy would be 2X 10° ergs/mole. Evidently the 
fluorines are extremely free to distort in the perovskite 
structure. 

As was remarked earlier, another surprising feature 
of the intermediate state is that the sublattices cant 
under the application of a large magnetic field. This 
observation suggests that a static applied field lowers 
the free energy of the canted state so that this state 
becomes stable. Orbach” has noticed that the parallel 
susceptibility of a canted antiferromagnet at 7=0 is 
equal to 

AX (0) = (Ke /AM*)(Ko/K1)/ 2X, 
whereas it is zero for an uncanted antiferromagnet. At 
finite temperature we find that the parallel susceptibility 
will be increased on canting by an amount 


AX(T) = AX(O)/[1—X (7) Ky 4M? 

In a structure where A» is very much larger than A, 
as is the case here, this increase in susceptibility may 
be considerable. Then the critical field for canting at 
temperature 7 will be given by 


A= — K(T)/AM?(T)+- AX(T)H2(T)/2+A_(T) =0. 


We obtain then for the square of the critical field, under 

the assumption that A’; (7) and A®,; (7) are equal: 
M?(T)(K2(T 

tA, (T) - 
K2(T)LM?(T 


K#(T) 
W"(T) 


Me(T) 


From molecular field theory we expect for an Ising anti- 
ferromagnet the temperature dependence of the mag- 
netization close to the Néel temperature 7'y will be 
given by 


M?(T)=3M?(0)(7/Ty)?(Ty—T) 


he anisot ropy in 


We will also expect in this region that t 
the canted state A2(7) will vary as the square of the 


magnetization. Under these assumptions we obtain 
H.(T)=[4\K (7) U(T—T.)/(Ty—T) Ft. 
We expect the axial anisotropy to be given by 


K,(0 —3DYNS 1.1 10° ergs mole, 

where we have used the experimental anisotropy con- 
stant. The temperature dependence of the axial ani- 
sotropy in the intermediate phase has been determined 
and is 


directly from antiferromagnetic resonance?! 


given by 
K,(T)=1.4X10°(T y—7 


Ty ergs/mole. 


1959 
Dale T. 


*®R. Orbach, Phys. Rev. 115, 1189 
21 A. J. Heeger, A. M. Portis, and 
published). 


Feaney (to be 
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We then expect on the assumption that only canting 


energy is involved that the critical field will be given by 
H.(T)=2.0X10'((T—T.)/Ty }} oe. 
This equation gives for the critical field at T=Ty: 
H.(T vy) = 6000 oe, 


which is in moderate agreement with the observed value 
of about 9000 oe. Should the fluorine distortion also 
increase the strength of the exchange coupling we would 
then underestimate A®, and therefore compute too 
small a critical field. Since the square of the observed 
critical field is only twice what we calculate, the in- 
creased exchange energy is at most comparable to the 
canting energy. A second possibility is that A®, is 
strongly temperature dependent in this range, changing 
by a factor of 2 between 7. and 7'y, but this seems 
unlikely. 

There is one important difference between the canting 
transition as induced by a magnetic field and the canting 
transition as induced by reducing the temperature. 
When the field is raised above the critical field and along 
a (100) direction, we can expect that only those crystal- 
lites with ¢ axes along the particular (100) direction will 
cant. On the other hand, when the temperature is 
lowered below 81.5° all crystallites will cant. If the 
sample is cooled in a large field, one expects that about 
} of the crystallites will be canted in the intermediate 
temperature range and that the other 3 will cant at the 
critical temperature. This distinction bears on possible 
hysteresis of the transition temperature. While we ob- 
serve no hysteresis associated with the critical field in 
the intermediate-temperature range, we do observe a 
large hysteresis associated with the thermally induced 
canting. By examining the torque in a small magnetic 
field it is observed that, on warming, a weak moment 
may persist up to as high as 83.5°K as shown in Fig. 9. 
From the fact that there is no hysteresis in the field 
induced canting and since this is presumably a first- 
order transition, we must conclude that the transition is 
nucleated in both directions. Since the transition for 
thermally induced canting is very nearly the tempera- 
ture at which the critical field goes to zero, it would 
appear that canting is also nucleated on cooling. On the 
other hand, there is a marked hysteresis on warming 
which suggests that there is no substantial nucleation of 
the axial structure once the whole crystal is canted. 

The transition at 81.5°K from the uncanted to the 
canted state has the general properties of a Jahn-Teller 
effect where the lattice distorts and removes a magnetic 
degeneracy. In this case the distortion removes the 
degeneracy of the dispersion relations for the normal 
modes of a simple antiferromagnet. 

We finally discuss the antiferromagnetic transition 
itself. The sharp reduction in the c axis at the Néel 
point'' and the very sudden increase in the anisotropy in 
the susceptibility shown in Fig. 3 suggests a first-order 
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Fic. 9. Torque for the magnetic field along a (100) direction on 
cooling and on heating. These data suggest that the phase transi- 
tion to a canted structure is nucleated on cooling. The transition 
on heating takes place only when the canted state is unstable. 


transition. Bean and Rodbell*® have shown that if the 
exchange constant is a sufficiently sensitive function of 
lattice strain the disordering transition may be first 
order. If we characterize the state of the crystal by the 
single strain parameter Y=c/a—1, we may write for 
the free energy 

= 3c(W—Yo)?—AL1—B(W—Yo) | M°—-TS. 


For an Ising antiferromagnet we obtain, by minimizing 
the free energy with respect to both lattice strain and 
magnetization : 


M= M, tanh(T/Ty)[1+(6/3)(M/M>)*], 
where 
b= 3B-AM °? Cc. 


kTy=\M/N_ and 


As long as 6 is less than unity, the transition at the Néel 
point is second order with the magnetization a continu- 
ous function of temperature. But for 6 slightly larger 
than unity, the magnetization jumps discontinuously 
at the Néel point to a value 


M(Ty)~M[5(6—1)/3]}. 
The lattice strain is related to the magnetization and is 
given by 

Y—W) 


We then expect for a first-order transition that the dis- 
continuity in the strain at the Néel point will be given by 


— (b/38)(M/M))?. 


Ay~ — (5/98)b(b—1). 
As the system cools, the magnetization grows toward M 
and the strain approaches a maximum value at T=0 of 


¥(0) =Yo—b/38. 


2 (C. P. Bean and D. S. Rodbell, Bull. Am. Phys. Soc. 6, 159 
(1961). 
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In the absence of a strain dependence of the mag- 
netization, we would have near the Néel point 


(M M,)y= 3T?( T- Ty) Ty’. 


We can view the problem with strain as being charac- 
terized by a strain-dependent Néel temperature: 


Ty=Ty[1—8(¥—Wo)]. 


Then as the magnetization increases the apparent Néel 
temperature also increases so that the square of the 
magnetization will grow faster than linearly with the 
temperature. 

This theory seems to give an adequate description of 
the transition with numerical constants of a reasonable 
order of magnitude. There are two features of the theory 
which are not observed, however. The crystal should 
continue to strain as the temperature is lowered, and no 
such additional strain is observed. Also the data of 
Fig. 3 suggest a linear variation in the square of the 
sublattice magnetization, indicating that there is no 
variation in the exchange constant below the transition. 
These two observations are consistent with each other 
and indicate that terms in the strain energy of higher 
than second order must be considered. Rather than 
attempt to describe the lattice energy by a power series 
in the strain, a physical description will be adequate for 
our purposes. We imagine that the elastic constant c for 
small strains Y—yYpo is sufficiently small that the mag- 
netic transition is first order with a discontinuity in the 
strain Ay. As the temperature is lowered there is an 
additional strain over a few tenths of a degree. Higher- 
order terms then substantially limit the strain so that 
there is no further increase in exchange constant as the 
temperature is lowered. The linear extrapolation of the 
data of Fig. 3 indicates an apparent Néel temperature 


T= 95.6°K. 


From the x-ray data" we know that ¥(0)—yYo=0.008 
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so that we obtain for the strain dependence of the 
exchange 


B= (1/Ty)dT)/dy= 10.8. 


This value is about equal to the strain dependence of 
the repulsive energy and seems physically reasonable. 
It is also about equal to the value required to account 
for exchange-inversion transitions.” 

From the data of Fig. 3 we conclude that the dis- 
continuity in the magnetization at the transition is at 
most about 30%. Then (6—1) is at most about 0.05 at 
the transition. The elastic stiffness constant for axial 
strain will then be given by 


c=382AM */b~4.6X 10" ergs/mole. 


This value is of the order of magnitude obtained in ionic 
crystals and does not seem unreasonable. Actually the 
data of Fig. 3 do not have sufficient resolution to estab 
lish beyond question that the transition is of first order. 
One could have a value of 6 just below unity but sufi 

ciently close to give a rapid but continuous increase in 
magnetization. What seems to establish the antiferro- 
magnetic ordering transition as a first-order transition 
is the hysteresis observed on warming. Although there 
is no noticeable magnetic hysteresis, the crystal trans- 
forms to an orthorhombic phase with three different 
axes." This phase is stable up to about 15° above the 
Néel point. 
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Information was gained about the free carriers in activated and unactivated ZnCdS phosphors through 
a study of the photovoltaic effect in these materials. The photovoltages produced in activated ZnCdS 
phosphors by illumination with various wavelengths parallel the absorption spectra of these materials and 
do not depend strongly upon the type of activation. The photovoltages are brought about by a diffusion 
of electrons from the excited region into the interior of the sample. The addition of lead as a coactivator 
reduces the voltage because it increases the recombination rate. In unactivated ZnS the size of the photo 
voltage again parallels the absorption spectrum but its sign is reversed, indicating that positive charges 
are the more mobile carriers. Unactivated CdS exhibits voltages similar to the activated materials. Insulating 
one electrode affects the size of the photovoltage appreciably only for the unactivated materials, showing 
that charge exchange at the electrode is important for them and not for the activated materials 


INTRODUCTION 
| ae YTOVOLTAGES have their origin either in the 


excitation of a material and the diffusion of the 
excited charges into the interior, or in an injection of 
charge from one type of material into another.' In the 
first case one type of carrier should have a considerably 
greater mobility than the other, and the diffusion 
voltage within the electrode must be small. This case 
occurs primarily when a material is inhomogeneously 
excited. The second case occurs in organic materials, 
when positive holes are injected into the organic 
materials,? in CuO-coated CdS, where electrons are 
injected into the CdS,* and at p-n junctions.‘ Thus the 
measurement of such voltages provides information 
about the motion and type of carrier involved in the 
conduction process. 

Photovoltages in various ZnCdS phosphors were 
studied as functions of the cadmium content and 
activation, as well as the wavelength of excitation. It 
was necessary to work with powdered materials since 
single crystals of definite ZnCd content and specific 
activation cannot readily be produced. In order to 
discriminate between the voltages produced in the 
bulk of the material and those originating in charge 
exchange at the electrode, the phosphors were studied 
when electrodes were applied to them directly, and 
when Mylar insulators separated them from the elec- 
trodes. The materials investigated were unactivated 
ZnS; unactivated CdS; ZnS:Cu; ZnS:Ag; ZnCdS: Ag 
(20% Cd); ZnCdS:Ag (70% Cd); ZnCdS:Cu, Ni; 
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3D. C. Reynolds, G. Leies, L. L. Antes, and R. E. Marburger, 
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ZnS:Cu, Pb; and ZnS: Mn. The percentage of cadmium 
is the percentage by weight. 


EXPERIMENTAL PROCEDURE 


Thin phosphor layers, about 20 mg/cm? in thickness, 
were deposited with very little binder between two 
conductive glass electrodes, and the edges of the 
arrangement sealed with epoxy resin to keep out 
moisture. The binder did not interfere with the con- 
ductivity of the sample. 

In those experiments where the phosphor was insu- 
lated from the electrode, a sheet of clear Mylar 7X10 
cm in thickness was placed between the phosphor and 
one of the glass plates. 

The 
100 w 


source of excitation was a General Electric 
H4AB mercury lamp. Interference and cutoff 
filters were used rather than a monochromator to 
isolate different regions of the spectrum, in order to 
keep the intensity high. The apparatus was so con- 
structed that both surfaces of the sample could be 
illuminated. The other light source was a General 
Electric BMG 100 w tungsten lamp, which was used in 
conjunction with filters. 

The photovoltages were transient. Transient photo- 
voltages had been observed earlier® in experiments on 
CdS crystals when the crystals were insulated with 
Mylar. One might conclude, then, that in the present 
case the grain-to-grain and grain-to-electrode barriers 
play the role of the Mylar in the case of the crystals. 
There is, however, another explanation for the transient 
character of the photovoltage. Since the photovoltage 
is due primarily to inhomogeneous excitation, it will 
decrease as the sample becomes more uniformly excited 
owing to the absorption of its own fluorescence radi- 
ation. This absorption will be more pronounced in a 
powder than in a crystal because the scattering is more 
extensive in the former. 

The voltages were measured with an electrometer 
circuit and a Sanborn model 151 recorder. The elec- 


5H. Kallmann, B. Kramer, J. Shain, and G. M. Spruch, Phys. 
Rev. 117, 1482 (1960). 
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trometer grid resistance could be varied from 10° to 
10" ohms. Because of the transient character of the 
photovoltage, it was found convenient to make the 
excitation one second in duration. The intensity of 
excitation was measured with a calibrated thermopile 
at the position of the sample, with absorption in the 
glass plates taken into account. 

In some samples without Mylar a contact potential 
of up to 50 mv was observed. This was not due to 
residual excitation as it was independent of the direction 
of previous illumination. Even after long periods with- 
out excitation the potentials were of the same magni- 
tude. Since the resistance of the samples was smaller 
than that of the electrometer, this contact voltage 
should not change with illumination of the sample, 
the illumination causing reduction of the sample 
resistance. In order to make certain that no appreciable 
fraction of the measured photovoltage was due to a 
change in contact voltage the sample was illuminated 
on each side, so that in one instance the photovoltage 
added to the contact voltage and in the other it was 
counter to it. The change in voltage observed upon 
illumination was only slightly different for different 
directions of illumination. 


DEPENDENCE OF PHOTOVOLTAGE UPON 
ACTIVATION AND WAVELENGTH 
OF EXCITATION 


A. Activated Materials 


The results obtained are given in Table I. The first 
column gives the sample and its thickness. The second 
and third columns give the wavelengths and intensities 
incident on the phosphor surface from the mercury 
lamp. The fourth and fifth columns give the wave- 
lengths and intensities incident on the other phosphor 
surface from the incandescent lamp. The last column 
gives the photovoltage; this is the peak height of the 
transient pulse. A positive polarity means that the 
side illuminated by the mercury lamp is positive with 
respect to the other. 

) The thicknesses being comparable, it is valid to 
compare the photovoltages for the different samples. 

The results for ZnS:Ag and ZnS:Cu show that the 
photovoltages are produced primarily by radiation in 
the wavelength region below 3200 A. Relatively low 
intensities in this wavelength region produce larger 
photovoltages than radiation of 3600A at a much 
higher intensity, though 3600 A produces the stronger 
fluorescence. Radiation of 3200 A is absorbed in a thin 
layer consisting of a few grains, while radiation of 
3600 A is almost uniformly absorbed throughout the 
sample. This would indicate that photovoltages origi- 
nate in a few grains in which there are large charge 
concentration gradients, and the reason for low photo- 
voltages with excitation by radiation of 3600 A is that 
much smaller charge concentration gradients result 
from the more uniformly absorbed radiation. Excitation 
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by the entire mercury spectrum increases the photo- 
voltage slightly in ZnS:Cu and reduces it in ZnS: Ag, 
compared with that produced by 3130 A. Again this 
can be interpreted in the same manner as above. 
Copper shifts the absorption edge of ZnS to longer 
wavelengths than does Ag, the consequence being to 
make a larger portion of the spectrum more inhomo- 
geneously absorbed in the ZnS: Cu than in the ZnS: Ag. 
This argument is given support by the fact that 
illumination of the other side of the sample by light 
from the incandescent lamp, which is absorbed rela- 
tively homogeneously throughout the sample, reduces 
the photovoltage in ZnS: Cu because the inhomogeneity 
of the excitation has been reduced, while the photo- 
voltage in ZnS: Ag is hardly affected, excitation in it 
having been more homogeneously absorbed in the first 
instance. 

When the radiation is quite inhomogeneously ab- 
sorbed in both ZnS:Ag and ZnS:Cu, 3130A for 
example, then the silver activated sample gives the 
higher photovoltage. 

In both ZnS: Ag and ZnS: Cu small photovoltages of 
negative polarity were induced by 4340 A. No satis- 
factory explanation can be offered at this time. Lem- 
picki® reported similar reversals at 3300 and 3500 A 
in ZnS single crystals. 

The results obtained using ZnCdS:Ag (20% Cd) and 
(70% Cd) support the interpretation given above. The 
addition of cadmium shifts the absorption spectrum of 
ZnS toward the visible. As a consequence, large photo- 
voltages are produced in the 20% Cd sample by 3600 A 
but not by 4340 A, since the latter wavelength is 
outside the range of absorption. In the 70% Cd sample, 
however, even 4340 A yields sizable photovoltages since 
it falls in the absorption range of that material. The 
photovoltages are generally larger with cadmium than 
without, because more of the exciting radiation is 
inhomogeneously absorbed. This will be 
further in the last section. 

The last three entries in Table I give the results of 
investigations of the influence of co-activators and 
quenchers. Nickel, which is a strong quencher of 
fluorescence,’ does not have a noticeable effect on the 
photovoltage. Apparently it increases the number of 
radiationless transitions but the 
number of excited electrons apprec iably. 

The addition of lead as a second activator decreases 
the photovoltage considerably. It is known that the 
addition of lead decreases quenching and increases the 
probability of radiative transitions,’ thus decreasing 
the concentration of excited electrons. The low photo- 
voltage compared to Cu-activated samples without Pb 
is further evidence that this is the case. 


discussed 


does not decrease 


* A. Lempicki, Phys. Rev. 113, 1204 (1959). 
7P. Pringsheim, Fluorescence and Phos phorescence 
Publishers, Inc., New York, 1949). 
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PHOTOVOLTAIC EFFECTS 


IN ZnCdS PHOSPHORS 


TaBLe I. Photovoltage of activated ZnCdS phosphors as a function of wavelength. 


Excitation left 
(mercury lamp) 
Intensity 
Sample \ transmitted 


ZnS :Cu Hg spectrum 1900 
> 2900 A 
Hg spectrum 
> 2900 A 
3130 A 
3130 A 
3600 A 


4340 A 


thickness 0.013 cm 1900 


A 
wo 
maonuwn 


ZnS: Ag Hg spectrum 
> 2900 A 
Hg spectrum 
> 2900 A 
3130 A 
3130 A 
3000 A 
4340 A 


thickness 0.011 cm 


A 


~ 


moon 


ZnCdS: Ag (20° Hg spectrum 
> 2900 A 
Hg spectrum 
> 2900 A 
3130 A 
3130 A 
3000 A 


4340 A 


thickness 0.014 cm 


mano 


w 


ZnCdS: Ag (70° Hg spectrum 
> 2900 A 
Hg spectrum 
> 2900 A 


thickness 0.012 3130 


3600 
4340 


Ann 


A 
3130 A 
\ 
\ 


ow 


ZnCds:Cu, Ni 


thickness 0.007 Hg spectrum 1900 
> 2900 A 
3130 A 


> 3700 A 


<5 

1200 

ZnS:Cu, Pb Hg spectrum 1900 
2900 A 

thickness 0.013 ¢ SIBO A <5 

> 3700 A 1200 


ZnS: Mn Hg spectrum 1900 
> 2900 A 
3130 A <5 


> 3700 A 1200 


thickness 0.037 cm 


B. Unactivated Phosphors 


The essential distinction between unactivated and 
activated phosphors is that in the former there are 
decidedly fewer sites where positive holes and excited 
electrons can be trapped. As a consequence, the rate of 
recombination of excited electrons with free holes is 
greater, and one would expect, therefore, that the 
density of excited free electrons would be smaller. 
Conductivity measurements on unactivated CdS crys- 
tals had shown this previously,* and it was found to be 
the case in the present measurements as well. The 


8H. Kallmann and R. Warminsky, Ann. Physik 4, 57 (1948). 


(4 w/cm?) 


Excitation right 
incandescent lamp) 

Intensity 
(u w/cm*) 


Photovoltage 


A transmitted (volts) 


+-0.060 


incandescent spectrum 10 000 +0.045 
+-().025 
+0.030 
+0.010 
-0.007 


> 6400 A S000 


+-0.035 


incandescent spectrum 10 000 +0.030 
+0.070 
+0.055 
0.015 
0.010 


> 6400 A S000 


+0.120 


incandescent spectrum 10 000 +0.100 

+0.120 

+-0.080 
0.115 
0.0 


> 6400 A SOCO 


+0.180 


incandescent spectrum 10 000 0.130 
+0.050 
+-0.040 
+0195 
+-0.150 


> 6400 A 


+0.140 


+0.050 
0.080 


+-0.025 


+0.005 
0.0 


+0.017 


+-0.040 
0.0 


photovoltages were smaller than in activated samples 
in spite of the fact that a lamp with greater intensity 
in the ultraviolet region had been used. Table II lists 
results for unactivated ZnS and CdS. 

The most significant result for unactivated ZnS is 
that the sign of the photovoltage is negative for all 
wavelengths. That is, the illuminated side becomes 
negative rather than positive, as was the case with all 
the other phosphor samples and with CdS crystals.* 
Since the magnitude of the photovoltage seems to 
parallel the absorption spectrum the photovoltage must 
be interpreted to be due to a diffusion of carriers from 
the excited region into the interior. Since the sign of 
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l'asLe IL. Photovoltage of unactivated phosphors 

as a function of wavelength. 
Photo- 
voltage 
(volts) 


Excitation (mercury lamp)* 
\ Intensity 


Sample transmitted («4 w/cm?) 


Hg spectrum 2200 —0.055 
> 2900 A 
3IZOA —0.030 
3600 A —0.015 


4340 A 3: 0.0 


ZnS (unactivated 


thickness 0.018 cm 


CdS (unactivated Hg spectrum +0.120 
> 2900 A 
3SIBOA 
3600 A 


4340 A 


+0.075 
+(0).120 
+0.055 


thickness 0.015 cm 


the photovoltage is negative, which means that the 
interior of the sample is positively charged, one is led 
to the conclusion that in unactivated ZnS the positive 
holes have a greater mobility than the electrons. In 
order to verify that the negative photovoltage Was a 
characteristic of unactivated ZnS the experiments were 
repeated with several samples of ‘luminescent purity” 
from different 
Photovoltages in unactivated CdS, however, 


sources. The results were always the 
same. 
were of the same sign and magnitude as in activated 
phosphors. This is interpreted to mean that in CdS 
the electrons have a considerably higher mobility than 
ne positive holes 

When both 


mobilities in the interior of a sample, the photovoltage 


holes and electrons have noticeable 


due to the conce ntration gracdic nt is given by 


[ 


are the densities of holes and elec trons, 
and w~ are the mobilities, and the index 
of the sample and 2 to the 


holes 


. 


where n* and n 
respec tiv ely, we 
1 refers 
unexcited 


to the excited side 


side. If the concentrations of and 


electrons are equal or comparable in the region of high 


excitation as well as in the interior, then the photo- 
voltage is essentially given by the mobilities. When the 
concentrations are not comparable because of trapping 
or absorption at the electrode then the value of the 
integrals will be determined by the limits, and these in 
turn will determine the sign of the photovoltage. If one 
assumes that the concentrations of holes and electrons 
are comparable in ZnS, one must conclude that the 
mobility of the holes is greater than that of the electrons 
in that material. If the concentrations are not com- 
parable one can conclude that the holes have a consider- 
able mobility but not necessarily greater than that of 
the electrons. The above considerations apply to CdS 
as well, with the conclusion that in that case it is the 
electrons which have the greater mobility. 
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C. Charge Exchange at the Electrodes 


In the discussions above, the influence of the elec- 
trodes has been neglected. One would expect that their 
contribution to the voltage would be minimal since the 
electrodes are not excited and have a very high con- 
ductivity compared to that of ZnCdS. This expectation 
is supported by the fact that with strong homogeneously 
absorbed excitation the photovoltage is small. But in 
order to determine more exactly the effect of charge 
exchange at the electrodes, experiments similar to those 
described above performed, except 
phosphors were separated by a sheet 
7X10 cm thick one of the conductive glass 
plates which made up the sandwich arrangement. The 
samples were illuminated both through the Mylar and 
through the other electrode. The transmission of the 
Mylar is 20% at 3100 A, 50% at 3130 A, and greater 
than 80% for wavelengths longer than 3340 A. Since 
photovoltages are weakly dependent upon intensity, 


were that the 
of clear Mylar 


from 


this loss in intensity will have only a relatively small 
effect on the voltage except possibly when the voltage 
is quite low. 

The results are given in Table III. For ZnS: Cu there 
is no difference between the voltages obtained when 
illumination was through the Mylar and those when 
illumination was from the other side. This indicates 
that the electrode has indeed very little influence on the 
photovoltage for that material. In ZnS:Ag the differ- 
ence was about 30°. tivated materials, 
considerable 


illuminated sid 


For the una 


there was a difference. In 
unactivated ZnS the 


tive, 


however, 
Was again nega 
whether it was the other, 


Mylar side or th 
showing clearly that the reversal is not due to 
spec ial electrode effect 
magnitudes of the illumination 
through the Mylar, and from the other side, a factor of 
five, indicates that insulating the ele 


any 


But the differenc« between the 


photovoltages for 


trode hampe rs the 
carriers from moving out of the sample or reduces the 
concentration of carriers at the surface by absorption 
at the Mylar. For unactivated CdS the reduction in 
photovoltage caused by the Mylar was a factor of 
about 4. The polarity was the usual positive. 

activated 
effect on the 
immobile no 
photovoltage should develop when there is a Maxwellian 
distribution of the electrons in the phosphor and in th 
electrode near the top of barrier formed at the phosphor 
electrode contact.’ 

The distribution is 
that at band lie several 
kT/e above the Fermi level, a condition which very 
likely has been met. What then is the source of the 
photovoltage? There are two possibilities one can 
envisage : 


The question arises as to why in the 
materials the electrodes have so littl 


hole S ar 


photovoltage. If the positive 


the Maxwellian 


the conduction 


condition for 
the contact 


*L. Landau and F. Lifshitz, Ph 


1936). 





PHOTOVOLTATC EFFEC’ 


Taste LIL. Effect of the electrode on the photovoltage of 
various phosphors. One of the electrodes has been insulated from 
the phosphor by a sheet of transparent Mylar. 


(b) Illumi- 

nation on 
phosphor 
surface 
Photo 
voltage 
(volts) 


a) Illumi 
nation 
through 
Mylar 
Photo- 
voltage 
(volts) 


Excitation* 
(mercury 
lamp) Intensity 
\ transmitted («4 w/cm?) 


Hg spectrum 
> 2900 A 
3130 A 
4340 A 


+-0.140 +().140 


+0.150 
0.0% 


+0.150 
0.0% 


Hg spectrum 
> 2900 A 
3130 A 
4340 A 


+-0.130 0.180 


+0.150 
0.0% 


+0.210 
0.0% 


ZnS 


unactivated) 


Hg spectrum 
> 2900 A 
3130 A 
4340 A 


—0.010 —().050 


0.008 
0.0" 


0.050 
0.0! 

CdS Hg spectrum 
> 2900 A 
3130 A 
4340 A 


+0.025 + 0.140 
inactivated 
+0.020 


+0.010 


+0.070 
+-0.040 


is greater here than in Table I 
e by 


by a all amount which was 


1 There is poor contact between the electrode and 


the phosphor and hence there is little charge exchange. 
Che relation between the electrons in the electrode and 
those in the phosphor is not the 


e**/*T, and consequently it is possible for a photo- 


Maxwell-Boltzmann 


voltage to de velop. 

2) The positive carriers participate in the charge 
exchange at the electrode and/or contribute to the 
motion in the region of direct excitation. As a conse- 
quence, a particle current exists at the interface and in 
the region of direct excitation without there being an 
electric current. (In an open circuit measurement the 
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negative and positive currents must be equal.) The 
opposing effects of the positive and negative charges 
may reduce the photovoltage in the metal and in the 
region of direct excitation. If the voltage in this region 
were not reduced, it would compensate exactly the 
voltage which arises from the diffusion of electrons out 
of the region of excitation into the interior of the 
phosphor. The possibility of positive hole motion is 
strongly supported by the results obtained with pure 
ZnS, where the motion of the positive holes was 
demonstrated directly. One should note that those 
wavelengths which produce the largest photovoltages 
always create free holes 


(absorption in the valence 
band) 


which recombine with activators or traps only 
after some time. 


DIFFERENCE BETWEEN MEASURED AND 
ACTUAL PHOTOVOLTAGE 


The photovoltage which is measured is different from 
the actual photovoltage at the sample when the latter 
extends only over several grain layers while the rest of 
the sample remains unexcited. If Vy, is the photo- 
voltage across the sample, and V,, the 
voltage, the following relationship obtains: 


‘el 
V ph Va( 14 


and C, are the capacitances of the electrom- 
eter and the sample, respectively, d is the thickness of 
the sample and 6 is the thickness over which the 
photovoltage extends. C, 


measured 


d—6 


where C, 


is about three times larger 
than C,. Therefore, for small 6 the difference between 
the actual photovoltage and the measured value can be 
close to a factor of 4. This may be the reason that the 
ZnCdS (70% Cd) sample exhibited a smaller photo- 
voltage than the sample with 20° Cd when excited by 
3130 A. In the former the absorption is greater, and so 
the difference between the actual and measured value 
is greater. 





PHYSICAL REVIEW 


VOLUME 123, 


NUMBER 5 SEPTEMBER 1, 1961 


Description of Impurity Ionization in Semiconductors by Chemical Thermodynamics 


W. W. 


HARVEY 


Lincoln Laboratory,* Massachusetts Institute of Technology, Lexington, M assachusells 
(Received April 28, 1961) 


Che phenomenon of impurity ionization is considered on the basis of exact thermodynamics, involving 
an extension of the usual mass-action formulism. To make possible the evaluation of quantities of interest 


in the two 


band model of covalent semiconductors, comparison is made with the statistical formulation of 


ionization equilibrium. Particular consideration is given to the concentration dependence of the impurity 


ionization energy 


Hiickel theory of strong 


Interactions between ionized impurities and mobile carriers are treated by the Debye 
electrolytes; the treatment involves only one parameter which must be determined 


from experimental carrier densities. Very good agreement is found for arsenic-doped germanium using the 


detailed data and analysis of Debye and Conwell. 


INTRODUCTION 


MPURITY ionization equilibria have usually been 

treated by combining quantum statistics with a so- 
called ‘mass action” formulism. This treatment has the 
disadvantage that interactions other than exclusion 
effects are inserted in an ad hoc manner as corrections 
to the ionization energy. In a treatment based on 
chemical thermodynamics, on the other hand, particle 
interactions are included naturally and, indeed, con- 
stitute an essential part of the formulation. 

In any rigorous approach a distinction must be made 
between the equilibrium constant A, involving thermo- 
dynamic activities, or “effective concentrations,” and 
the analogous quantity A’, involving actual concen- 
trations. Depending upon impurity content, A’ for im- 
purity ionization reactions in semiconductors may, in 
fact, exceed K by several orders of magnitude. In the 
language of chemical thermodynamics, the variation of 
K’ with impurity content is ascribed to deviations from 
ideal particle behavior. 

Particle interactions leading to a concentration de- 
pendence of A’ include specific (short-range) forces and, 
for charged particles, long-range electrostatk 
The exclusion principle constitutes an additional inter- 


fore es. 


action, whose relative importance depends upon particu- 
lars of the band structure. Measurements of the electri- 
cal properties of boron- and phosphorus-doped silicon 
by Pearson and Bardeen' and of arsenic-doped ger- 
manium by Debye and Conwell? showed that interac- 
tions between mobile carriers and ionized impurities in 
silicon and germanium outweigh exclusion effects, at 
least for hole or electron concentrations below about 
10'* cm~*; as a result, impurity ionization energies de- 
creased to zero with increasing impurity content. 

The concentration dependence of the impurity ioniza- 
tion energy in semiconductors is of particular interest. 
Lehman and James’ state that the first attempt to derive 
the dependence of the ionization energy on impurity 


* Operated with support from the U. S. Army and Air 
Force 
1G. L.’Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949). 
2P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954) 
3G. W. Lehman and H. M. James, Phys. Rev. 100, 1698 (1955). 
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content was made by Shifrin,’ employing a hydrogen- 
like model of the impurity atom. Shifrin concluded that 
the ionization energy should decrease linearly as N}, 
where .V is the concentration of impurity. An empirical 
relation of the same form was found by Pearson and 
Bardeen! to fit their measurements on silicon; these au- 
thors provided a theoretical interpretation based on the 
decrease in the average potential energy of an electron or 
hole, resulting from attraction between it and the ionized 
impurity center. Subsequently, Debye and Conwell? 
found closer agreement with their own experimental 
data when the total donor concentration of the Pearson 
and Bardeen expression was replac ed by the concentra- 
tion of ionized donors. 

The variation of impurity ionization energies in semi- 
conductors has also been considered theoretically by 
Pincherle® and, more recently, by Chetkarov.* The 
most comprehensive treatment is that due to Lehman 
and James’; their intricate theory is based on the de- 
termination of one-electron orbitals by solution of Har- 
tree equations and leads to results in fair agreement with 
the data of Debye and Conwell. The present paper de- 
scribes an alternate approach, based on chemical ther- 
modynamics, which gives very satisfactory agreement 
with the data. The procedure consists of evaluating the 
difference between the actual and the ideal free energy 
change for the ionization of an impurity atom. Two 
contributions to this difference are recognized : The first, 
arising from electrostatic interactions, is treated by the 
Debye-Hiickel theory’ ’ of strong ele trolyte s (see 
Teltow” for an account of the literature on applications 
of the Debye-Hiickel theory to defect interactions in 
solids); the contribution of exclusion is obtained by 
comparing thermodynamic and quantum-statistical ex- 
pressions for the concentration product K’. 


*K. S. Shifrin, Zhur. Tekh. Fiz. 14, 43 (1944). 
° L. Pincherle, Proc. Phys. Soc. (London) A64, 663 (1951 


®*M. L. Chetkarov, Zhur. Tekh. Fiz. 28, 962 (1958). 

7P. Debye and E. Hiickel, Physik. Z. 24, 185 (1923). 

§R. H. Fowler and E. A. Guggenheim, Statistical Therm 
dynamics (Cambridge University Press, New York, 1960), 
Chap. IX. 

® R. A. Robinson and R. H. Stokes, Flectrolyte Solutions (Butter- 
worths Publications Ltd., London, 1959), 2nd ed., Chaps. 4 and 9. 

0 J. Teltow, Halbleiter Probleme, edited by W. Schottky (Fried 
rich Vieweg und Sohn, Braunschweig, 1956), Vol. III, pp. 26-58. 
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IMPURITY IONIZATION 


THERMODYNAMIC FORMULATION 


Chemical equations for the ionization of a donor or 
acceptor impurity may be generalized by writing 


¥e vS)=0, 


where the S; denote chemical symbols and the v, are the 
stoichiometric coefficients, taken as negative for re- 
actants. The equilibrium constant of the reaction is 


K=|[ a,”, 


and the equilibrium concentration product is 


K’=T1o," 


The quantities c; and a; are the equilibrium particle con- 
centrations and thermodynamic activities, respectively. 

For the generalized impurity ionization reaction (1), 
the change in the Helmholtz free energy at constant 
temperature and total volume is 


AF = vjmj= Lo vg P+kT LY v; Ina, 


where pj=y,°+hkT Ina; is the chemical potential of the 
jth particle, and u,°(T) is its chemical potential in the 
standard state of unit activity. It is convenient for our 
purposes to choose the standard state such that the 
particle, present at unit concentration (one particle per 
cm*), has the properties it would possess at the given 
temperature in the absence of all other solute particles. 

If there were no interactions (other than the chemical 
reaction considered), the free energy change would be 


AF ideat= >, vjg¢P+kRT > v; Inc,. 5) 


(1) 


(3) 


(4) 


The difference between (4) and (5) will be referred to as 


the deviation free energy: 


AF gey= AF— AF igeat 


kT 


ds 


v; In(a;/c, 
For the case where each a; has its equilibrium value, 
LD vaj=9, 
so that, from (4), 
> 


> -—> vy,°/kT=InK, 


v; Ina, 


which is identical with (2). 

Since each p,°=4,;°(T), the equilibrium constant A is 
seen from (8) to be a function of temperature only. The 
quantity A’, on the other hand, varies with composition 
owing to the concentration dependence of the quantities 
a;/Cj; 


je 


InK’=>> v; Inaj;— > v; In(a;/c;)=INnK—AFgev/ kT. (9) 


By virtue of our choice of standard states for the react- 
ing particles, each a;—> c; (whence K’— K) as © ¢; > 9, 
the summation extending over all solute species. In 
principle, provided sufficient data are available, A may 
be obtained from K’ by extrapolation. For the impurity 
ionization reaction which we shall consider in some de 
tail, it will be found that A’ approaches A asymptoti- 
cally. A theoretically sound expression relating A’ to 
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concentration is then essential for reliable extrapolation. 
To see why it is desirable to evaluate K, we note that 
the standard" energy change AF is obtained from the 
temperature dependence of K according to 
dink 


Al’=—k 
d(i 


; (10) 
T) 
The energy change AE for an arbitrary composition is 
similarly related to K’ 


0 Ink’ 


AE=-—k (11) 


0(1/T) 
However, the experimental data will not generally be 
sufficiently extensive for the direct evaluation of AEF, 
since the temperature dependence of K’ for a particular 
set of values of the concentrations c, is required in (11). 
Therefore, AE must be obtained indirectly; the evalua- 
tion of A at several temperatures is involved in the 
procedure. [Unlike (10), the relation (11) is not of 
general thermodynamic validity, but applies to the 
problem at hand since the concentrations employed are 
not arbitrarily chosen, but are equilibrium values and, 
as will be shown, AK’ can be expressed as a function of 
Vata and 7}. 
For the ionization of a simple donor, present at the 
concentration .Vp, (1) and (3) become respectively 


D 
Kp’ 


Dt +e (12) 


Cp* )\Ce-)/ Co Cp*)n (Vp—cp a (13) 


where 2 has been written for the concentration of elec- 
trons. If the semiconductor also contains the concen- 
tration .\4 of acceptor impurity, the exact formulation 
of Kp’ in terms of Vp and N, is 

[.Vatn— pt (Kap /nK 4')(n—p) |n 
Kp’ , (14) 
Vo- \ taeet tp +(K, ] ; nk ')( Vp- n+ p) 


where p has been written for the hole concentration ¢,*, 
Kn, =np, and K4’=(c4-)p/cs. For a sufficient excess 
of donors over acceptors and at the lower temperatures 
corresponding to incomplete ionization of the donor 
impurity, (14) reduces to 


Kp’ =(Natn)n (VNp—Na—n), (15) 


the expression usually employed. In what follows, Kp’ 
will be written without the identifying subscript. 


COMPARISON WITH STATISTICAL 
FORMULATION 


The application of Fermi-Dirac statistics to the donor 


ionization equilibrium (12) is straightforward and 
| £ 


'' Refers to the reaction under conditions where the impurity 
atom, impurity ion, and electron are in their respective standard 
Af is the value of the energy change for the ionization 


states; 


reaction in the limit of vanishingly small impurity content. 
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ae Fic. 1. Electron en 


' ergy diagram illustrat- 

ing the energy changes 

Ag, attending transitions be- 

tween donor states and 

conduction band (simple 
model). 


AE* Ag? 
7 
a é5 
leads to 
K’ = (2emkT/h?)) exp(—A&p/kT) 
X2r—-texp(—n)Fj(n), 
kT, and 


(16) 


red 


with A$p= &c— &p, n= (or— & 


2 


Fi(n)= f xi[itexp(x—n) Pdr. 


&c, Sp, and &} are the energies of an electron at the 
bottom of the conduction band, at the donor level, and 
at the Fermi level, respectively, and m is the density-of- 
states effective mass for conduction band electrons. 

As the impurity content is progressively decreased, 
Fi(n) — (x*/ 2) exp(n)," A&p — AS&p° and K’ becomes 
equal to 

K = (2emkT/h*)! exp(—A&p"/kT), (17 


so that (16) may be rewritten as 


\ 


A&Sp’—AS&Ep 
- X27 


kT 


K’=K exp fexp(—n)F;(n). (18) 


On comparing (17) with (10), it is found that the 
standard energy change AF” (of the system) is related 
to the standard donor ionization energy A&p° by 


0 \inm dA&p 


kT2——-—T 
aT dT 


(19) 


If we neglect any 
Asp’, 
the average 


temperature variation of Inm and 
19) shows that AF” exceeds A&p" by $kT, i.e., by 
thermal energy of an electron in the 
standard state. It does not follow, however, that AE 
and A& also differ by (&— &¢)..; AE cannot be repre- 
sented on an electron energy diagram (Fig. 1). 
Referring to the earlier discussion of interactions con- 
tributing to departures from ideal behavior, we write the 
deviation free energy as the sum of contributions of 
and quantum-mechanical effects: 


electrostatl 


AF dey = AF etec + AF excl, 20) 


SO that : 


from (9 
K'=K exp (21) 


2 J. McDougall and E. C 
A237, 67 (1938). 


Stoner, Phil. Trans. Roy. Soc. 


London 
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As indicated above, the product of terms to the right 
of the cross in (18) increases with decreasing m, becoming 
unity in the classical limit. The identification of AF exci is 
thus readily made (cf., Reiss'* and Rosenberg") as 

AF exci= —kT In 24 


texp(—n)F,(n) |, (22) 


whereupon it follows that 


AF ctce A&p —A&)p". (23) 


The concentration dependence of AE is more compli- 
cated than that of A&p, but can be derived using the 
thermodynamic identity AE= —0(AF/T)/d(1/T); the 
general relation is 


AE=AE’+0(AF aey/T)/0(1/T), (24) 


and the contribution of exclusion to AE is evaluated as 


-r dn 
kT ( F y(n) -1), (2: 
dF \(n) 


1 


It is interesting that 327 F (dn, dF) is not the average 
kinetic energy of an electron, k7F;/F\," although both 
quantities reduce to $47 for sufficiently negative values 
of ». Whereas electrostatic interactions between elec- 
trons and ionized donors decrease both AE and A&p 
(though not by the same amount), exclusion operates 
to increase AE by forcing electrons into higher levels in 
the conduction band. 


O(AF exci T) 
0(1/T) 


EVALUATION OF ELECTROSTATIC EFFECTS 
BY THE DEBYE-HUCKEL THEORY 


In applying the Debye-Hiickel theory’ to impurity 
ionization, mobile carriers and ionized impurities will be 
identified only by their charges, except that for pairs of 
particles there is in the theory a characteristic parameter 
a which is nominally the distance of closest approach 
of their centers. We imagine the indicated change of 
state to be carried out by a two-step process. In the 
first step, the ionization reaction takes place, yielding 
the donor ion and electron without their respective 
charges. For this step, the free energy change is 
AF iaeat +t AF exci. In the second step, the particles become 
charged. If a way can be conceived of charging the 
particles reversibly to their respective potentials, then 
the work performed can be equated to the decrease in 
free energy for this step and, therefore, to —AF.).~ for 
the over-all ionization reaction. 

In the charging process devised by Giintelberg,* *’ the 
ions are charged simultaneously, allowing the ion atmos- 


pheres to adjust to each incremental addition of charge; 


the electrical free energy is then obtained by integration. 
The evaluation is particularly straightforward in the 
present application, wherein all that is required is to 
charge one donor ion and one electron in the presence 


3H. Reiss, J. Chem. Phys. 21, 1209 (1953). 
4 A. J. Rosenberg, J. Chem. Phys. 33, 665 (1960) 
16 FE. Giintelberg, Z. phys. Chem. 123, 199 (1926 





IMPURITY IONIZATION 
of all of the other ions. For this purpose we require the 
electrical potential at each 7 ion due to the remaining 
ions, i.e., to its ion atmosphere. According to the 
Debye-Hiickel theory, this quantity is 


3j€ K 
el +Ka 


where z,e is the charge of the 7 ion, ¢ is the dielectric 
constant, @ is the mean effective distance of closest 
approach of the ion centers, and « is defined by 


n= (4re?/eRT)>. 22, (27) 


(26) 


yp’: = 


the indicated summation extending over all charged 
spec ies. 

In an impurity semiconductor with Np donors, \ 4 
ionized acceptors and ” electrons per cm’, the sum in (27) 
is equal to (consistent with over-all electroneutrality ) 


Cpottea-tn=2cp+=2(Na4tn). (28) 


If at any given stage in the charging process the 7 ion 
has acquired the fraction \ of its final charge, the po- 
tential due to its atmosphere is Ay,;’, whereupon AF... 
for the reaction > »;S;=0 may be evaluated as 


1 
f Adv. (29) 


For the ionization of a single impurity atom > »,z,?>=2, 
whence 
whence 


e° K 


[ SY vj(\y;’)zjedh= —D v,27 


e 1 +Ka 


e kK 
AP tece= — (30) 


e 1+xa 


Che concentration dependen e of A&p follows immedi- 


K’(a=35A) 


Fic. 2. Evaluation of the equilibrium constant A at 14.3°K for 
arsenic ionization in germanium. Dots show A’ calculated for the 
different values of N4 estimated for each of their samples by 
Debye and Conwell.? Circles show A’ for an averaged value of N 4. 

lhe electrostatic contribution to the variation of AF is, from 

24) and (30), 
O(AF etec/T) e K 3+-2xa 
d 1 T) € 1 


+-na 2(1+K«a) 
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TORS 


ee 


13 
K = 1,66 x10 


14 


{0 
Na +n 
Fic. 3. Evaluation of the equilibrium constant at 20.4°K for 


arsenic ionization in germanium using the data of Debye and 
Conwell? 


¢ K 


A&Sp=A6E/p°— (31) 


€ 1 T Ka 
and that of AK’ as 


e 


K'=K exp X22) exp(—n)F y(n). (32) 


ekT 1+ka 


COMPARISON WITH THE EXPERIMENTAL DATA 
OF DEBYE AND CONWELL 


The concentration product K’ was calculated for the 
Debye and Conwell samples at a series of temperatures 
between 12.5°K and 25.0°K using their tabulated values 
of Np—Na and N4, and reading n from their Fig. 10. 
At each temperature, A’ for different samples was found 
to be a smooth function of NV4-+7 in agreement with 
the indicated concentration dependence of «. Figures 2 
and 3 show typical plots of K’ vs Nu+n. As noted 
earlier, K’ approaches a limit asymptotically, so that 
graphical extrapolation is not a reliable method for 
obtaining A. At the lower temperatures, the calculated 
concentration products are sensitive to the values 
selected for V4; the procedure adopted was to base the 
computation on the average of the three estimates of 
Na (see Fig. 2) listed for each sample by Debye and 
Conwell. 

In fitting the curves the abridged relation, 


| a LY 


InK’=InK+ 


; , (33) 
ekT 1+kxa 
was used, since calculation showed the additional term 
in (32) to be smaller than the uncertainty in other quan- 
tities; for example, the value of (2/2!) exp(—n)Fj() is 
0.98 for the largest experimental value of » employed 
in the calculations. The value of a at each temperature 
was selected so as to result in the smallest average 
deviation of InK. “Best’’ values of the equilibrium con- 
stants and the parameter a are tabulated below. 





1670 x, 





30 


AE”* 0141 ev 


Aé5* .0119ev 


08 





Fic. 4. Temperature dependence of AE® and A&»° 
for arsenic-doped germanium. 


In Fig. 4, InA is plotted vs reciprocal absolute tem- 
perature. The value of AE® obtained from the slope of 
the least-squares straight line drawn through the points 
is shown in the figure. However, it is unlikely that AF” is 
actually constant as suggested by Fig. 4, since this 
would require that the standard entropy change for the 
ionization reaction be independent of temperature over 
the same range and, moreover, that A approach a finite 
limit as the temperature is increased indefinitely (n 
would not then become equal to Vp—N 4). If, instead, 
the more reasonable assumption is made that A&p° is 
constant and equal to AE”—3kT, a plot of In(K7—!) vs 
1/T should be a straight line of slope —A&p°/k. The 
value of A&p° obtained from the least-squares slope of 
Fig. 4 is in reasonably good agreement with the value 
0.0127 ev obtained by Geballe and Morin.’ It is not 
possible within the probable error of the calculated 
points to distinguish between constant AE and constant 
A&p° over the limited temperature interval of Fig. 4; 
both quantities may in fact exhibit some variation, 
consistent with (19). 

In Fig. 5, A&p calculated by (31) is plotted against 
the concentration of ionized donors. The concentration 
dependence of A&p is seen to be not very different from 
that of the semi-empirical expression in (V4+n)! 
adopted by Debye and Conwell. Their corresponding 
plot (Fig. 12 of reference 2) applies to a range of tem- 





J 
Aép= €5-a(N,gtn)> 


o ee 
Aé,= Ae, - — —— 


N,+n 


Fic. 5. Concentration dependence of Ap calculated for 
arsenic in germanium at 20.4°K and a=35 A. 
‘7 JT. H. Geballe and F. J. Morin, Phys. Rev 


95, 1085 (1954). 
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peratures, so a detailed comparison is not warranted. 
Apart from the good agreement between the A&p° 
values, Fig. 5 indicates that at 20.4°K, A&p becomes 
zero at a lower net donor concentration than their 
sample 59. 

In essence, the Debye-Hiickel theory of ionic inter- 
action has been used for smoothing and extrapolating 
experimental values of A’ for arsenic ionization in 
germanium. The over-all formulism was tested by calcu- 
lating m at a series of temperatures according to the 
expanded equation 
(VNatn)n A&p 
in——__—_ 


+3 InT 
Vp—Nar-n kT 


(e, ekT)[ (Sxe* ekT)( \ 1 + nN) }! 


1+<al_(8me?/ekT) (NV 4+n) }} 


and comparing with experiment (Fig. 6). The first two 
terms on the right were obtained from Fig. 4, the value 
16.1 was used for ¢, and a was taken to be 35 A for 
all samples and all temperatures. The extraction of n 
was performed by the IBM 7090 computer. 

In contrast to the theory of Lehman and James, the 
fit at the higher impurity contents is very good. The 
somewhat poorer fit for the purest sample is partly the 
result of a dis« repancy between the tabulated value of 
Np—Na and the limit of the experimental points. In 
future applications, should be 
given to the estimation of carrier densities from meas- 
ured Hall coefficients, since somewhat different values 


ts a . 
careful consideration 


of the various parameters will be obtained depending 
upon the ratio of Hall to conductivity, mobility. 


DISCUSSION 


The Debye-Hix kel theory treats only the electrostatic 
part of the total interaction between charged particles; 
the neglect of interactions other than electrostatic and 
exclusion effects restricts the treatment to “dilute” solu- 
tions. As seen in Fig. 5, the ionization energy of arsenic 
in germanium becomes zero at an ionized impurity con- 
centration of about 6X 10'® cm~* (10~ molar solution 
it is probably valid to neglect short-range effects at this 
and 
such short-range interactions as may 
swamped by exclusion effects. 

A more specific limitation to tl 
theory results from dropping terms higher than y,? in 
the expansion of the assumed Boltzmann distribution of 
ions about a central ion: 


lower concentrations. At higher concentrations, 
exist would be 


¢ applicability of the 


c/ =c,; exp(—z,e),;/ kT). (35) 


In (35), c,/ is the time-average local concentration of 
i ions, and y; is the time-average local electrostatic 
potential (including that due to the j ion). The approxi- 
mation is valid for (z,eh,/kT) <1, i.e., 
static potential energy of an ion small in comparison to 


for the electro 
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its thermal energy. The maximum physically possible 
value of y,, given by the theory as 


Ze exp(ka) exp(—xr) 
= ‘ (36) 
1+xa 


occurs at the distance a from the 7 ion, leading to 
ey; ¢ 1 
[RT| max €kT (1+«a)a 


Calculated values of | ebj/RkT\ max Vary from 23.6 for the 
most lightly doped sample at 12.5°K to 9.1 for the most 
heavily doped sample at 25.0°K. It might therefore 
appear that the Debye-Hiickel theory applies better to 
the phenomenon of impurity ionization than one has a 
right to expect. However, for the two extreme cases 
cited, the calculated average separations of charged 
particles are 7050 A and 410 A, respectively, at which 
distances the magnitudes of ey;/kT are only 0.028 and 
0.016. The quadratic approximation to c¢;’ probably 
involves no serious errors in the present application. 

Two further considerations may be mentioned. In the 
Debye-Hiickel theory, the dielectric constant is taken 
to be that of the pure semiconductor ; small influences of 
impurities on the polarization (see Castellan and Seitz'*) 
may be absorbed in the a. Of greater concern is the 
question of applicability of the theory to systems in 
which some of the ions are fixed. Reiss ef al.!® were con- 
fronted with a similar question in applying the concept 
of ion pairing to semiconductors containing both mobile 
donors and immobile acceptors. Reiss” was able to show 
rigorously that the same equations apply to the equi- 
librium condition as in the more general case of all ions 
mobile. 

Although mobility does not appear explicitly in the 
Debye-Hiickel theory (it is implied by the etymology 
of the word “‘ion’’), it is essential that the equilibrium 
distribution of ions about any given ion be describable 
by Boltzmann factors. This presents no problem for 
electrons (or holes) about an impurity ion,” but the 
converse requires some thought. To an observer follow- 
ing an electron about in its peregrinations, attracted by 


'8G. W. Castellan and F. Seitz, Semiconducting Materials 
(Butterworths Publication Ltd., London, 1951), pp. 8-25. 

 H. Reiss, C. S. Fuller, and F. J. Morin, Bell System Tech. J. 
35, 535 (1956); see especially pp. 565, 566. 

*” H. Reiss, J. Chem. Phys. 25, 400 (1956). 

21 Laura Roth has suggested to the author that the distribution 
of electrons about a donor ion should obey Fermi-Dirac statistics, 
leading to 


n'=n {~ x fo(x — apa / {~ x4 fo(x)dx, 
J/0 0 


where x has been written for (&— &c)/AT. A linear approximation 


to fo(x—ey;) gives 
n'=nl 1+ . 


(7) 7 | 
2 Fy(n) kT] 

and modifies x? to equal (4re?/ekT){2N4+n[14+-4(F_4/F4) J}. In 
the classical limit, the foregoing expressions reduce to those em 
ployed in the text. 
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Fic. 6. Comparison between theory and experiment for six 
samples of n-type germanium. The points are from the corre 
sponding figure of Debye and Conwell? 


ionized donors and avoiding ionized acceptors and other 
electrons, the fixed ions would appear to be distributed 
in the proper way relative to the moving electron. More- 
over, in the range of temperature corresponding to in- 
complete ionization, the simultaneous capture of elec- 
trons by some donor ions and release of electrons by 
others lends a certain effective mobility to ionized (and 
neutral) donors. The exact distribution of impurities is 
probably unimportant at large average separations, 
although the theory may run into difficulty at appreci- 
able concentrations of compensating impurity. 

The pragmatic justification for including the fixed 
ions lies in comparison with experiment: The formula- 
tion does not fit the data unless the /otal concentration 
of charged particles is used in the Debye screening 
length 1/x. Lax and Mengert™ refer to quantum me- 
chanical calculations by P. A. Wolff of correlations 
introduced by Coulomb forces ; for separations large com- 
pared to a thermal de Broglie wavelength, the expres- 
sions are stated to reduce to those obtained on describing 
the correlations in terms of the classical Debye-Hiickel 
theory. However, the Debye screening length employed 
by Lax and Mengert contains n+ p rather than the total 
concentration of charged particles. Furthermore, the 
Debye-Hiickel limiting law, which applies for xa<1, was 


2M. Lax and P. Mengert, J. Phys. and Chem. Solids 14, 248 
(1960). 





1672 W. W. 


rance [. Donor equilibrium constants and values of the Debye 
Hiickel parameter a for arsenic-doped germanium. > 


Ink K aX 108 (cm) 


5.35 +0.15, 1. 
877+0.046 4.7 
? 

1. 


x 10"! 35-: 

x 10" 31- 
53 « 10" 36 
662 X 10% 40 
6.78 K10% 34 


8.561+0.039 
30.442+0.014 
31.848+0.024 


used in place of the more general expression, so that it 
is not clear to what extent the restriction to very large 
separations applies. Similar comments hold for the 
application of the Debye-Hiickel theory made by Herr- 
ing and Nichols.” 

The average value of a for the Debye and Conwell 
samples is 35 A (Table 1). This figure is about half the 
radius of the lowest Bohr orbit for an electron bound to 
a group V impurity in germanium (calculated by aver- 
iging the cyclotron resonance effective masses” 
ing to 3/m*=2/m,+1/m,) and an order of magnitude 
smaller than the de Broglie wavelength of a thermal 
electron [averaging the effective masses according to 
2m,+m,)/3). For ions in liquid media, the dis- 
tance of closest approac h of the excess ¢ harges is given 
roughly by the sum of the ionic radii. The same physical 
model obviously does not apply to encounters between 
electrons and arsenic ions in germanium, since a is an 
order of magnitude greater than a lattice spacing. 

In applying the chemical reaction approach, bound 
electrons and free electrons have been treated sepa- 
rately; it has been assumed, moreover, that the excited 
bound states are populated to a negligible extent. On 

basis, it seems reasonable that the region about 
the donor ion from which free electrons are excluded 
would be defined approximately by the orbit of the 
bound electron. A large value of the minimum distance 
ais also compatible with the wave mechanical treatment 
in that, due to orthogonality to the bound state, the 
wave functions of electrons in the conduction band tend 
to avoid the impurity atom (see exposition by Slater®®) 
The quantity @ may thus measure the separation at 
which the “repulsive force’ due to orthogonality over- 
comes the attractive field of the positively charged 
arsenic ion. 

If ype impurity states are not negligibly popu- 
lated, calculated by (15 too small at the 
higher Hrenron concentrations (see Conwell” 
quently, a larger value of a would be required to fit the 


act ord- 


1° = 


will be 


). Conse- 


%(C. Herring and M = 

185 (1949 
*R. N. 

637 (1956). 
at 

Springer 
pp. 78-80. 
E. M. Conwell, PI Rev. 99 


Nichols, 
; see especially 255. 


Dexter, H J. cine , and B. Lax, 


Revs. Modern 


Phys. 21, 
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data, and A&p would decrease less 
cated in Fig. 5. 

As we have shown, the decrease of the 
energy of arsenic in germanium can be accounted for 
entirely by electrostatic effects, according to the Debye- 
Hiickel theory of interactions. The 
also applied to the measurements of Pearson and 
Bardeen! on boron-doped silicon, although here the data 


rapidly than indi- 


ionization 


ionic theory was 


were not sufficiently extensive and precise to permit as 
detailed an analysis as for the Debye and Conwell data. 
Morin and Maita”’ used the Debye-Hiickel limiting law 
to estimate the decrease in the gap energy due to electro- 
static interactions of holes and electrons in the intrinsic 
range of germanium; the correction is 
elevated temperatures, where intrinsi 
trations are high. 

It is not unreasonable to expect the considera- 
tions to apply to extrinsic germanium and silicon at 
intermediate temperatures, 


important at 
carrier conce n- 


same 


where impurities are com- 


(np)? 


N intrinsic 


SILICON, 300 °K 


« 
4 10 


5 
10° 24 10° 2 4 10" 
DENSITY OF MOBILE CARRIERS AND 
ric. 7. Calculated concentratior 
ionization product of silicon at 
assumed values of the Debye-Hiickel 
a equal to 2.5 A and 5A were calculat 
Bjerrum rf z 
interest 


theory”* ion-pairil 


pletely ionized. The electrostatic contribution 
deviation free energy for the intrinsic 
will be given by (30) Debye 
determined by the total concentratic 
mobile carriers. In consequence of 
energy, np will be somewhat greater than its intrinsi 
value. Calculations have been made for silicon at 
temperature for various assumed val 
tera (Fig. 7) 

At high impurity contents, exclusion effects will bring 
about a reversal in sign of the concentration dependenc« 
of AE for the intrinsic 
maximum in mp may result. 
trations, say 10"? cm™, the np product 
intrinsic value by some 20% (Fig. 7). By the sami 
reasoning, np should be less for uncompensated material 
than for partially compensated material of the same net 


ion rea 


ionizat 
with the screening | 
yn of impuritic san 


se in the gap 


a de cTea 
room 


ies of 


the parame 


ionization reaction, so that.a 
At somewhat lower concen- 


may exceed tis 


donor or acceptor concentration. It is suggested that the 
indicated effects be looked for, although it is re 


ag Morin and J. P. Maita, Phys. R vy, 


* See, for example, pertinent sections ir 
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ognized that they may be difficult to distinguish from 
other effects, as for example, changes in mobility. 
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We present a new method for solving the problem of one electron 
in a periodic potential; it is discussed in this paper mainly for 
k=0, although it can be generalized to other k. The periodic po- 
tential is considered to be generated by spherically symmetric 
“atomic” potentials at each lattice site; this does not mean of 
course that the total potential near a lattice site need be spherically 
symmetric. The method has its origin in the observation that 
(for k=O) the equation for C(K;), the Fourier coefficient of the 
wave function, becomes just the momentum-space Schrédinger 
equation when the lattice spacing becomes infinite. This latter 
equation is separable into a radial part, and an angle-dependent 
part expressible in spherical harmonics. This suggests that it would 
be advantageous to expand the C(K;) for finite lattice spacing 
similarly, into radial functions C;(K,,), where A,, is the magnitude 
of the mth smallest reciprocal lattice vector, and into an angle 
dependent part expressible (for cubic lattices) by Kubic harmonics. 
We do this and the Schrédinger equation for the system becomes 
a set of homogeneous linear equations for the C:(A,,) 
corresponding secular determinant for the eigenvalues. 


, with a 


I. INTRODUCTION AND THE BASIC EQUATIONS 


HE one-electron band structure problem, i.e., the 
problem of solving the Schrédinger equation for 
an electron in a periodic lattice, is an old one with an 
extensive literature.’ In this paper, we look at some old 
equations for this problem in a new light, and are led to 
a new and accurate method for solving it. We are also 
led to a new way of doing the “tight-binding” approxi- 
mation which bypasses the multi-center integrals that 
occur in the usual formulation of this method. 

To begin, we consider a monatomic periodic lattice at 
each lattice site of which there is an ‘‘atomic” potential ; 
this gives rise, of course, to a periodic space potential. 
For simplicity, we shall assume that these ‘‘atomic’”’ 
potentials are spherically symmetric, although one can 
generalize to potentials which are not spherically sym- 


* Operated with support from the U. S. 
\ir Force. 

' For a review article with extensive references to the literature 
see, for example: Joseph Callaway, in Solid-State Physics, edited 
by F. Seitz and D. Turnbull (Academic Press, New York, 1958), 
Vol. 7. 


Army, Navy, and 


We have tested the method numerically, as a function of lattice 
spacing and potential strength, for S-like states, when the 
“‘atomic”’ potentials are exponential ones, and the lattice is body 
centered cubic. In many cases it turns out that one can solve the 
periodic potential case more easily and more accurately than one 
can solve for the isolated atom. This is because as the lattice 
spacing gets large the successive A,, became more and more closely 
spaced and this leads to larger and larger secular equations. The 
wave functions as well as energies are given for most lattice spac- 
ings to considerable accuracy (three to seven significant figures 

When the lattice spacing gets large and the equations approach 
those for the isolated atom, we show how one can use the atomic 
momentum space functions as variational functions, in the same 
spirit as the usual tight-bindil as applied for 
k=0). The present method has the considerable advantage that 
it bypasses the usu 


g approximation 


il difficulties with that approximation—neat 
neighbor approximations and calcul 


ition of overlap integrals 


and permits an easy and accurate evaluation of the variational 


expression as a sum over the A 


metric in a straightforward way. This assumption does 
not mean, of course, that an electron sees a spherically 
symmetric /ofal potential, for near any lattice site it will 
see the local ‘tatomic”’ potential plus the tails of the 
potentials that are at other sites. We choose an origin 
of coordinates at one of the potentials and in this co- 
ordinate system let r be a position vector to a point P in 
space. The site of the ith potential is specified by a 
vector d,; of the form 


d 1,8, 7 leae-t lsas, 


where a), a», 
and 14, 7, 


a; are three basis vectors for the crystal 
i; are integers. At each lattice site, we set up a 
coordinate system oriented similarly to the coordinate 
system at the origin, and let r; be the position vector in 
the ith system to the point P in space. Then obviously 
we have 

di+r, 
As usual, we define the basis vectors b; of the rec iprocal 
lattice by 
a,b 
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and define a ret iIproc al lattice vector K " 
K, =29 Jib,+ jobe+ jsbs). 


There are two standard formulas’ that have to do with 
the reciprocal lattice which we quote here for future use. 
First is the well-known equation 


2r)'Q, >; 5(@— K;), (1) 


>, exp(ie-d,) = 


where 6 is the usual Dirac delta function and Q, is the 
volume of the unit cell of the reciprocal lattice. Of 
course, this has meaning only if it is used as a factor 
in an integrand. The second formula is this. Suppose 
for a given space lattice we wish to sum some function 
F (K,) over the reciprocal lattice. If the lattice constant 
of the space lattice is large, then the points of the re- 
ciprocal lattice are very close and the summation can 
be approximated by an integration 


1 
> F(K)~ 


, f PawaK (2) 


(rr) 


The total potential of the problem is V(r), the crystal 
potential. It is the sum of the “‘atomic’”’ potentials, 
V(r)=>_; V2(r,). 
The Schrédinger equation is then 


V7+8)Vir r)V(r), 


and £ is the energy. Since 
expand it in Fourier series, 


t-(r)=>_, w(K 


_ 


r) is periodic in r, we can 


exp(iK,-r). (6) 


Moreover, we know by Bloch’s theorem that the wave 
function can be written in the form 

W(r)=exp(ik-r)>>; C(K,) exp(iK;-r). (7) 
If we put (6) and (7) into (4), 
tion for the coefficients C(K 


(3—(K,+k)* \ K 2G 


we get a standard equa- 


K w(K,—K,). &) 


is our basic equation. It is really an 
infinite homogeneous set of equations in an infinite 
number of unknowns. If there were a single practical 
method of solving them, or of evaluating the infinite 
secular determinant that pertains to them, the problem 
would be closed. Of course there is no such method; but 
the point of this paper is that one can treat them much 
more efficaciously than has been done heretofore. 


Equation (8 


* When we write d; and K;, the subscripts i and j on these 
vectors should be understood to stand for the triad of integers 
i, i2, 43 and j:, j2, jz. This is to be contrasted later with the nota 
tion K;, in which 7 stands for a single integer which labels the 
magnitude of the jth smallest reciprocal lattice vector 
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In this paper we mainly discuss the case k=0; we 
intend to treat the general case in a later publication. 

The work that follows is motivated by the following 
observation. We consider Eq. (8) for k=0. Now in 
Appendix I it is shown that if we define the Fourier 
transform w*(@) of the atomic potential v*(r,), 


1 
w*(e)= feo exp(io-r)dr, 
(27) 


and evaluate it at @= K,, then it is essentially identical 
to w(K,). 


w*(K;) 
Thus for k=0, Eq. (8) can be written 


(2r)2, > ; C(K,;)w*(K,— K,) 
c(K)=— 3 


w(K,;)/ (29)? Qs. (10 


- (11 
8-—K? 


If we now imagine the lattice to expand uniformly, the 
points of the reciprocal lattice become closer and closer, 
and we can replace the summation by an integration, 
according to Eq. (2). Then Eq. (11) becomes (K; and 
K; pass over to continuous variables K and K’) 


C(K’)w*( K— K’) dK’ 


C(K) (12 


(8— K*) 


Now, Eq. (12) is simply the Schrédinger equation in 


‘momentum space, and like the corresponding equation 


in coordinate space, it is separable if the potential v*(r 
to which it pertains is spherically symmetric. The fact 
of separability enormously simplifies the solution of the 
equation, for it means that instead of considering one 
equation in three variables, we can consider one at a 
time an (infinite 
variable. 

One point of these remarks is that, however else one 
treats Eq. (11), it now appears reasonable to expand 
the C(K,) which occurs in it in spherical harmonics,’ for 
we now know that at least in the limit of large separa- 
tion, this leads to an exact separation of variables. We 
hope, of course, that even when the separation is not 
large, and the equations are only “approximately 
separable,” that even this approximat« 
makes the equations easier to handle than they would 
be if we simply tried to solve the single equation (11 
as a function of the vector variable K. 

If we expand Eqs. (11) they become a set of homo- 


set of equations, but each in one 


separability 


geneous equations for the radial parts of the amplitudes 
C(K,), evaluated at the different absolute magnitudes 
of the reciprocal lattice vectors. The work of Sec. II is 
devoted to solving these equations and to investigating 


3 Actually, we shall deal with cubic lattices for which the ap 
propriate functions are not spherical harmonics, but Kubic 
harmonics. 





SOLUTION OF 
the practical questions of convergence that arise. In 
Sec. III we show how Eq. (11) can be used in a “tight- 
binding” method which has appreciable advantages over 
the usual method. 

Before we proceed, there is one point that needs dis- 
cussion. We are accustomed to expanding continuous 
functions of angle in spherical harmonics and using the 
orthogonality relations which are predicated on the fact 
of continuous functions. Is there any difficulty in ex- 
panding the C(K;), which are mot continuous functions, 
but are defined only at points of the reciprocal lattice? 
In fact, there is not, as we can see by introducing the 
basic equation (8) in a different way, a way which 
justifies this kind of expansion, as well as one which is 
interesting in its own right. 

To discuss this, suppose we wanted to represent the 
wave function ¥(r) not using Fourier series, but rather 
writing the periodic part as a series of ‘orbital’? func- 
tions, 


V(r) =exp(tk-r)>> Y(r;). (13) 


We introduce the Fourier transorm $(2) of the “orbital”’ 
function y(r,), 


1 
$(a) = - feo exp(7a-r)dr, 
(2x) 


(14) 


in which, of course, 2 is a continuous variable. Now we 
know from the theorem of Appendix I that if we set 
a= K; 

@(K;)=C(K;)/(27)*Q,, 


i.e., at the reciprocal lattice points, the function (2) 
coincides (except for a factor) with the Fourier coeffi- 
cients function C(K;). But this does not tell us how to 
calculate the function $(2) at points other than recipro- 
cal lattice ones. To do this, we must have some supple- 
mentary formula which enables us to calculate $(2) at 
all points, as a function of the continuous variable 2. 
We derive such a formula now. 

We put Eqs. (3) and (13) into the Schrédinger equa- 
tion (4) and get 


(V2+8){> >; ¥(r;) exp[ik- (r;+d,) }} 
=[¥. o*(r) {i (r,) exp[ik(r:4+,) ]}. 
In this equation we sum over all values? of 7. But it is 
clear that this equation will be satisfied if we can satisfy 
it for a single arbitrary lattice, i.e., site, if we can solve 

(¥2+8){P(r,) exp[ik- (r,+d,) ]} 

=X, v*(r2) W(r;) exp[tk- (r,4+d)) ]. 
If we transform Eq. (16) to momentum space, we get 


the following equation for ¢(2): 


[B—(2+k)? }p(2) 


(15) 


(16) 


f (00 (o—2)[ >"; exp(ie-d,) \de. (17) 


J 
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This equation for ¢(2) bears a word of comment. On 
the left-hand side we have (2), a function of the con- 
tinuous variable 2. The function ¢(@) in the integrand 
on the right-hand side is ostensibly also a function of 
the continuous variable o, but in reality this is not so. 
For, using Eqs. (1) and (10) we see that the right-hand 
side is nothing but 


>; o( K,)w' K,—2), 


essentially the same as the right-hand side of Eq. (8). 
Thus Eq. (17) has to be interpreted in the following way. 
If in it we set 2= K;, and let K; run over all reciprocal 
lattice vectors we get a homogeneous set of equations, 
identical with Eqs. (8), and the energy eigenvalues are 
determined by the vanishing of its (infinite) determi- 
nant. Once these eigenvalues are determined, however, 
and the function ¢(K,) is found we can, if we want to 
write ¥(r) in the orbital description (13), get @ as a 
function of the continuous variable 4 by using Eq. (17) 
as a kind of interpolation formula. 


II. SOLUTION OF THE EQUATIONS 
A. General Discussion 


In this section, we discuss in a general fashion the 
direct solution* of Eq. (8) which for the case we con- 
sider, k=0, becomes 


(8—K2)C(K,) =>, C(K,)w(K,— K,). 


We shall deal with a cubic space lattice; hence the 
reciprocal lattice is also cubic. Then, as we have men- 
tioned, the appropriate functions for expanding the 
C(K,) are not spherical harmonics but Kubic harmonics. 
This can be seen as follows. Let R be one of the rotation- 
inversion operations of the cubic group. Then obviously 
we can rewrite Eq. (18) as follows: 


gC (K,)=K 2C(K) +35; C(RK,)w(K,— RK,). 


(18) 


(19) 
Now operate with R on this equation, and get 
8C(RK,;) = K 2C(RK,) +5; C(RK,)w(R(Ki— K,)). 


For spherically symmetric atomic potentials, w depends 
only on the magnitude of K;— K;, hence we can replace 
w(R(K;— K,)) in the last equation by w(K,— K,). We 
see then that if C(K;) is a solution of Eq. (18) with a 
given energy, C(RK,) is also a solution. In other words, 
all the operators of the cubic group ‘‘commute with the 
Hamiltonian.” Hence, the functions C(K,;) must trans- 
form as base functions for the irreducible representations 
of the cubic group, i.e., as Kubic harmonics. 

In Eq. (18) then, we can expand the C(K,) in Kubic 
harmonics of a given ‘“‘type.”° For our example, we shall 


‘An attempt to solve Eq. (18) directly as a matrix equation, 
but without breaking up the C(K;) into radial and angular parts 
has been reported on briefly: P. A. Marcus and H. Schlosser, 
Bull. Am. Phys. Soc. 4, 276 (1959). 

®See Appendix III for a summary of notation for Kubic 
harmonics 
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do this for a type. We would emphasize, however, that 
any other type could be done as well and that the 
procedure is basically the same. It may be, of course, 
that the various convergence problems are worse with 
other types, but in general the convergence properties 
are satisfactory enough for the a type that even if they 
should turn out to be somewhat worse for other types, 
they would still be adequate. Also the a type is espe- 
cially interesting in that the lowest level of this type 
goes over into the ground state of the isolated atom 
when the lattice spacing goes to infinity. 

Instead of choosing some special substance and an 
approximate or phenomenological potential known only 
numerically, it is much more useful for our purposes to 
try to keep the work analytic as long as possible; this 
facilitates both the exposition of the method and the 
estimation of the errors in the approximations we make. 
To this end, we have chosen the individual potential to 
be an exponential one. This has the advantage that 
the atomic case (for S states) can be solved exactly, and 
the resultant wave functions and energies can be com- 
pared with the band case; this yields an illuminating 
comparison of the way the wave functions and energies 
change as the lattice is formed by bringing up the indi- 
vidual potentials from infinity. 

We expand then the C(K,) in Kubic harmonics of 
a type, 


C(K) =r Cr (Ki) ar @ (2), 
and put Eqs. (A.6) and (A.8 
pansion for w( K,— K,) in Kubi 

K;—K)=> >.> KK 
XH QM, 


0, 4, 6, (20) 


together to get an ex- 
harmonics: 


g these « xpansions in t becomes 


Kj) Hy (Q 


We ee eT 

Xwry (K;,K,;)H 

Now we multiply Eq. (22) by H,‘* (Q;) 1=0, 4, 6, 
integrate over the solid angle of Q,, i1.e., we can 


 & c 
K;)Hy 
Q)Hy-,' 


and we 
consider for the moment, for the reasons given in Sec. I, 
that 2; is a continuous variable. We get the fundamental 


set of « oupled equations. 


K a 


ha hee t 


XCr(K 


ra 4 
Hy (Q)H@ (Q;). 23) 


In this equation the sum* over j can be considered to be 
1 sum over all the K; of a given magnitude (which sum 
we denote by }¢29;) plus one over all the different 
magnitudes of the K; (which sum we denote by }>x;). 
Symbolically 

Lim Lai Lg. 24) 


Finally then, we can write Eq. (23) as 


6 This is still a vector sum, of course. That is, 7 stands for the 


triad of integers 7). fe. 72. See reference 2 
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(@-K2C(K)=X LX Cy(K,wi(Ki,K)) 


Kj U'=0,4,6... 


X O22; Hy (0;)Ay = (Q;)). (25) 
This is the basic set of homogeneous equations for the 
amplitudes C;(K;). 

For the numerical example we shall, for reasons dis- 
cussed above, choose the exponential potential 


v*(r) = — Be"! 4, (26) 


We consider a bec lattice of lattice constant a, so the 
reciprocal lattice is face centered, and treat the states 
that become pure s states when a becomes infinite. When 
a is infinite, Eqs. (25) can be “truncated” without 
approximation, i.e., as we have pointed out before, they 
break up into a set of separated equations for the ampli- 
tudes Co, Cy, Cs: -- and of course it is the equation for 
Cy which defines the In the 
present case, the equations are coupled, and we must 
make the approximation of truncating them. We shall 
begin as simply as possible by assuming that on the 
right-hand side of Eq. (25) Cy is large and all the other 
C; are small; we later check this assumption using the 
approximate solution for Cy that we derive, and find 
that it is an excellent one. The equation for Cy is then 


s-state wave function. 


(8—K2)Co(K,) 
=¥ wo(Ki,Kj)Co(K)>d [Ho (2). (27) 
- - 


For the exponential potential we have from Appendix II 
PI 


8rQ,b?a? 
wo(K.,K;)= —- _- 
[i+a(K,—K,)*][1+@(Ki+K,) 


Now consider in Eq. (27) the sum over 2);. Since (H‘*’)* 
is unity, the sum is, for a given magnitude A,, just the 
number of lattice vectors with that magnitude. We call 
this number n;. 


n;=> > (Ho)? 


= number of lattice vectors with magnitude K;. 


n; can be calculated in a straightforward way; we out- 
line the calculation now. For 


vectors a, a, a; defined by 


a bec lattice with basis 


a,=4a(—i+j+k), a.=}a(i—j+k), a;=}a(i+j—k), 
the basis vectors b,, be, b; of the reciprocal lattice are 

b,=a 'G+k), b, a i+k ; b ad i+ j ’ 
The volume 2, of the unit cell of the reciprocal lattice 
is then 2/a* and the magnitude of the reciprocal lattice 
vector K; is 


where 
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We put in different integral values for j;, 72, j3 to find 
the different magnitudes that the vector K; may have. 
We call these magnitudes? K;, and label the smallest 
value (j1=j2=J3=0) by j=1. This is simply for con- 
venience later in computer programming. There are 
twelve vectors for which y2=1 and hence for which 
K,;| = 2\2z/a; these correspond to (j1, jx, js) having 
values (0,0,1), (0,0, —1) (0, 1, —1) plus cyclical permu- 
tations of the numbers in parentheses. At least up to 
j= 18, 7° increases by integral steps so we can write for 
the magnitudes A; that will be of interest tous 
(28) 


my ys 


K ;= (2r/a)[2(j—1) }}, j=1, 


The number of different vectors associated with a given 
magnitude A, can be counted up, with results which 
follow. 


8 9 10 11 12 13 14 15 16 17 18 


12 6 24 12 21 8 48 6 36 24 21 24 66 3 48 12 39 


Now we return to Eq. (27). In it, we introduce 


dimensionless variables 


and it becomes 


(Bd*— x2)Co(x;)= —169r(bd)? 


x nf 
xz. 
1 [14+ (x,—4x,) 1+ (a,4+24,;)7] 


\(x;) 
(29) 


For computation, it is convenient to write (29) in a 
more symmetric form. To this end, we define a new 
variable D;: 


D=C (x) ni, (30) 


and find that (29) can be written in the standard form 
for a linear eigenvalue problem 


Y HD;=ND,, 
j=l 


where now H,; is symmetric 


d\3 
H,;;=H — 16r(ba)"( ) 
a 


and 
\ = Bad?. 


Of course, Eq. (31) is formally of infinite order; to 
solve it in practice, we must truncate it. The reason we 
expect this to work is that, as we have mentioned, we 
know the qualitative behavior of the function Co(x,): 
It resembles the momentum-space wave function for 
an isolated atom, and as such, it becomes negligibly 
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small after some moderate value of x,. Because of 
the factor \/n;, D; decreases less rapidly for large «;, but 
it decreases nonetheless and is also negligible for large 
values of x;, which again suggests that we can neglect 
the D, for large 7. 

Obviously, it would be very useful if one could esti- 
mate in advance at just what point to truncate the 
equations; this can be done by using the atomic mo- 
mentum space function as a qualitative guide. For if it is 
true that the atomic function resembles Co(x;), we have 
simply to look at the atomic function and find at what 
value of x we can consider it as negligible for practical 
purposes. Then, for a given lattice spacing, we ask how 
many values of x; there are below this value, and this is 
the order of the secular equation we must solve.’ 

A remarkable feature about this procedure is that it 
often makes the periodic potential easier to solve than 
the isolated atom. For whereas the allowed values of 
x; in the atomic case are continuously distributed, for 
the periodic lattice they are discrete. Moreover, succes- 
sive x; become more widely separated as the lattice 
spacing decreases, so that the smaller the lailice spacing, 
the fewer values of x, that we must consider. We state this 
slightly differently: The periodic case differs from the 
atomic case in two ways. The integral equation for the 
atom becomes a set of linear equations for the periodic 
potential ; this tends to make the periodic case easier to 
solve. On the other hand, in the periodic potential, we 
cannot in principle confine ourselves to only one value 
of /, corresponding to a single spherical harmonic, but 
must expand in Kubic harmonics of a given type in 
each of which there appears an infinite number of / 
values. If, however, it should turn out in practice that 
the values of the lattice spacing we are interested in are 
such that the higher order partial waves are still negli- 
gible, but at the same time we are led to a secular equa- 
tion of reasonable order, then it will indeed be easier 
to solve the periodic potential than the atomic one. This 
is often so, as we shall see. 

Thus the cases we must consider often divide con- 
veniently into two. If the lattice spacing is small, the 
reciprocal lattice spacing is large, and we are led to 
secular equations of small order. When the spacing gets 
large, we are led back to many points and secular equa- 
tions of a high order. But for the latter case, the solu- 
tions that we find are so closely approximated by the 
atomic wave function itself that we can, as we point out 
in Sec. III, use it as a variational function to good 
accuracy. Of course, this division is not always so neat. 
It will turn out that are intermediate lattice 
spacings for which the equations are of uncomfortably 
high order, and yet the spacings are not quite large 
enough that the atomic functions are a good approxima- 
tion. For these, the treatment can be modified so that 
one can still solve with high accuracy using secular 


there 


7 This assumes that Co(x;) resembles the atomic function closely 
enough. This turns out to be so for most cases 





LEONARD 





Cg(X) AND Co (Xj) 
tepid 1 patil 








! tout 


I a=1.0 | 
I I I I lItlas20] 
I, IT TTIIIIIIIIIIINII a=3.0 


1.0 2.0 3.0 
X AND Xj; 





Fic. 1. Wave functions Co(x;) for the “1S” state, the solutions 
of Eq. (29) for bd =1.916, for different values of the lattice spacing 
parameter a=a/V2rd. The solid line is the momentum space radial 
1S wave function C,(x) for the isolated atom. For the lattice, the 
wave function is defined at points x;= A,d, where K;, is one of the 
allowed magnitudes of a reciprocal lattice vector. To show vividly 
how the spacing between successive x; decreases as the lattice 
expands, with a consequent increase of the number of points that 
one must consider, we indicate the allowed values of x; by the 
vertical lines at the bottom of the graph, for the three different 
lattice spacings. The dashed curve is the estimate from Eq. (32) 
of C(x) for a=1, which amplitude we assumed initially to be 
negligible. Note that C,(x) is so small that we have plotted 
10C,(x) to get it on the same graph with C». 


equations of reasonable order. This is discussed in 
Sec. III.B and in the last section. 

There is one final point that we must consider. We 
have neglected C4(K,) in the above solution; it remains 
to estimate it. This can be done, as we have remarked 
before, by using Eq. (25) to roughly calculate C, from 
the (approximately) known C». From this equation we 
get, setting /=4 and keeping only the term with /’=0 
on the right-hand side 


(8—K2)C(K)~¥ Co(K,wi(Ki,K)d Hy (Q,). 
K; a 


If we use the expression for w,(A,,K;) derived in 
Appendix IT, we get, in dimensionless variables 


10249 (bd)* d\* xia; 
C,(x,;) = —-———_ ( ) > — 
63(A—x7) \a7 w= (14+%2+2,7)* 


84 Ce 
Colas) (1+ +---) 
11 (1+2%7+%7)? 


XE A (Q;). (32) 
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From this expression we see that for given bd the magni- 
tude of C, is dominated by two different factors. First 
is the factor (d/a)* on the right-hand side. When a be- 
comes much larger than d, that is, when the lattice 
spacing is such that near one site the tails of the po- 
tentials at the other sites become negligible, then C4 
becomes small. The other essential factor is the magni- 
tude over the sum over j. This will be large if the 
“overlap” of Co(x;) and x;‘x,;‘/(1+*27+2,;)* is large. 
Now for small x;, this last factor is very small, so that 
if Co(x;) drops rapidly to zero, the sum will be small. 
This will tend to be the case for the ground state and 
low excited states, but less so for the higher excitations 
for which the Co(x,;) acquire more nodes and are more 
extended functions. 


B. Numerical Results 


We shall discuss the solution of Eq. (29), for both 
ground and excited states, as a function of the potential 
strength parameter dd and of lattice spacing. To do this 
we have chosen three different values of 6d which suc- 
cessively allow one, two, and three bound states for 
the isolated atom. 

We begin with the solution for bd=1.916, a value 
which we choose because with it the wave function in 
coordinate space involves a Bessel function of order 
unity, and not the nonintegral order which occurs in 
general. This choice simplifies the computation of the 
ground-state momentum space wave function for the 
isolated atom, which is useful to us in that it is the 
solution of Eq. (29) in the limit of infinite lattice spac 
ing; hence it gives a qualitative idea of the behavior of 
Co(x,). We plot it in Fig. 1. In the same figure, we indi- 
cate the different magnitudes of the reciprocal lattice 
parameter x,=A,d that must be considered for three 
different values of the lattice spacing a. We see that for 
the smallest lattice spacing, we need only consider four 
or five values of x; before we come to a point where the 
atomic function has dropped to a very small fraction of 
its maximum value. This suggests, as we have men- 
tioned, that in solving Eq. (29) we can truncate it and 
drop all x; greater than some xy, thereby reducing the 
secular determinant to one of the Vth order. We have 
tried this, using the IBM 709 to find the eigenvalues 
and eigenfunctions of Eq. (29) for different values of .V, 
to examine the convergence questions discussed above.* 
The results are given in Table I. 

We see that out expectations are confirmed. For the 
smaller values of lattice spacing, we get good results by 
truncating at relatively small V. In fact, one can do 
even better than is indicated there: For small lattic 
spacing one can often get 1S energies accurate to a 
percent or so by taking only .V= 2, and solving a quad 
ratic equation. 

8 The programming for this was done by Mrs. Virginia Johnson, 
to whom I am much indebted for her help. Her program incorpo 
rated a matrix diagonalization subroutine due to Fred Quelle 


Programming Note No. 16, Solid-State and Molecular Theory 
Group, Massachusetts Institute of Technology (unpublished 
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TABLE I. The two lowest “energy” eigenvalues \= 2m/d?//? of 
Eq. (29) for s-like states for a bee lattice of lattice constant u, 
at each lattice point of which there is an exponential potential! 
v(r)= —be"'4. In the limit a— ~, i.e., for the isolated exponen 
tial potential, A= —}. The results as a function of N are those 
obtained by truncating the formally infinite secular equation at 
that value of NV. The lattice spacings a are given by a=av2rd, 
and bd= 1.9106. 


State* 9 12 15 


“a 
“9g” 


—2. 
2 


124056 —2.124064 —2.124066 
‘47388 2.47375. ~—Ss«2.47372 
“15” 
“5 


—0.68568 
0.80590 


—0.68611 
0.80276 


—0.68623 
0.80198 


— 0.68626 
0.80176 


“a 
“gn 


—0.37085 
0.3301 


—0.37356 
0.3227 


-0.37448 
0.3204 


—0.37474 
0.3196 


“18” —0.2731 0.2819 
— 0.1617 0.1515 


0.2854 
0.1477 


0.2808 
0.1463 


1S Isolated atom: 0.2500 
28 This state not bound for isolated atom 


® The quotation marks around the 1S and 2S mean that, strictly speaking 
these are not pure S states, except in the limit when a becomes infinite. 


The wave functions Co(x,) that we find are plotted in 
Fig. 1. We would expect that for large values of ,, 
which of course correspond to small spatial distances, 
the Co(x;) would closely approximate to the atomic 
functions. As the figure shows, this turns out to be 
strikingly true. It is only when the energy differs by a 
factor of almost ten from that for the isolated atom, that 
the tails of the wave functions fail to fall closely on the 
atomic function. For the other cases it is only for the 
first few reciprocal lattice points that the function Co(«,) 
differs from the atomic one. Potentially, this agreement 
makes Eq. (29) even easier to solve than we have indi- 
cated, for it is clear that for most lattice spacings only 
the first few values of the Co(x,) are truly unknown. It 
might well be that a method could be devised that 


ras_e II. Results for b¢=3.5001. Other parameters and 
notation are the same as in Table I. 


N 
10 14 18 
— 56.180586 


5.53316 
.2381 


— 56.180586 
5.53315 
29.2381 


— 56.180585 
0.500 5.53320 
29.2382 
7.20613 
1.3438 
6.0847 


.20631 7.20634 
1.3460 


6.0794 
3.2782 


1.2366 
+ 2.0032 


3.2954 

1.2479 

1.9677 1.9620 
— 2.9673 — 3.0437 
— 0.55864 - 0.57818 
0.87105 0.79620 


3.0620 
0.58286 
0.77875 


Energy of isolated atom: — 3.0625 
Energy of isolated atom: — 0.2500 
Not a bound state for isolated atom 
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Fic. 2. Wave functions Co(x;) for the ‘‘2S’’ state for bd =3.5001 
for different values of a=a/v27rd. The solid line is the momentum 
space radia] wave function Ca(x) for the 2S state of the isolated 
atom. In the inset, we replot on a semilogarithmic scale the nega- 
tive of the tails of the wave functions shown on the main graph, 
to show how closely these tails coincide over a large range of the 
variable. The wave functions are not normalized. 


exploits this fact, although we have not pursued it any 
further. 

It remains only to estimate C4(x;). We do this for 
a=1, which we expect will lead to the largest values of 
C4, and hence provide us with an upper bound for the 
other cases. For Co(x;) normalized to unity at x;=0, we 
get from Eq. (32), using the parameters pertinent to 
this case, 

13.2x,4 
C,4(x;) = . 
(x7+-2.12)(S+27)® 


This function is plotted (for convenience as a continuous 
function of x,) in Fig. 1, where we see it is very small 
indeed compared with Cp. 

We now consider a stronger potential, bd= 3.5001, for 
which value the isolated atom has fwo bound states. 
Similarly to the last section, we study how the energies 
and the wave functions of these states change as the 
lattice is built up from atomic potentials. We have again 
solved the truncated Eq. (29), this time for values of .V 
equal to 10, 14, 18. The resu'ts are given in Table II. 

Table II is like Table I and is self-explanatory, so we 
shall concentrate on discussing the wave function. More- 
over, the results for the 1S wave function as compared to 
the atomic function are so similar to those for the pre- 
vious case, bd= 1.916, that we omit them here and give 
instead the results for the 2S state. In Fig. 2 then, we 
plot the atomic wave function C,(*) and the corre- 
sponding functions Co(x,;) for various values of a, the 
lattice parameter spacing. As expected, for large a the 
Co(x;) agree fairly closely everywhere with the atomic 
function evaluated at the appropriate points, but as a 
gets smaller, they begin to differ appreciably for small 
values of «;. On the other hand, for large values of the 
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Pasce Il. Results for dd=5.500. Other parameters and 
notation are the same as in Table I. 


N 
10 14 18 


— 138.7275 
10.0713 
23.4107 
32.1512 


— 138.7275 
— 10.0708 
23.4124 


32.1528 


— 138.7275 
10.0712 - 
23.4108 
32.1513 


0.500 


18.211 
10.178 
0.10512 4. 
7.1985 


18.215 

10.213 
0.005789 
7.1594 


18.216 

10.218 
0.007512 
7.1544 


11.95 
4.868 
1.923 
2.685 


12.02 
4.908 
1.998 
2.596 


11.68 


v of isolated atom 11.98 


rf y of isolated atom 3.84 
y of isolated atom 0.616 
bound state for isolated atom 


v; the tails of the functions remain strikingly similar. 
This cannot be seen readily on the linear plot which it is 
necessary to use for the 
sign), so we have plotted these separately on a semi- 
logarithmic scale. We see that even for lattice spacings 

which correspond to energies almost ten times that of 
the isolated atom, the tails of the wave functions differ 
at most by a few percent over a range in which the func- 
A rough calculation 
C; analogous to that for bd=1.916 


NS 
ff. | 


a 


2S function (which changes 


tion itself changes by a factor of 50. 


of the amplitude 

















h? of the first four 
ttice spacing parameter a=a/v2rd 
nergies (a —> ~) are also indicated. 


vy” eigenvalues \=2mEd@* 
tions of the la 


for bd=5.500. The atomic e 
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indicates that for the values of a we consider it is negli- 
gible for our purposes. 

Finally, we give results in Table III for the solution 
of Eq. (29) for bd= 5.5000, a value which allows three 
bound S states for the isolated atom. 

The results are similar® to the previous cases, but 
there is one new feature. The eigenvalues for the 3S 
state for a=1 converge less well than the others. This 
seems to be connected with the fact that the eigenvalue 
is quite close to zero. 

We represent these results graphically in Fig. 3, where 
we plot energy versus a; in these graphs we have used 
more points than given in Table III. It is interesting to 
plot the results for the wave functions as well, and we 
do this in Fig. 4. The 1S and 2S functions are similar 
to those we have presented previously, so for clarity we 
present only the 3S and 4S functions. 

From Table III we see that for the larger values 
of a and higher states (e.g., the 3S and 4S states for 
a= 1.500) we begin to run into poor convergence as a 
function of .V. We would like to present a proposal here 
which may overcome this difficulty, and enable us to 
increase the accuracy for the states for which we have 
already calculated, still 
states. 

This proposal is based on the fact, which was quite 
unexpected, that all-the oscillations in the functions C 
occur for the first few A,,; after that they are smooth, 
monotonically decreasing functions. Now as we have 
observed, the points K,, get closer and closer together 
as m gets larger, so that after some moderate .V we gain 
accuracy very slowly by That is, to in 
crease the accuracy appreciably we must calculate 
accurately the long tails of the wave functions, and when 
V gets large a given increase in the number of points 
takes us relatively less far out on the tails. 

The point we wish to make is that it 
necessary to suffer this disadvantage that successive x, 
get closer and closer for large 7. For in order to define 
the shape of the tails to good accuracy we do not really 

If we had values of x; 
but are such that there 
function between them, 
values of Si by 
suggests 


and also to calculate higher 


increasing 


is really un- 


need the x; spaced so closely. 
which are not successive ones, 
is moderate variation of the 
then we could find the intermediate 
interpolation. This idea, as applied to Eq. (29), 
that we do not consider all possible «; as the unknowns 
in this equation. Rather, it suggests that we first con- 
sider enough values of 7 to take us past the nodes of the 
function we seek, and then for larger 7 we consider as 
unknowns not successive x; but a selected set which are 
farther apart, but not so far that we cannot interpolate 
satisfactorily between them. Having done this we must 
write the sum on the right-hand side in terms of the 
chosen set of x; and their interpolated values, and doing 
this we are led back to a homogeneous set of equations 
with a square matrix, which we must solve numerically, 

* In calculating these eigenvalues we have again assumed C, is 


negligible, 
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but whose solution will define the wave function out to 
long distances in momentum space. 


Ill. A VARIATIONAL METHOD -“TIGHT BINDING” 


As we have seen, when the lattice spacing gets large 
and the reciprocal lattice points get close, the order of 
secular equation that must be solved gets impractically 
large. On the other hand, in this limit the eigenvalues and 
eigenfunctions approach the atomic ones; it is then an 
obvious course to try to exploit this, and to use the 
atomic functions as trial or variational functions. This 
is not a new idea, of course; it is essentially the well- 
known “tight-binding” approximation, as applied for 1.0 20 30 
k=0. But we shall see that, in practice, the present 
formalism has appreciable advantages over the con- 
ventional scheme. 

The equation we need for the variational formalism is o=T0; Hy,” (2) Hy e(Q,) 
derived directly from Eq. (8). Actually, it is as easy to i a att a 
write down for general k, so we shall do that, although Instead of writing o as a sum over Q;, we observe that 
in this paper we shall only apply it for k=0. Equation _ jt js proportional to a sum over the group operations, a 
(8) shows that if C(K,) is an eigenfunction, we can representative one of which we call G. Thus 
calculate 8 from" 





4. The wave functions Cy(x;) for the 3.S and 48 
states for bd=5.5000 and a=1.50. 


ox > ¢ (GH, (2) [GH re” (2) ). 


+, @(K) (K;+ke+d; ©) C(K)C(K,)w(K;— K,) 


~~ : But we know that G operating on H;, generates a linear 
Lic (Ki) ,,, combination of Kubic harmonics of the same order 
(95) and type . 

If C(K,) is not the exact eigenfunction, then the above GH. =LeGuAu™, 

expresssion for 8 has variational properties," i.e., if we GH ye =D Gore Hye, 

put into it a C(K,) correct to “first order” then the : 

value of 8 we calculate is good to “second order.” This 50 We can write 

property follows essentially from the fact that the oe EDs Bal Bre Le Ce” 

numerator in Eq. (33) is symmetric with respect to the 

interchange of i and 7; this fact is obvious if we write But according to one of the basic orthogonality relations 

the first term in the form of group theory, this last sum over G vanishes unless 
37,5, C(K)C(K,) (K:+k)- (K,+k)85;. : y’: the ae o is eunicalty ipa opens bath Kubic 
aati 1armonics that enter into it are of the same type. 

The double sum in Eq. (33) can be simplified consider- We apply these results (now we set k=0) to the S-like 

ably if we break up the sum over K; in the manner ex- states we have discussed in the previous sections. The 

pressed by Eq. (24), and use a theorem about the variational. wave function is then just the atomic mo- 

product of two Kubic harmonics summed over the mentum space radial wave function C,(A), evaluated 

reciprocal lattice. We derive this theorem now. at appropriate A,. If we put this into (33) and use the 

Consider the sum @ defined by expansions (A.6) and (A.8) we get 


x 


8=[E CA(K)K2n td TTT CAKICAKYE w(K, K)D Hn” (QA (Q)] 
K; K; Q Q; l=0 8,P 


Now the sum over Q; of H;,°°(2;) [which we can consider to be the sum over Q; of the product 
H,,.° (Q)Ho (Q,) ] is, from the theorem above, zero unless the type v is the type a. But a-type harmonics only 


ay 


occur for /=0, 4, 6, --- so this breaks up the sum over / and we can write 


B=(/ C2(K)K2n+Ed TD C(K)C(K;)) LD wil(Ki,Kj) Hi (2) Hi (Q;) Vo C2 (Kini. (35) 
Ki l . K 


Ky Kk; l=0,4,6,- 


‘ 
It is interesting to compare this formula for the energy with the analogous one for the atomic s state for which 


/f-V¥*Vdr, and can be directly derived from 


Equation (33) is, of course, just the momentum space counterpart of E= {W*HVdr 
this last equation using the formulas of Sec. I 
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C,(K) is the solution. The latter is 


zx a ~ zx / « 
a-| f Ca(K)KGK+ | f CAURICUR eK KKK AKER’ | / f C.27(K)K-dk. 


0 give an idea of the accuracy to be had from Eq. 
) we have applied it to the 1S states for bd= 1.916, 
for which we have the “‘exact”’ results of Table I. Using 
the atomic function plotted in Fig. 1, we get for a= 1.000 
the value 8d?= — 2.119, to compare with the exact result 
— 2.124. For a= 1.500 the variational result is —0.6812 
and the exact one —0.6863. 

The above treatment runs into difficulty when the 
unperturbed atomic state is degenerate, since it is then 
not clear which of the unperturbed degenerate functions 
to use as a variational function. To resolve this, it is 
useful to regard this calculation in another way, not as 
a variational one but as a perturbation one. To do this, 
we write the Schrédinger equation (12) for the isolated 
atom as a matrix equation for a (continuous) matrix 


H..(K,K’) and a column vector C(K): 
H,(K,K’)C(K’)=sC(K), 


7 
5 


(3 


where 


H.,( K,K’) = K- K’6( K— K’) + w2(K— K’) 
and the subscript a stands for atomic. Similarly, we can 
write the equation for the periodic potential as 

H,(K,,K,)C(K;)=8C(K,), 
where 
H,,(K;,K;) = K,;- K6( K;— K,) + (27)°Q,w?(K,— K,). 
Now we write"! 
H,=H.+(H,—H.) 


When the lattice spacing gets large, (H,—H.) gets 
small, and we can consider it as a perturbation on the 
unperturbed Hamiltonian H,. Of course, the variational 
calculation done above is, from this point of view, simply 
first-order perturbation theory as applied to H,—H,. 

This observation makes it clear how to handle the 
degenerate case. An atomic eigenfunction of energy Fo, 

CK) ¥ im (Qe) 

is (2/+-1)-fold degenerate. This degeneracy is split up, 
at least partially, in the crystal, and to calculate how 
it is we must solve the secular equation for the perturba- 
tion theory of degenerate states. For this case it becomes 


Hu (ko— £6, =0, 
where a typical matrix element is 
; EReer yi 5 Ci Ka) V om (Q4) 
X Hy ( Ki, Kj)Cim: (Kj) Vin* (Q;). 
'! There is a possible formal objection here in that the C(K) for 


the atom and the C(K;,) for the periodic potential are not in the 
same Hilbert space, but this causes no real difficulty. 
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(36) 


This sum can be simplified in practice by using the 
theorem above on the product of two Kubic harmonics 
when summed over the lattice, and the secular equation 
will, of course, factor in many cases into equations of 
smaller order. 

We end with a brief comment on the method of this 


_ section: It is a variational method which uses the free- 


atom solutions to calculate an approximate value for the 
energy, and as such, it is in the same spirit as the usual 
tight-binding approximation. That approximation is 
bedeviled by the fact that to apply it, one must calculate 
a difficult succession of overlap integrals. But in the 
formulation above, all these integrals are effectively 
done automatically, when we sum as indicated over the 
magnitudes A;. The only approximation we use is to 
take the atomic functions as the variational functions. 


IV. FINAL COMMENTS 


In this section we make a few remarks on the method 
as we have presented it, and on possible generalizations. 

First, it may be worth pointing out that our results 
for a single exponential above can be extended, without 
further analytic work, to any potential which can be 
represented as the sum of exponential! potentials, for in 
that case the function w(K—K’) and related ones will 
simply be sums of the functions we have evaluated for 
a single exponential. 

In this paper we have found, as we would expect, that 
the convergence problems get worse and the accuracy 
poorer as we consider higher and higher excited states 
The problem is essentially that the tails of the wave 
functions become very long, and superficially at least, 
this demands high-order secular equations. Here we 
would simply call attention to the remarks at the end 
of Sec. II.B, where we suggest a way for overcoming this 
difficulty, since we feel they show good promise of 
enabling us to calculate high S states (and other states 
as well) without being driven to secular equations of 
impractically large order. 

In the last analysis, the method we present in this 
paper is an expansion of the wave functions in plane 
waves with amplitudes C(K;). One may well ask why it 
is advantageous to expand the wave function in just the 
way we have done, that is, by separating the C(K, 
radial and angle-dependent parts. The answer is that 
this is the only way that takes full advantage of all the 
symmetries present in the problem. These are the 
translational symmetry of the lattice, the rotation 
inversion symmetry of the lattice as a whole, and the 
rotational symmetry of the individual potentials. Now 
one can take the first two symmetries into account by 
writing the wave function in Bloch form and expanding 


into 





SOLUTION OF 


the wave function in symmetrized plane waves without 
breaking the C(K,) into radial and angle-dependent 
parts. This has the disadvantage that one cannot make 
the natural separation of the C(K;) into large and small 
radial parts, i.e., one cannot drop the small partial waves 
of high order. For example, as we have pointed out in 
the text, if one does not make this separation, one is 
essentially trying, in the limit of large lattice spacing, 
to solve a spherically symmetric problem without mak- 
ing the crucial simplifying step of separating variables. 

In the present method, which does take this crucial 
step, one tends to have advantages always compensating 
disadvantages. Thus when the lattice spacing gets large, 
there is the computational disadvantage that the re- 
ciprocal lattice points get close, but this is compensated 
for by the fact that we have to take into account es- 
sentially only one partial wave, whose form we know 
pretty well from the atomic solution. When the lattice 
spacing gets small, it may well be (especially for other 
than S waves) that we have to consider simultaneously 
coupled equations for partial wave amplitudes, but this 
is compensated for by the fact that the reciprocal lattice 
points get farther apart, tending to make for secular 
equations of smaller order. 


APPENDIX I. RELATION BETWEEN ORBITAL AND 
FOURIER REPRESENTATION OF A 
PERIODIC FUNCTION 


Suppose we have a function f(r) which is periodic 
with the periodicity of the lattice. We can then express 
it in two different ways. First, we can write it as an 
infinite series of “orbitals” 

f(r)=Ddi fo(rs), (A.1) 

the subscript “‘o” standing for “orbital,” this being a 

function which obviously has lattice periodicity. Alter- 

natively, we can express it as a Fourier series in re- 
ciprocal space 

f(r)=>>; g(K,) exp(7K;-r). (A.2) 

There is a relation between these two superficially 

different ways of writing the same function. To show 

this, we Fourier-transform each of the orbital functions 


fo(ri) fe) exp(io-r,)de, (A.3) 


1 
— | f.(r;) exp(—te-rdr;. (A.4) 


(27)8 


£o(@)= 
Putting (A.3) into (A.1) and using d;+r;=r, we get 


f(r) fa exp(io-r)( exp(—ie-d;) de. 


SCHRODINGER 


EQUATION 1683 


But using Eq. (1) of the text this is 
f(r)= (23°, S; go(K,) exp(#K;-1), 
from which we conclude that 
g(K;)= 


(27)*Qago( K;). (A.5) 


APPENDIX II. CALCULATION OF w(K~—K’) 
AND w:(K,K’) 


We have from Eqs. (9) and (10) of the text 


w(K—K’)= a fro expli(K— K’)-r dr 


D 


2 f v(r)jo(| K— K’ | r)r°dr. 


0 
We use the addition theorem for jo(| K—K’|r) to get 


w(K— K’)= > (2/+-1)w,(K,K")P: (cosy), 


l=) 


(A.6) 


where 


w(K ,K’) tran f v(r)j(Ar)ji(K'r)rdr. (A.7) 


0 
For the exponential potential 


v(r)=—Be 


we then have 


L 


wi(K,K’)= —40b?Q, [ e-'!/ 4h, (Kr)j(K'r)rdr 


= 4orb?2,, (07; ‘Oe =1/dy 
where 


T, -f e$'j,(Kr)ji(K’r)rdr. 


Q 


The integral J; is a standard one”: 
I,= (1/2KK’)O,(y), 


where y= (+K°+K”)/2KK’ and where Q;(y) is the 
Legendre polynomial of the second kind. The first few 
polynomials are (for y>1) 

Qo= 3 In[(v+1)/(v—1) J, 

i= v0o(v)—-1, 

Oo= P2(y)Qo(y) —3y/2, 

O3= P3(y)Qo(y)—Sy" 2+2 a 

84 


Os= Paly)Qo(y) —35y8/8+55y/24. 


2 P, Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 1575. 
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From the expression for Qo we find 


2rb*dQ, 
(K,K’)=-—- 
KK’ 


x( . 
1+d2(K—K’)? 1+d?(K+K’') 


From the expression above for Qs, we could of course 
write down a similar formula for the function w4(K,K’) 
which is needed in the text, but it is a fairly clumsy 
expression. More suitable for our purposes is a series 
expansion which can be got by expanding In[(y+1) 
y—1)] in the expression for (, in powers of 1/y, 


L049 Q 
63 ) 


[1+ (K2+K")d 
APPENDIX III. KUBIC HARMONICS 


We introduce a notation for e Kubik 
hicl H(®). There 


fferent classes of operations 


harmonics, 


\ ch generically we Cal 


l ! are ten lypes 
orresponding to the ten di 


ot the cubi group. l'o keep to 
numeri 


{ minimum the number of 
| superscripts and subscripts, we label the types 
of Van der Lage and Bethe," 


, 


Ps Vos * 


he original notatior 

mm ) The type label is put 

he order as subscript. For example, 
iginal notation becomes Hye: 


LEONARD 


EYGES 


If a function is one of a degenerate set, we add an addi- 
tional subscript s, which takes the value 1 or 2 for 
doubly degenerate functions, and 1, 2, or 3 for triply 
degenerate, with the connection x, y, s— 1, 2, 3. 
Strictly, s should have a subscript v attached to it, to 
show that it takes on different sets of values, according 
to the type (v) of the Kubic harmonic, but it is easier to 
simply bear this fact in mind than to continually write 
subscripts of subscripts. If there is more than one func- 
tion of a given type and given order, we put a prime 
over the order number. Examples of the correspondence 
between the notation of Van der Lage 
the present one are 


and Bethe and 


(ye)i— He Le (65). > HH. A (65°) > H; } 


Finally, we write the analog for Kubic harmonics of 
the addition theorem of spherical harmonics. If y is the 
angle between a vector specified in a spherical 
system by 6, @ (which we jointly symbolize as 
one specified by A’, ¢' (2’), then 


coordinate 


Q) and 


1 
Pi (cosy) *. H, 


x 
+1 


Q)H; 


The summation over vy is taken over all types which 
contain Kubic harmonics of order /, and the summation 
over s is taken over all the degenerate functions which 
may belong to a given type and order. For example, 


we have 


Poli Osy ) 


P (cosy) 


» 7 va 
P.(cosy) 
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The theory describing energy loss of heavy charged particles in matte 
chemical forms of the same element will have slightly different 


Menlo Park, California 


1961 


predicts that different physical or 


stoppil g powers Since two different forms 


of a pure element exhibit the same nuclear scattering cross section, it has been possible to measure the 


relative atomic stopping power of graphite and diamond by observing the 


yields of back-scattered protons 


from thick targets. The atomic stopping power of graphite has been measured to be 1.0604+0.0090 times 


that of diamond (for 1.1-Mev protons). Using the theoretical density of graphite, a calculatior 
this result and Brandt’s version of stopping theory yields the result 
graphite is 4.9 times that of diamond. If this calculation is made using the n 


based or 


that the olarizability 


easured density of graph 


this polarizability ratio is 1.5, in agreement with the theoretical ion 


INTRODUCTION 
HE Bethe-Bloch 


pe wer! 


theory of atomic stopping 
‘ gives the rate of energy loss of heavy 


charged particles passing through an absorber as 


dE dnaiein mV" 
In— 


— {(6*)} (erg cm), 


dx mV? | 


where V velocity of the heavy partic le, z= charge of 
the heavy particle, 7= electron density of the absorber, 
8=V/C, and J=the mean ionization potential of the 
substance. To a first approximation, the energy 

per unit target thickness occurs as the heavy particles 
collide with absorber electrons and depends only on 
To the extent 
regarded as a collection of 
phy sical can be 
and the stopping power of a mixture of 
as that 


loss 


the absorber’s mean electron density. 
that the absorber can be 
solated atoms, wr chemical state 
disregarded ; 
elements would be the sam« 
with the same atom ratio. 
However, recent development of the theory to take 
account of atomic interactions*~® has shown that three 
distinct effects upon stopping power exist which depend 
upon the chemical and physical state of the absorber. 
(1) the valence effect, due to differ 
strength of binding energies of 


of a compound 


These effects are: 
chemical 
electrons of the absorber. The quantity I in the 
Bloch takes this effect; 
the longitudinal or zero-energy polarization which 
depends upon the polarization of the absorber by 
particles with relatively velocity; and (3) the 
transverse or energy-dependent polarization, which 
depends on the crystalline nature of the absorber and 
its interaction with relativistic particles. 


ences in 


Bethe- account of 


)) 


equation 


low 
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The Bethe-Bloch formula for stopping 
valid for particle velocities substantially higher than 
absorber; the energy- 
for all but 
sequently has not 


power is 
those of the electrons in the 
dependent polarizati m effect is negligible 
very relativistic particles, and con 
been measurable in experiments on the stopping power 
of heavy particles. 

Brandt’ recently 
stopping powers of 
relativistic particles. These calculations predict atomic 
binding effects of up to 2% of the total stopping power. 
The theory relating the effect to stopping 
power has been tested Thompson’ 
and of Bakker and Segré® with 340-Mev protons, and of 
Caldwell with 10- to 20-Mev Within their 
errors, the results of experiments with 
theory, but none of these experiments directly compares 
physical forms of a 


of the 
molecular compounds for non- 


made extensive calculations 


valence 
experiments of 


protons. 
these agree 
the stopping powers of different 
single atomic species. 

The original intent of the present experiment was to 
investigate the valence 
ence in 


effect by measuring the differ- 
between an insulator and 


composition. 


stopping power 
| in atomic 
greatest difference in this 
highest fraction of 
and diamond with four 


and adequate for 


conductor which are identica 
Since the 


case for the 


theory predicts the 
substance 


electre ms, 


with the 
valence graphite, 


valence electrons were convenient 
same experiment can obviously 
be done with any element (or compound) which has 


allotropic forms. The major experimental requirement 


= comparison. The 


for the use of allotropes in this experimental method is 
that surfaces of good metallurgical polish of } in. diam 
be obtainable on the 


solid substances of interest. 


THEORETICAL BASIS FOR THE EXPERIMENT 


An accurate direct determination of the stopping 
power of a can be made using an absorber 
of accurately known th 


substance 
ickness that is thin relative to 
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Fic. 1. Geometry for scattering. 


the range of the beam particles. This method is limited 
to high energy particles and its accuracy limited by 
the poor energy stability of high energy accelerators. 

However, it is possible to determine the stopping 
power of substances not available in thin films, since 
the yield of protons scattered from the surface of a 
thick target is dependent upon the stopping power of 
the target as well as its scattering cross section. In the 
method of analyzing scattered protons, described by 
Brown ef al.'' the scattered protons are counted after 
traversing a spectrometer. For elastic 
scattering, 


magnetic 


(1) 


where £2 is the energy of the scattered proton and & is 
determined by the target atom mass, M, and by the 
angle between the incident and scattered protons, @. 
Figure 1 scattering schematically. The 
target is assumed to be isotropic and homogeneous. 
The measured yield, C, is given by (see Appendix for 
proot. 


shows the 


2b yo cosa sé 


€\7+ 


7. cos(@—a) k 


where €,=the target’s atomic stopping power for 
protons before scattering, e:=the target’s atomic 
stopping power after scattering, o=the differential 
scattering cross section at the incident energy F,, 
qg=the number of incident protons, 2 is the acceptance 
solid angle, R, is the momentum resolution of the 
spectrometer, and a is the angle between the normal 
to the target face and the incident beam direction. 

By interchanging graphite and diamond targets 
while holding all other experimental parameters 
constant, the scattering yields of graphite, C,, and 
diamond, Ca, are measured. 

By dividing Eq. (2) for graphite by Eq. (2) for 
diamond, the ratio of the stopping powers of the two 


targets can be written 
To Cosa 
/ io 
: k cos(@—a) 


€d1, 7 


Vd COSa 
1+ 
k cos(@—a) 


where 
(4) 


41 A. Brown, C. Snyder, W. Fowler, and C. Lauritsen, Phys. 
Rev. 82, 159 (1951). 


Ta = €d2 g~ €g2/ €g1- 


Dp. SOFPTRY 


Protons scattered at 90° from carbon have 85% of 
their initial energy (i.e., =0.85). For this 15% change 
in energy, the theory of the valence effect on energy 
loss predicts that r,—ra<0.01. Furthermore in the 
experimental arrangement used, @= 90° and @—a= 15°, 
so that cosa/cos(@—a)=0.27. 

Series expansion of (3) shows that the approximation 


€gl €ai~Ca Ce (3) 


is in error by less than 0.3%, or less than the probable 
error of the experiment, and will not be affected by 
expected errors in @ and a@. 


EXPERIMENTAL PROCEDURE 


The proton beam of nominal energy 1.2 Mev was 
produced by a Van de Graaff accelerator. An analyzing 
magnet and energy stabilizing system held the beam 
energy constant about three parts in 10°. The 
accelerator was equipped with a quadrupole electro- 
static lens with which the beam could be focused to a 
spot on the target smaller than 1 mm’. A double- 
focusing 180° magnetic spectrometer with R,= 1100 was 
used to analyze the scattered protons. Figure 2 shows 
the arrangement of beam, target, and spectrometer. 

The diamond was a gem-quality stone, of approxi- 
mately two carats, with plane-parallel polished faces 
approximately } in. with 
Sauereisen cement g hole in a Vycor 


to 


square. It was cemented 


into a matchir 


plate, 0.450-in. square and § in. thick 
surface accurately coplanar 


Vycor. The cement was not allowed to extrude on the 


<, with the diamond 


with one surface of the 


target side of the stone, and the entire unit 
examined under 25X magnification to b 
face was clean and that the periphery of the mount was 
not shadowing the target surface in any way. 

Two graphite targets were used, of entirely different 
origin. The first was a piece of nuclear reactor graphite 
of density 1.57 g/cm* cut to a }-in.-diam screw, with 
the point polished flat by burnishing alternately with 


polished copper and a soft cloth. This graphite was 


Was 


sure the sur 


PRESSURE T 


CORONA STA 





80° POINT -FOCU 
MAGNETIC 
SPECTROMETER> 


INSULATED® 


ELECTROSTATIC 
SLIT JAWS LENS 


EXIT SLIT 
SCINTILLATION 


COUNTER 


Fic. 2. Experimental arrangement. 





ATOMIC STOPPING POWER 
screwed into the target holder until the polished end 
rested on the target holder surface. The second graphite 
target was pyrolytic graphite of density 1.78 g/cm? 
formed on a polished Vycor disk by “cracking” propane 
at very low pressure at about 1200°C. The pyrolytic 
graphite surface formed on the Vycor was almost of 
mirror smoothness, even under 25X magnification. 
The graphite target was removed from the Vycor and 
glued by its edges into the target holder. 

These three targets were mounted in a target holder 
and were placed coplanar to within 0.001-in. with a 
target angle error of less than 3 min of arc out of an 
angle of 15° with the beam. Targets were interchanged by 
moving the holder up and down with a shaft whose axis 
was coplanar with the targets to a tolerance of 0.002-in. 
A Vycor plate, also coplanar with the target surface, 
was attached to the target holder; and the beam was 
focused and positioned by observing its fluorescence 
on this plate. 

The scattered protons were detected in the magnetic 
spectrometer by a CsI crystal 0.020 in. thick cemented 
2-in. Lucite light pipe on a Du Mont 6292 photo- 
multiplier tube. The output of this tube drove two 
scalers in parallel to obtain duplicate data collection. 
The output of the amplifier of one of the scalers was 
monitored on an oscilloscope which was also used to 
observe the pulse height to which the scalers were 
biased. 


toa 


The scalers were manually turned on but auto- 
matically turned off by the beam current integrator 
after the accumulation of either 10 or 100 ycoul of 
integrated beam, as desired. The trigger level of this 
current integrator’ was periodically checked with a 
+10 to —10 mv input. The integrator held the incident 
charge g constant to better than 3 parts in 10° for all 
measurements. 

The target holder was surrounded by an insulated 

electrostatic shield with access holes for the incident 
beam and the scattered beam. This shield was con- 
nected to the target holder by a 900-v battery which 
biased the shield negative relative to the target. This 
potential suppressed secondary electron emission from 
the target and collected any positive ions sputtered 
from the target so that in neither case should secondary 
emission have seriously affected the precision of the 
current integration. 
(1) 
determination of the momentum spectrum of protons 
cattered from of the targets, and (2) 
determination of the relative scattering yields from 
each of the three targets at points where the momentum 
spectrum was flat. 


The experimental measurements consisted of 


each three 


The determination of the momentum spectrum of 
the target essential to that each target 
exhibited the same momentum spectrum and to show 


was show 


12 G. 


(1951). 


Bouricius and I. Shoemaker, Rev. Sci. Instr. 22, 183 
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Fic. 3. Counting rate plateau. 

that protons scattered from any material 
except the carbon of the targets. The ratio & in Eq. (1) 
of scattered proton energy to incident proton energy 
was determined only by the mass of the scattering 
nucleus and the scattering angle, 6. Due to this de- 
pendence on target nuclear mass, the most energetic 
scattered protons indicated the heaviest atoms present 
in the target. A measurement of the momentum 
spectrum constitutes an additional test of target purity 
from heavier elements, as well as an indication that 
all three targets are acting as smooth carbon surfaces 
for scattering. 

The experiment was performed by setting the scaler 
thresholds at one-fifth the maximum pulse height due 
to scattered protons, after obtaining the counting rate 
plateau shown in Fig. 3, and then obtaining four 
counts for each target at each of two spectrometer 
current settings as shown in Table I. The column, 
Ca/C, gives the ratio of actual numbers of counts 
accumulated per 100u coul of protons. The momentum 
spectra were then obtained by counting each target 
for only 10 ywcoul of beam at each magnet current 
setting, as shown in Figs. 4 and 5. 

The limitation on accuracy of these measurements 
was undoubtedly due to instability of the scalers or 
of the high-voltage supply. The total number of 
counts used for the calculated ratios was nearly 3X 10 
each for diamond and graphite. Therefore, the statistical 
error of less than 0.1% is negligible compared to the 
observed experimental deviations. 

A set of five consecutive counting measurements on 
the Vycor target all conditions supposedly 
constant (for 100 wcoul of beam for each point) showed 
a standard deviation of about 0.5%. The standard 
deviation of a ratio based on two such sets of counts 
would be v2X0.5°% or about 0.7%. The observed 
standard deviation for 16 measurements of the 
diamond/graphite counting ratios was 0.9%. If the 
counting equipment (or the photomultiplier supply) 
had been more stable, early experimental work showed 
that sputtering of the target surfaces by the beam 
would have become the limitation on accuracy. About 


ho were 


with 
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ase I. Measured 


D. 


ratios of stopping power for graphite and diamond 


SOFTKY 


targe 





Relative 
spectrometer 
current r ( ¢ 


4.43 


177 804 
179 456 
178 660 
178 979 


183 883 
182 123 
184 186 
181 902 


1000 ucoul of beam on a 1-m 


target was sufficient to ca 


Lust 


m*? spot on a graphite 


its scattering counting 
rate to diminish erratically by 1°% or more. 

For the same irrad 
longer target life, but the 1-mm 
keep the beam spot on 


ijation a larger beam spot gave 
spot was necessary to 
the plane polished surface of 
th The fluorescence of the beam spot on 
the diamond was carefully watched during every 
ill of the 
beam was accurately centered on the plane surface of 
surfaces, being larger, did 
The between 
spite apparent differences 


1e diamond 


t t 


diamond scattering in order to be sure that ; 
the diamond. The gr: 


ipnit 
t 


+? 
LLL 


not require this 


the two graphite samples. de 


On 


agreement 


in smoothness, reactor graphite was 


smootn enoug! 


MAGNET C 


URRENT (arbitrary units) 


ed by scaler 


; 


4 PYROLYTIC 
GRAPHITE 
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50 745 7.40 7.35 7.30 725 7.20 7.15 
MAGNET CURRENT (arbitrary units ) 


tra recorded by scaler IT 


yro = €pyro 


€ 


168 752 = 1.0533 
167 691=1.0703 
168 454= 1.0605 
167 676=1.0674 

Mean*= 1.0629+0.0066 


173 381=1.0606 
171 738=1.0605 
173 034= 1.0647 
176 188=1.0323 

Mean = 1.0545+0.0130 


am AX 1/Creactor = €reactor/ €d AX 


0.0096 
0.0074 
0.0024 
0.0045 


177 804 
179 456 
178 660 
178 979 


168 720 = 1.0539 
167 484= 1.0716 
168 338=1.0618 
167 663 = 1.0674 

Mean = 1.0637 


0.0098 
0.0079 
0.0019 
0.0037 
+-().0067 


0.0060 
0.0060 
0.0110 
0.0220 


= 1.0686 
= 1.0520 
54= 1.0691 
81 = 1.0527 
Mean= 1.606 


0.0080 
0.0080 
0.0085 
0.0080 
+0.0082 


$1 


) 


=F 


>) 
vi) 


—o pmb pe pe 
~7sys9! 


181 902 


VW rmNwnr 
~I 


An electrostatic charge on the diamond could cause 


the effective beam energy to be lowered 


ue 
lo discourage 
the presence of such a charge, Aquadag was painted in 
a thin layer up to the edge of the plane target surface 
Any voltage difference between the beam spot and the 
target holder would have to have held 
about 1 mm of the diamond surface, with a knife edge 
of Aquadag on the ground side. It 
than a few kilovolts could be held 
and it would have 

kilovolts to cause the incident ene rgyv to ¢ 


been acToss 


is doubtful if more 
across such a gap, 
been necessary to hold about 50 
ange enough 
to increase the scattering cross secti F the diamond 
by 5%. In the dark no sparks were 


jump from the beam spot to the 


ever obse rved 1o 


of the diamond. 


edex 


EXPERIMENTAL RESULTS 


Ratio of Stopping Powers 


lO 


Table | 


scattered proton yie 


shows the rat of diamond to graphite 
ld 
different values of spectrometer current as recorded by 
the different The 
standard deviations for each type 
magnet current 


errors permits these measurements to 


s for 100 ucoul of protons at two 


two scalers average ratios and 


of graphite at each 
1e size of the 

be lumped 
d standard deviation 


setting are also given. T] 
together, giving a single average an 
of 


1.0604 +0,0090, 


Me V as 


accele rator, and 


for protons at a nominal energy of 1.1 sured 
by the generating voltmeter of the 


as corrected for scattering depth 1 


mea 
n the target 
scattered from 
the three targets as measured by the two scalers ar 
$ and 5. The ratios in Table I 


obtained at the two lowest magnet current points on 


The momentum spectra of protons 


shown in Figs. wert 


each curve. The agreement in shape of the momentum 


profile s for all three targets shows that contamination 


of target surfaces by No, Ov, HO, or heavier elements 


was not sufficient to affect the accuracy of the results 


outside of the counting which 


are 





ATOMIC STOPPING POWER 
apparent.’ The agreement between yields and spectra 
for two types of graphite as different in density and 
origin as these were is strong evidence that contamina- 
tion of the graphite could not have caused the observed 
difference in scattering yield between graphite and 
diamond. The difference in smoothness between the 
graphite and diamond surfaces could explain the slight 
difference between the momentum profile “edges” of 
graphite and diamond. However the difference in 
momentum profile large enough 
relative to the resolution to 
significantly affect results. The counting rate ratios 
used to obtain stopping power were obviously taken 
on a sufficiently flat part of the momentum spectrum 
to make the available stability and resolution of the 
spectrometer adequate. 


“edges” was not 


available momentum 


Absolute Stopping Power of Graphite 


\n absolute value of the stopping power of graphite 


can be obtained using the absolute yield of protons 
scattered from graphite. The counting rate plateau 
shown in Fig. 1 is sufficiently flat that the counting 
should be well under that quoted for most 
absolute sections. The 
trometer are known from previous work.'! They appear 
in Eq. (2) as the laboratory solid angle 2 and R, 
resolution) of the instrument. We can 


error 


cross constants of the spec- 


(momentum 
approximate 


r,=e,(after scattering) ¢€,(before scattering), 


4 


from the data of Fuchs and Whaling,’ as r,=1.117; 
and k=0.845 for carbon-12 at 6=90°. The carbon-12 
scattering cross section measvred by Jackson ef al.'® 
can be extrapolated to a center-of-mass angle of 94.7° 
(90° measured 
using a gas target, and hence does not depend directly 
upon any known value of the carbon stopping power. 


lab angle). This cross section was 


Figure 6 shows the extrapolation used to obtain o at 
§=90°. The accuracy quoted by the author ( + 5° 
shown on the curve. From this extrapolation 


Fy) is 


(90° lab, 1.1 Mev)=0.302 barns’ steradian. 


(It should be noted that the Rutherford formula does 
not give either this magnitude or angular dependence 
for carbon-12 at this energy.) 

Solving Eq. (2) for €, and using these values we get 

3.9810 ' ev cm*/atom of carbon. 

‘This is in agreement with an estimate of the maximum 
possible adsorption of N» in the graphite as extrapolated from the 
curve in Landolt-Bérnstein (sixth edition, Vol. I, Pt. 3, p. 512) 
for adsorption of N» in coconut-shell charcoal. This extrapolation 
gave an upper limit of 710-5 cm’ of Nz at STP/g for adsorption 
at 0.1 micron pressure and 0°C. Curves from the same reference 
for H2 adsorption showed much lower values than these. 

‘Sylvan Rubin (private communication) 

5 R. Fuchs and W. Whaling, California Institute of Technology 
Report (unpublished). 

16H. Jackson et al. Phys. Rev. 89, 365 (1953). 
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This result agrees very well with the independently 
measured value of 4.0X107'® ev cm?/atom of carbon 
obtained by Fuchs and Whaling.'® The agreement 
indeed must be fortuitous because of the uncertainties 
involved in the cross section extrapolation and the 
value of the incident energy used, which could be in 
error by 5%. 


Conclusions and Comparison with Theory 


In order to apply Brandt’s theory” to the results of 
this experiment we write the stopping power of graphite 
or of diamond (in Mev/g cm7?) as: 


dE 0.3072Z,{ 2moC?6" 6; 5» 
—-—=— {i — -( ) -( - } (6) 
dx B°M T)(Z) 28 § em ae 


where Z=6, M=12 for carbon and i=g for graphite 
or d for diamond. Also 


6; Via 6: fr AN 
(~ =—In— and ( ) = pia; (7) 
2 2Z a; 24% 3§ BZ 


are the valence and polarization corrections, respec- 
tively. Here V=4 (the number of valence electrons in 
carbon), pi=density, ay=the atomic polarizability of 
carbon, a;=the polarizabilities of graphite and dia- 
mond, and 4A = Avogadro’s number. 





| | q 


—— EXTRAPOLATION = 0.302 22trs| 
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DATA AT 1.12 Mev 
FROM JACKSON 
et al.,PHYS. REV. 
89,365 (1953) 
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lic. 6. Extrapolation of carbon scattering cross section. 
W. Brandt, du Pont Radiation Physics Laboratory Report 
unpublished 
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NOTE: UNITS OF a, = 
-24 
2.15 x 10° cm 








1 = 4 a | A. 
Ia, 2a, 
aq 





. @ VS ag in units of ap for to €a= 1.06. 


’ gives for carbon /o(Z)=60 ev and 
ato= 2.15 10-4 cm’. 
The measured ratio of the stopping powers is 
dE dE 
—jp +i — = 1.0604+0.0090. 
dx/J, dx 4 
Solving for the polarizabilities a, of graphite and ag 
of diamond by numerical and graphical methods using 


p,=2.25 g cm! (theoretical density of graphite), 


pa= 3.51 g/cm? (theoretical de nsity of diamond), 
8*= 2.4110 for 1.1-Mev protons, 
we obtain the curve shown in Fig. 
values of a, from 0.59a9 to 4a 
sion for this curve is 


7 for a, vs aa for 
The analytical expres- 


Qy 1.60e2+0.22a for Qg> a. 


.59a9, for which we 
obtain a,/az=4.9 from the curve, the experimental 
ratio of the polarizabilities of graphite and diamond, 
based upon theoretical densities of perfect crystals. 
The author is indebted to Werner Brandt for suggest- 
ing’* that the actual measured density of the graphite 
should be used in the above calculation instead of the 
theoretical density. From the above experiment, he 


In reference 7 Brandt gives a,=( 


gets two roots for the value of a,/aa: 


1.55+0.4 and 2.3+0.4, 


18 W. Brandt 


private communication) 


D. SOF TAY 


using the mean of the measured density, p,= 1.68 g/cm’. 
His independent estimate of a,/ag prior to this experi- 
ment was 

BS 


(ay 2a) theoret ical 


agreeing well with the first root. 

In the author’s opinion it would be a most interesting 
result of the experiment if the stopping power of solids 
is better described by a theory which uses the macro- 
scopic density rather than the expected microscopic 
values of the parameter. 

An actual solution of both equations for a, and aq in 
terms of the absolute stopping powers e, and eg cannot 
be made, because Eq. (6) will not give a real solution 
for the measured values of ¢;. This is not surprising, 
since the determination of the absolute stopping powers 
is probably uncertain by at least 5%, far more than the 
values of the smaller terms in Eq. (6). 

Theory predicts that stopping power will be isotropic 
even in perfect crystals. This assumption was not 
tested in this experiment, but since a large effect due 
to crystal structure was observed it is possible that the 
stopping power may depend somewhat on crystal 
orientation. Further experiments should investigate 
this point since results of recent expe riments elsewhere 
show that sputtering from crystals exhibits strong 
anisotropy.’® 

Qualitatively, the major difference between graphite 
and diamond which could affect stopping power is in 
the number of energy levels in the solid which are 
available for excitation. Compared with diamond, 
graphite has many more low-lying levels which con- 
tribute to energy loss by distant collisions. 
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APPENDIX 


Derivation of Equation (2) for Yield of Scattered 
Protons from a Thick Target 
Notation: 
F,=proton energy (Mev) before scattering, 
E,=proton energy (Mev) after scattering, 
d,= path of proton in target (cm) before scattering, 


 P. Rol, J. Fluit, F. Viehbock, and M. deJong, Fourth Inter- 
national Conference on Ionization Phenomena in Gases, Uppsala, 
Sweden (North Holland Publishing Company, Amsterdam, 1960). 





ATOMIC STOPPING POWER 


d,= path of proton in target (cm) after scattering, 
€,= stopping power [(Mev—cm?)/atom ] of target 
for protons of energy /,, 
€2= stopping power [(Mev—cm?)/atom ] of target 
for protons of energy F2, 
n=number of atoms per cm* in target, 
=fractional momentum resolution of magnetic 
spectrometer; AP/P=1/R,, 
=depth into target (cm) at which scattering 
takes place, 
=angle of incident beam with normal to target 
surface (rad), 
angle of scattered beam with normal to target 
surface (rad), 
= differential scattering 
atoms at angle @ in 
and at energy /; in 
(cm?/atom sr), 
number of protons incident on the target, 
acceptance solid angle (sr) of the magnetic 
spectrometer, 
number of scattered protons accepted by 
spectrometer. 


cross section for target 
the laboratory system 
the laboratory system 


See Fig. 1 for the scattering geometry. 
Only elastic scattering is considered, for which 


E2=kEi, (1) 


and & is known from the kinematics and known mass 
of the scattering nucleus. (The spectrometer accepts 
only protons in the interval from F2 to -,—Ak>.) 
Protons lose AF, before scattering, change in energy 
by &, then lose AF,’ after scattering. Therefore 

(2) 


Iey—Aks k(Fk£,—Ak,)—Ak,, 


OF 


GRAPHITE AND DIAMOND 
and 


AE,= ned, 


AE! : Neo, 
from which 


is derivable. Since the fractional momentum resolution 
of the magnetic spectrometer is 1/R,=AP/P, the 
fractional energy resolution is 


hence 
) 


R, 


RAE, +AE.’ AE, +AE2'/k 


k BE 1 ky 


and by further substitution 


From Fig. 1, 
cosé 


b 
cos(@—a) 
consequently 
2k, 


COS@ € 


dy 


The yield of scattered protons is 
ongd Q, 


("A 


which is Eq. (2) of the text. 


a, | 


cos(@—a) k 


C 
so that 
2E\oqQ 


Cosa € 


, 


R, cos(@—a) k 
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systems {R; Nd, } Fe2Fe Oj, R=Y or 
as expected, that the moment contributed by the 
+ jor » that of the resultant contributed by the iron 
sublattices, similar to the results of earlier work by others on 
intermetallic ms involving rare earths and also on Nd- and 
Pr-substituted yttrium iron garnets. This has been explained on 
the S ions Nd and Pr, J is generally directed 
oppositely to S. It has been found that the anisotropy introduced 
by the Nd** ion prevents saturation at applied fields up to 14 000 
and at first a null volving the garnet 
-Y,Nd}FesFe;O;2 was used to find the moment contributed 

; d** ion at O°K; the moment obtained by this method is 
ha quently, measurements made to fields of 80000 oe 
at 4.2°K on the garnets { Y2Nd} Fe2Fe;O.2 and {Gd2Nd)} Fe2Fe;0,2 
proved that the extrapolation of mg vs 1/H, to 1/H,=0 from the 
lower field values did not give proper moments for these 
pounds. The to be saturated at fields 
above 70000 and 60 000 oe, respectively, and gave moments of 


7.7 wa, Tespectively, per forn unit. These values 


\ study of the garnet 
Gd, 


indicates, 


1 adds t 


svste 


basis that in the L 


nethod in system 


MB 
, 
] the 


compounds specimens appeared 


6.2 ws and ula 


INTRODUCTION 


N recent work these Laboratories on compounds 

Co;R (R=rare earth) having the Cu;Ca-type 
structure, Nd and Pr behaved as though their moments 
were adding to those of the cobalt atoms, whereas those 
of Gd, Tb, Dy, Ho, Er, and Tm were behaving 
oppositely. To be sure, the antiferromagnetic inter- 
actions in the intermetallic compounds do not have 
the same origin as in the garnets. Yet it appeared that 
the end results could be similar. We therefore decided 
to determine the effects of Nd substitution for Gd in 
gadolinium iron garnet. to obtain an inde- 
pendent idea of the behavior of the magnetization vs 
temperature of the Nd** i 
work on the Nd-substituted yttrium iron garnet. 

As will be shown subsequently, seemingly anomalous 
results were at first obtained for the apparent behavior 
of the Nd** ion magnetization and for comparison we 
therefore prepared and studied {Gd;.;Nd1.5} Ga2Ga;On», 
{Er; 5Ri.5}FesFe;O.w, R=Y, Gd. Also as we came to 
understand the results, another interesting series of 
experiments for determination of the 0°K magneti- 
ion of the Nd* ion was suggested to us by A. M. 
(see Discussion) and we therefore studied 
part of the system {Y2_-Gd.Nd} Fe2Fe,O.. 

In the metal structures mentioned above, it was 
apparent that the total moment of an L+S rare-eartl 
ion followed the vector S in such a manner that its 
direction was generally the same as that of S, the 
maximum moment attainable from such an atom, being 
gJ =L+2S. An L—S ion, on the other hand, has its 
net moment in a direction generally opposite to that 
of S. Thus if, as one would expect, the important 

1E—. A. Nesbitt, H 
Sherwood, J. Appl. Phy 


in 


we decided later to do some 


Zal 


*] 
Clogston 


J. Williams, J. H. Wernick, and R. C. 


s. 32, 342S (1961 


indicate moments for the Nd** ion of 1.2 ws and 1.3 wa, respec 
tively. These values corroborate that found by the aforemen- 
tioned compensation point method. The low value contrasted 
with the ground-state gJ value of 3.27 uz indicates a considerable 
crystal field effect on the Nd** ion in the garnets. Maxima have 
been found for amounts of Nd substitution in Y, Gd, and Sm iron 
garnets. These data in turn lead to prediction regarding maximun 
substitution of Nd in rare-earth also 
predict a maximum lattice constant close to 12.538 A for any iron 
garnet, indicating that Pm iron garnet would not exist. Data are 
given also on some other garnets used 
clusions. The garnet Gd, 


other iron garnets and 


used to strengthen our con- 
GaeGa;,0,;2. n antiferro 
1re€ below Magnetic 
i garnets 
which 
} 


good 


Nd 
magnetic but with a Néel ter 
and crystallographic dé he 
{Gd,.5Er;.5} Fe2Fe;O,2 and both 
lead to 5.4 wa for the Er** ion contribution at <, in 
agreement with the | i f ? 
ments on erbium iron 


ay be 


1.4°K 


iperat 
of 


value neasure 


gvart 


antiferromagnetic interaction occurs through the spin- 
spin interaction, then the net sublatt moments of 
Nd and Pr should be directed positivel respect 
to the net Co sublattice of the compounds and this is 
Nd** 
and Pr** ion moment contributions should be parallel 
to those of the net Fe 

The results already obtained at room temperature 
by Goldring, Schieber, and Vager' confirm this ex- 
hat 


ice 
° ae 
ively wWitn 
arnets, tne 


e « 


what is observed. Similarly in t} 


ion sublattice moments. 


| 


planation.’ These authors, however, | 
the results should be considered as unexpected. 
The seemingly anomalous result we 
the apparent difference Nd 
to the spontaneous magnetization when it \ 
stituted for Gd**+ from when it was substituted for \ 
It appears that this comes about from the anisotropy 
introduced by the Nd** ion. This has n established 
not only by deduction from experiments mentioned 
earlier but has been corroborated by high-field (up to 
80 000 oe) measurements on {Gd2Nd}FesFe,Oi2 and 
on {Y.Nd}Fe.Fe;0; 


Included in this report is a crystallographic study 


ad claimed t 


obtained 


Was 
in the contribution 
nt ' 


SuD- 


+ 
l 
1 
} 


pee 


2 We wish to thank J. A. White for an eluci 
the magnetic behavior of the rare-earth ions 

3 Since the completion of the manuscript 
publications containing an explanation 
Nd?* ion in the garnets have appeared ; 
authors, a brief abstract of the present paper to be presente 
the Washington, D. C. meeting of tl meri sical Society 
[Bull. Am. Phys. Soc. 6, 230 (1961) ]; the other by P. Woif 
[J. Appl. Phys. 32, 742 (1961) ]. 

4G. Goldring, M. Schieber, and Z. Vage 
2057 (1960). 

5In a preprint of a paper sent 
Schieber, the authors have also obtair 
down to liquid nitrogen) which confirt 
paper, the authors credit Dr. R. L. White 
their results. This paper, we are informed 
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STUDY OF Nd-SUSBSTITt 


also of the {Sm; 


gether with the 


zNdz}FesFesO.2 system which, to- 
analogous Gd and Y systems, has led 
to a prediction of the maximum lattice constants and 
amounts of Nd substitution in most of the rare-earth 
iron garnets. 


EXPERIMENTAL 


Preparation of Compounds 


Appropriate quantities of oxides to make 0.001 mole 
of product were mixed and ground in an agate mortar. 
Each mix was pressed into a pill of half-inch diameter 
using a pressure of approximately 4 tons/sq. in. Each 
pill was then fired at temperatures shown in Tables I-IV 
in either oxygen or air atmosphere for various periods. 
X-ray powder diffraction taken of 
each specimen using 114.6-mm diameter Straumanis- 
type Norelco cameras and Cr K radiation. If any trace 
of an extraneous phase or broad lines in the back 
reflection region were found, the pill was crushed and 
the reground, made into a pill again, and 
refired. Photographs were taken again to check for 
extraneous phases or broad back-reflection lines. This 
process was repeated until we assured of single 
phase material at least as ascertained by x-ray pho- 
tography. In the 


looked 


photographs were 


specimen 


were 


case that after several repetitions, the 


specimen unsatisfactory, a new specimen was 
pre pared. 

In some cases, very faint traces of extraneous phase 
However, magnetic measurements were not 
these samples, which used mainly 


establish crystallographic relationships as will be shown 


remained. 
made on were to 
subsequently 

occurrence of 
prepared in the 
proportionate losses 


for the 


when 


There several 


unsatisfactory” 


may be causes 
specimens 
above. Small dis 
of constituents in the initial preparation process could 
this. Also, the solid-state 
diffusion dependent, it would seem that 
which do not react to form the 


fashion described 


reaction is 
constituents 
garnet could become 


cause because 


separated or form products which become separated to 


such an extent that reaction becomes improbable. The 
regrinding and refiring procedure aids in bringing these 
unreacted constituents together. But this attempt at 
le-phase material might also prove in- 
e, if the tempera- 
a given composition is very 


obtaining sing 
adequate in some cases as for ¢ xampl 


ture range for stability of 


narrow. 


Magnetic Measurements 


Measurements of magnetic moment were made 
temperature range 1.4-298°K usually at three 
different applied fields H,, namely, 5, 9.6, and 14 koe, 
by means of a pendulum magnetometer of the type 
already described elsewhere.® Details of determination 
of spontaneous magnetizations will be given in the 
course of the discussion of the various systems. 


the 


®R. M. Bozorth, H. ps 
103, 572 (1956). 


Williams, ar Ek. Walsh, Phys. Rev. 


rE 
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Measurements at high fields (to 80000 oe) were 
made on {Gd2Nd}Fes2Fe;O.2 and on {Y2Nd}FesFe;012 
using the Bitter-type magnet and an extraction method 
for determination of the moment. Galvanometer de- 
flections were transformed into ug units by comparison 
of measurements made at fields < 14 000 oe with results 
obtained from the pendulum magnetometer. 


CRYSTALLOGRAPHIC DATA 


The lattice constants of the 
{R;_.Nd.}Fe.Fe;Oi2 are listed in three tables: (I) 
R= Gd; (Il) R=Y; (III) R=Sm. The lattice constants 
of miscellaneous other specimens used in this work are 


listed in Table IV. 


various specimens 


ras_e I. Lattice constants and preparation information for 
garnets {Gd;_-Nd_}FeeFesOe. 


Firing procedure 
Temp., °C (hr) 


b 

(1), (2) 

(1), (2) 

(3) * 1420 | 18) 

3) a (2) 

1) 1450 (18) 
(21), vis (26) 
2), (65) 


20) , 1415 (17) 


ee se a 
NNN N NNN h&Y to 


Phis y ue over that ».47 reported earlier [S. 


ation technique followed 
3 A. Gilleo and S. Geller, 


single- 


phase material. For x =1.5 , lattice 
ndicates lower t) 


value of %, 1.€., 


constant definitely 


raBie II. Lattice constants and preparation information for 
the garnets {Y3_zNd_}[Fee ](Fe3)Ore. 


Firing procedure 


a (A) Temp., °C (hr) 


0.00 
1.00 
1.50 
1.80 
1.90 
2.00 
2.50 


376+0.0045 
-449+0.003 1450 (2), (2), (2), 1300 (2) 
1400 (3), 1350 (2), 1300 (2) 
1350 (6), 1270 (96), 1400 (23) 
1350 (18), 1400 (96) 

1350 (18). 1410 (20 

1415 (14), (18 


, 30 (1957). 
see Fig. 


see 


Lattice constants 


lor garr 


ind preparation information 
Nd,}Fe2Fe;Oy>. 


ets {5m 


Firing procedure 
Temp., °C (hr) 


0.00 b 
0.10 1415 (65) 
0.25 1415 (1), (22) 
0.375 1415 (13), (18 


* See Table 
b See LF able 
° Not si ngle 
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TABLE IV. Lattice constants and preparation information for other garnets investigated 


a (A) 
Observed 


2.437 +0.004 
477+0.003 


Compound 
{Gd, sNdi 5} GaeGa;Ore 
{Y, o7Gdo 93 Nd} Fe2Fesl ); 
{ Yi.10Gdo.90Nd}Fe2Fe;012 
{\ 1 12Gdo ssNd}Fe2Fe Oe 
Er;Fe2Fe;Oi2 
{Gd; sEr; s}Feok esl dio 
{ Yi. sEr: 5} Fe2FesO;2 
{ Er; sNd; sy oF ez die 


ond and third firings. 
t and second firings. 


The data of Tables I and II are plotted in Fig. 1. 
Note that as one would expect, the lattice constant vs 
composition behavior is linear. Also important is the 
fact that extrapolation to x=3 yields very nearly the 
same value, 12.596(+0.001) A in the two cases, indi- 
cating the self-consistency of all of the data and giving 
us confidence in the quality of our specimens. 

In the {Gd3_.Nd.}Fe2Fe;O.. system, single-phase 
specimens were produced with x as high as 1.00. The 
specimens with x= 1.25, 1.30, and 1.40 had faint traces 
of extraneous phase and the central values of the lattice 
constants of the last two were slightly lower (Table I) 
than the expected values, 12.526 and 12.530 A, for the 
respective compositions. The specimen with +=1.50 
was not single phase and the sharply defined garnet 
phase present had a lattice constant, 12.530 A, indi- 
cating a composition corresponding to x= 1.40, which 
appears to be the maximum attainable in this system. 

In the {Y3_-Nd.}FesFe;Oy2 system, values of x to 
1.50 gave single-phase garnets according to the x-ray 
diffraction photographs. For «=1.8, 1.9, 2.0, and 2.5 
our experiments did not yield strictly single-phase 
specimens although for x= 1.8 and 1.9 the final speci- 
mens gave photographs which indicated only very small 
amounts of extraneous phase. The lattice constants of 























3.0 


Lattice constant vs x for neodymium-substituted 
gadolinium and yttrium iron garnets. 


Firing procedure 


Calculated Temp., °C (hr) 


£ 


1475 (3), 1400 (18), 
1400 (18), 1300 (65), 
1300 (21), 1375 (17)' 
1350 (70), (22), 1415 (18)* 
1415 (2), (21) 

1400 (18), (22) 

1400 (18), (22) 

1400 (18) 


19), 1500 (1) 
1410 (26)* 


se a 
NmNMNMhM 


12.410 
12.362 
12.472 


the garnet phases indicated compositions with += 1.76 
and 1.86, respectively. The photograph of the finally 
fired x=2 specimen indicated the presence of a sub- 
stantial amount of the perovskite-like phase, but gave 
a sharply defined garnet phase with lattice constant 
12.512 A, indicating a value of x=1.87. The specimen 
with initial reactant composition given by x 
a powder photograph which indicated a garnet phase 
with a= 12.513 A. This is equivalent to x= 1.88 which 
may be taken as the maximum for a stoichiometric 
garnet phase in this system. 

From a few observations of the kind described above, 
it seemed that one could predict the limits of substi- 
tution of Nd for any of the other rare-earth ions in the 
iron garnets. (In fact similar experiments could be 
carried out for Pr and La and for other octahedral and 
tetrahedral ions.) We noticed that the maximum lattice 
constant attainable appeared to be associated with the 
difference in the effective sizes of the atoms involved, 
that is, the larger the difference, the lower the maximum 
lattice constant attainable. 

Now in a first approximation, one might expect that 
the iron-oxygen arrangement would determine the 
maximum allowable size of the rare-earth ion in the 
dodecahedral site. This is so because the Fe—O distances 
in the particular polyhedra tend to remain the same 
even though the size of the dodecahedral ion may be 
changed. For example, compare the refined structures 
of yttrium iron garnet’ and gadolinium iron garnet.® 
Examination of the structure shows how the oxygen 
ions move to accommodate the rare-earth ion ‘while 
sustaining the expected Fe—O distances. Obviously there 
will be a limit to the allowable distortion. 

In the second approximation a mixed rare-earth iron 
garnet will have local disorder introduced by ions of 
different size in crystallographically equivalent sites 
This disorder probably prevents the attainment of a 
single maximum lattice constant for a// rare-earth iron 
garnets in which Nd is substituted for the particular 
rare earth. 
® To make these arguments more definitive we at- 
tempted substitutions of Nd for Sm in samarium iron 
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STUDY OF Nd-SUBSTITUT 
garnet. We found, as expected, that not much Nd can 
be substituted for Sm and the largest lattice constant 
attainable was 12.537 A for the garnet phase of a 
specimen with intended «=0.375. The lattice constants 
for the specimens made are given in Table HI. From 
these one deduces that the actual value of x for the 
garnet phase with lattice constant 12.537 A is 0.35. 
Two specimens with intended «=0.50 gave powder 
photographs which indicated the presence of con- 
siderably more perovskite-like than garnet phase. An 
accurate measurement of lattice constant was not 
feasible, but it is unlikely that it is greater than 
12.537 A. 

In Fig. 2, we plot the three maximum lattice constants 
of the Nd-substituted systems against the lattice con- 
stants of the pure end-members. We propose that the 
line passing through these points represents the line 
of maximum lattice constant for Nd substitution in 
(end member) garnets which have lattice constants 
plotted as abscissa. Also in Fig. 2 we plot the values of 
maximum «x in {R;_,Nd,}FeoFesOy2 vs lattice constant 
of pure end-member garnets. These curves also indicate 
that the maximum possible value of a lattice constant 
for pure end-member iron garnet is close to 12.538 A and 
therefore that PmIG most likely would not exist.’ The 
value 12.538 A is also undoubtedly close to the maxi- 
mum value for any mixed rare-earth iron garnet. 

As expected there was no difficulty in obtaining the 
garnets {Gd,.5Er.5}Fe2FesOw, (Yi.sEris}Fe2FesOn, 
and {Gd,.5Nd),5}GazGa;012; in these cases all end 
members exist. Also as expected, lattice constants of 
these garnets are equal (within experimental error) to 
the arithmetic averages of the end-member garnets. 
The lattice constants of the garnets 

{Y; 2 ,Gd.Nd,}[ Fee |(Fes)Or2 
are, as expected, equal to the weighted arithmetic means 
of the values of the end-member garnets, taking the 
lattice constant of a hypothetical NdsFe2FesOy2 to be 
12.596 A, of ErsFe2FesOy2, 12.347 A, of GdgFe2FesOj., 


TABLE V. ng at H= x, T=0°K based on measurements made at 
H,<14 000 oe for systems {R;_2Ndz}Fe2kes;Oi2, R =Gd, Y. 


np( 2.0) 


0.00 16.0 
0.25 13.8 
0.50 11. 
0.75 
1.00 


0.00 
1.00 
1.50 


If we plot the lattice constants given here for Er, Gd, Sm, and 
Nd (hypothetical) iron garnets and of EulG from the reference 
in Table I, footnote a, against atomic number, the five points lie 
on a line which indicates a lattice constant of 12.561 A for PmIG. 
lf. Bertaut and F. Forrat [Compt. rend. 244, 96 (1957) ], predicted 
a value of 12.57 A for PmIG. 
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Fic. 2. Maximum lattice constant and maximum w in 
{R3_2Ndz}Fe2Fe;0.2, where R is a rare-earth or yttrium ion, vs 
lattice constant of end-member rare-earth or yttrium iron garnet. 

Lattice constants of Tm, Ho, Dy, and Tb iron garnets from 
Bertaut and Forrat.’) 


12.472 A. The values reported by Bertaut and Forrat'® 
for GdGaG and NdGaG are, respectively, 12.39 and 
12.50 A. These would give an average of 12.445 A, 
which, considering the probable error of at least 0.01 A in 
the Bertaut-Forrat values, is in good agreement 
Table IV) with the observed value for 


{Gd aNd1.5} GavGas3Oyp. 


(see 


MAGNETIC DATA 


Curves in terms of sig vs temperature for the systems 
{Gd3_2Ndz}FeeFe;O12 and {Y3_-Nd_}FeeFe;O,2 at an 
applied field of 14 000 oe are shown in Fig. 3. The values 
of #, extrapolated to “infinite” field (from data ob- 
tained at <14000 oe) and O°K for the various speci- 
mens are listed in Table V and plotted in Fig. 4. Curves 
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320 
TEMPERATURE IN DEGREES KELVIN 
lic. 3. ng vs T for Nd-substituted gadolinium and yttrium 
iron garnets. [Data for pure Y3Fe2le;O;2 are at /7,=13 000 oe 
and from Gilleo and Geller (Table I, reference b). | 


'l. Bertaut and F. Forrat, Compt. rend. 243, 1219 (1956) 
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Fic. 4. 
field and 0 K, vs x of garnets {R3_ 


of ng vs T for {Yi.sEri.5} FeoFes;O.. and 


{Gd sEr;.5} FesFe;Oy2 
at H,=14 000 oe are shown in Fig. 5. 
In Fig. 6, 1/X, vs T is plotted for 
{Gdi.sNd1.5} GagGa;Oy3. 
The linear extrapolation intersects the 1/X,=Oat about 
—0.5°K. Also the curve of X, vs 7 at H,=14 000 oe 
seems still to be rising at 1.4°K (Fig. 6) indicating that 
if this specimen is antiferromagnetic, the Néel temper- 
ature is below 1.4°K. Measurements at 1300 oe also 
showed susceptibility vs 7 behavior similar to that at 
14 000 oe; in particular, no susceptibility peak was ob- 
served above 1.4°K. Thus interaction, if any, between 
the rare-earth ions must be extremely weak. 
Curves for the system {Y2-Gd,Nd}Fe2Fe;O.2 are 
shown in Fig. 7. These experiments were carried out to 
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determine more exactly the moment contributed by the 
Nd** ion. 

DISCUSSION 


General 


The main purpose of this work was to determine the 
magnetic behavior of the Nd** ion in the garnets. 
Extrapolation of moments to “infinite” field and 0°K 
gave the results shown in Fig. 4. (Individual values are 
listed in Table V.) These results imply that when Nd* 
is substituted for Gd**, it contributes at O°K a moment 
of (1.8+0.2)u,, but when substituted for Y**, it 
tributes (0.9+0.1)usz. Such ane would on first con- 
sideration hardly be expected. There does not seem to 
be any reason why the Nd** ion should 
differently magnetically substituted for 
different ions. Almost certainly the difference in crystal 
field effects would not be large. Further, one would 
expect that (as for example in the case of the lattice 
constants) the extrapolation to a possible Nd;Fe2Fe;O. 
would give the same results for the two cases. On the 
contrary, it appears that the contribution of the Nd 
ion in cack of the for the 
various 


con- 


be have so 


when two 


systems is quite constant 
values of x. 

One of the first thoughts which occurred to us was 
the possibility of interaction with the Gd* 
one case and no interaction with Y* 
If the former were strong enough, the different behavior 
of the Nd** ions might thereby be explained. However, 
this did not seem like a very probable explanation 
because of the known weak or nonexistent 
between the dodecahedrally situated i 
because of the structural evidence.’ * 
decided to check this by measurements of the 
{Gdi s5Ndi 5}. Gas (Ga Oy. garnet. As 


ions in the 
ions in the other. 


interaction 
1Ons and also 
Nevertheless, we 


shown above ‘ 
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Fic. 6. Susceptibility and reciprocal suscepti 
perature for {Gd, ;Nd \Ga. Ga;O 


" R. Pauthenet, Ann. phys. 3, 424 
388 (1959). 
3M. A 

1959). 
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4M. Ball, G. Garton, M. J. M 

Wolf, J. Appl Phys 32, 2678S (1961 
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this experiment indicated weak 
interaction. 

Now, it has recently been shown" that the garnet 
Dy 3AlsAl;Oy2 has a Néel temperature of 2.55°K whereas 
Dy;Ga2Ga;O;2 remains paramagnetic down to lower 
temperatures than this. In this case, a change in 
geometry (see also references 12, 15) resulting from the 
difference in sizes of the Ga** and Al** ions apparently 
has a measurable effect on the strength of the inter- 
actions. But this happens only when the potential 
interaction is at most very weak. Therefore one would 
suspect that with Fe** ions filling the octahedral and 
tetrahedral sites, the strength of magnetic interaction 
between Gd** and Nd** ions would not be significantly 
different from that in the Ga** compound. 

We decided to determine the effect of substituting 
the L+S ion Er** for Gd** and Y** in iron garnets. In 
these two cases the spontancous magnetizations of 
{Gd,.sEr,.5}FesFe;O1. and {V15Eri.5}FeeFe;Oi2 at 
1.4°K extrapolated to infinite field were 13.8 us and 
3.2 ur, respectively. Assuming a net amount of 5.0 us 
for the iron sublattices and 7.0 wz for each Gd** ion, 
the Er contribution was computed to be 5.4 uz in both 
cases. This value checks well with that, 5.3 wz, deduced 
from the results of Pauthenet" on Er;Fe.Fe;Oy. 

The answer to the apparent anomaly could now only 
be in the anisotropy introduced by the Nd** ion. Dillon 
and Nielsen'® showed that minute amounts of Nd** ion 
doping of yttrium iron garnet introduced high ani- 
sotropy in the field for resonance surface. 

Now suppose that in the Gd-Nd garnets, saturation 
is not attained at the fields applied. In all the com 


extremely or no 


2.5 


{veux cd,nd} FesFe30j;2 
Ha = 14 000 OE 


10 20 30 40 $50 60 
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Fic. 7. ng vs T for system {Y2_,Gd,Nd}Fe2Fe;O;2 


S. Geller, J. Appl. Phys. 31, 30S (1960). 
6 J. F. Dillon, Jr., and J. W. Nielsen, Phys. Rev. 120, 105 
1900). 
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pounds studied the total Gd** ion moments at O0°K are 
greater than the sum of the Nd** ion and iron sublattice 
moments. Thus, the Gd** magnetizations will be more 
nearly polarized with the applied field and therefore 
data obtained from specimens which were not saturated, 


to Nd’ 
ion and 5.0 uz to 


cause us to assign too high a moment if we 


assign the usual 7.0 uw, to each Gd** 
the O°K. Conversely, a 
low measured 0°K moment for the Y-Nd compounds 
leads to too low a value for the Nd** ion contribution 


net iron sublattice moment at 


if 5.0 we is taken as the net moment of the iron sub- 
lattices. Obviously, if all of the particles are not well 
aligned with the field, it is improper to assign the 
saturation moments to Gd*+ and Fe** ions. It would 
appear then that the moment contributed by the Nd* 
ion when substituted in the garnets is between that 
given when substituted for Y** and when substituted 
for Gd** ion, that-is, between 0.95 wz and 1.8 pz. 

Since the Nd-substituted 
saturated with the 14.000 oe, of the 
electromagnet pendulum magne- 
tometer, we could not obtain the 7g(H7=0 
for the Nd sublattice as in the case of Gd.'7:'> However, 
it should be possible to obtain a better value than 
(1.4+0.5)upz for the O°7K moment of the Nd ion. One 
way to do this is to use the compensation points of the 
{Gd3_2Nd,}FeeFe;0;2 and make a long 
of these points vs x. ’ 


garnets could not be 


field, 
with the 


maximum 
associated 


vs T curve 


extrapolation 
The value of x at O°K would give 
a measure of the Nd moment. However, it 
kept in mind that the behavior of compe 


should be 
nsation point 
vs composition might not be linear over the whole range 

0.'5 Nevertheless the linear extrapolation (Fig. 8) 
2.0 for x at 0.=O°K. That is, this 
extrapolation predicts that if it were possible to prepare 
the garnet {GdNdo2}FeekFe;0;2 it would have a com- 
pensation point at O°K. Again, assuming 7 yw» for Gd 
and 5 up for the net Fe sublattice moment, the Nd 
contribution, would be 1.0 ws. However, if the point for 


vives a value of 
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{Gd2Nd} is assumed to be somewhat erratic, the extra- 
polation yields x= 1.90 which in turn leads to a moment 
of 1.4 ug for Nd. Thus since there is some doubt as- 
sociated with this extrapolation, it does not lead to a 
much better result than that obtained from the average 
of the apparent moments deduced from the 
{Gd3_,.Nd_} FeoFe;O12 

and {Y3_:Nd.} Fe2Fe;On 

The ideal system to study for our purposes appeared 
to be {Y2_-Gd,Nd}Fe.FesOy. Assuming the Nd** ion 
to have a O°K effective moment of 1.5 us, the garnet 
having a 0°K compensation point is 

{ ¥ 1.074 1o.93Nd} FegFe2O pe. 

This actually gave a compensation point at 26°K. The 
composition { ¥1.10Gdo 9oNd} Fe2FesOj2 gives Ndan effec- 
tive moment of 1.3 ug; this garnet however gave a com- 
pensation point of 10°K. An extrapolation indicated an 
effective moment of 1.2 uz for Nd and the composition 
{Y:.12GdossNd} FesFe;O.2 would then have a 0°K com- 
pensation point, which was found to be the case. 


systems. 


Our conclusion that extrapolation based on measure- 
ments made at fields <14 000 oe was not giving correct 
moments for compounds, appeared to evoke some 
skepticism. Through arrangement with Bozorth we 
were able to make some measurements at higher fields 
on the Bitter-type magnet. 

In Fig. 9, we plot moment vs applied field for 
{GdoNd}FesFe,Oy and {Y.Nd}FesFesOy2. The former 
appears to be saturated at 60, the latter at 70 koe, the 
moments being 7.7 waz and 6.2 up, respec tively. These in 
turn lead to Nd** ion contributions of 1.3 wg and 1.2 ua, 
respectively (assuming that 4.2°K is near enough to 
O°K to assume Gd** ion contributes 7.0 us 
and the resultant Fe** ion sublattice contribution is 
5.0 wz). These values are in good agreement with that 
obtained from the compensation point study of the 
{Y2 ,Gd,Nd} FesFesOy2 system. 


that th 
that the 


Compensation Points 


A well-prepared polycrystalline specimen of GdIG 
appears true (zg=0 at 6.) compensation 
point. However, polycrystalline mixed rare-earth iron 
garnet specimens do not appear to have compensation 
0. Although it appears possible in 
some cases to obtain a 4, with 2g(0,7) very close to 


to have a 


points at which ng= 
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zero there appears to be some residual spontaneous 
magnetization where the compensation points should 
be. 

It is possible that at least part of this deviation from 
zero may result from a range of composition” in the 
specimen which may not be easily detected in the x-ray 
data. In some cases it may happen that too great a 
range of composition is required to give sizable residual 
moments and only extremely careful x-ray diffraction 
analysis could possibly lead to the quantitative deter- 
mination of the distribution of composition. 

On the basis of existing data, it is simplest to discuss 
the case of a specimen in the {Gd3_-Y,}FesFe;Oy 
system. When x=1, a good single crystal with random 
distribution of Gd** and Y** ions over the dodecahedral 
sites should have a compensation point at 173°K.!7.'5 
The lattice constants of Y and Gd iron garnets are 
12.376 and 12.472 A, respectively, and justifiably 
assuming a linear relation with composition, the garnet 
{Gd2Y}[Fes ](Fes)Oi2 should have the lattice constant 
12.440 A. Now the limits of error we put on our lattice 
constants, usually 0.003 A, may be conservative. But 
suppose that 12.440 A is absolutely correct for this 
garnet (i.e., with x=1.00), and that there were some 
garnet present in the polycrystalline specimen with 
lattice constant 12.437 A. This would then have the 
formula {Gdj.9:Y1.99} Fe2FesOy2. At 173°K, this garnet 
has a calculated spontaneous magnetization’ (H=0) 
of 0.2 ura per formula unit. The garnet with lattice 
constant 12.443 A { Gdo.o Yo.o01} FesFesOi2 
also with 0.2 yup per formula unit. These crystallites 
would contribute to the residual moment. However, it 
we assume a Gaussian. distribution of composition, i. 
following the function 1/¢(27)! exp(—.x*/ 207), and no 
greater difference in composition than that given by 
the +0.003 A limits, the maximum possible residual 
moment will be less than 0.2 ug for this case; in fact, 
if we assume that 0.2 wz is 3c, the average or residual 
moment should be 0.03 us. Thus if the only cause of 
residual moment at the nominal compensation point of 
a polycrystalline specimen in the {Gd;_-Y,}FesFe,O, 
system is a Gaussian-type range of composition, the 
residual moments should be very low in this system 
for well sintered 
diffraction patterns. 

Now it is also possible that the 
composition may be skewed. Such a situation would 
lead not only to a residual moment but also to a shift 
in the compensation point. In recent work by Anderson 
et al2” on the {Gd -\ YFesFe3;O12 lattice 


would be 


specimens that give sharp x-ray 
| \ 


distribution in 


system 


‘8 We are informed that J. F. Dillon, Jr., also has had this idea 
for some time. Furthermore, he points out and we believe, cor 
rectly, that because any mixed-ion garnet will be strained to 
some extent, it is possible that for some particles the strain will 
cause a shift in compensation point. Thus if the nominal com 
pensation point is in the proper place for a certain solid solution, 
the polycrystalline specimen will have some residual moment as a 
result of this strain. 

*E. E. Anderson, J. R 


Phy s. Rev. 116, 624 (1959). 
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constants and nominal compensation points are shown. 
Large apparent residual moments, greater than 1 ua, 
at the compensation points are indicated. At least part 
of these may be attributed to a paramagnetic contri- 
bution from Gd. But we note that their lattice constant 
for GdIG 12.463, 0.01 A smaller than the well 
authenticated one reported here. This indicates the 
presence of a smaller ion impurity or perhaps incorrect 
stoichiometry. Nevertheless the compensation point 
appears to be in the correct place. However, the nom- 
inal compensation point of their {Gd2Y}Fe2FesOi2 
appears to be about 25°K too high,'’'* although that 
of their {Gd,.5Y1.5} FeeFesO12 also appears to be at the 
correct value. It is possible that the nature of the 
specimen compositions would be important in explain- 
ing some of these results. 


is 


If the data reported here are examined it is found 
that under the applied field of 14000 oe the largest 
apparent residual moment is 0.5 we for any of the 
specimens in the {Gd3_,Ndz}Fe2FesO12 system. In all 
these cases at least part of these are due to the para- 
magnetic contributions of the Gd*+ and Nd** ions. In 
the case of {GdoNd}FeoFe;O., at least 0.2 wz may be 
subtracted for this reason. Again a normal distribution 
of composition in the crystallites would not seem to 
account for the remaining moment, but a skewed one 
favoring more particles with less Nd is indicated not 
only because this would give a higher residual moment, 
but also in this case the compensation point is almost 
10°K too high according to the plot of @. vs composition 
(Fig. 8). 

In the experiments with the {Y.--Gd,Nd} Fe2FesOy. 
system, there was further indication that at least part 
of the residual moment at the compensation point 
could be caused by inhomogeneity in composition. In 
the of {Y1.07Gdo.93Nd}FeeFesO.2, initially a 
nominal compensation point of 26°K was obtained. At 
this point the residual ferromagnetic moment was 
approximately 0.4 us. The O°K saturation magneti- 
zation extrapolated to H,=0 appeared to be approxi- 
mately 0.6 ws. If the net moment contributed by the 
Nd*+ jon is 1.2 ug, the moment of 


{ ¥ 1.076 1do,93Nd} Feok eal Yio 


at O°K should be 0.3 wg; thus the moment at O°K is 
approximately 0.3 uz too high. 


case 
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Because we wished to obtain a compound containing 
Nd** with an exactly 0°K compensation point, we next 
made {Y1.10Gdo,90Nd}Fe2Fe;O12. We expected, at the 
least, that the moment at 0°K of this material would be 
lower than that for x=0.93. However, this turned out 
not to be the case. The 0°K spontaneous moment 
extrapolated to H,=0, 1.2 us, was apparently twice 
that of the «=0.93 specimen. The specimen was there- 
fore reground and refired (see Table IV). Magnetic 
measurement of this specimen 
about 60% of the first value. 


1.2 uz from the Nd** ion, the 


gave up(0,0)=0.7 up, or 
With a contribution of 
spontaneous moment of 


this specimen at O°K should be 0.1 ug. Thus there 
appears to be a discrepancy of 0.6 wg for this specimen. 
The specimen with x=0.88, presumably having a 0°K 
compensation point first had a residual moment of 
0.85 uz, but after refiring, this was reduced to 0.55 up. 
Regrinding and refiring of the specimen with «=0.93 
did not change the residual moment significantly. 


We note (Table IV) that there is no significant 
difference in the lattice constants of the three specimens 
tested in this system. Thus the existence of a composi- 
tion range in these specimens would not be easily 
detectable by the x-ray powder diffraction technique. 

It is difficult to see how the discrepancies could be so 
large if they arise from composition range and/or 
strain. It is perhaps possible that even after the several 
firings, homogeneity was not attained and strain was 
not reduced to a minimum. It is also difficult to see 
any other cause for an extra spontaneous moment. Any 
distortion of spin arrangement as for example as de- 
scribed by Geschwind and Walker or resulting from 
particles constrained to lie skew to the applied field 
would very likely give a contribution linear with Hq 
and would appear as a paramagnetic contribution. 
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The calculation, first attempted by Kabir and Salpeter, of the mean excitation energy entering in th 
Lamb shift of the helium ground state is redone by a quite ditferent approach. Our answer, In[fo/r, ]=4.370 
+0.004, leaves theory and experiment on the ionization energy of helium in agreement within the experi 
mental uncertainty iz +0.15 cm™. Incidental results are given for the electrostatic polarizab 
and H™ ground states and there is appended a new discussion of the construction of higher an 


tum eigenfunctions for the three-body prol blem 


nt momer 


INTRODUCTION K (O nN 
mar ea, A =f kdk 5 | 
HE nonrelativistic part of the Lamb shift of an — = 


atomic energy level was first described by Bethe' 
in terms of the logarithm of the mean excitation energy which most clearly represents the virtual photon 
(energy &) emission and absorption which gives rise 
(1) the Lamb shift. We shall henceforward use atomic 
>, |(0! p!n)!2(E,— Eo) units (@9=e’=1), and ¥ will be the current operator 
ns for the general many-electron atom, 


>» |(0| p| m)\?(E,— Eo) In| E,— Eo 


sum over excited states. Direct evaluation 
\ 


difficult for hydrogen, where all the states a : 
: V= 2V;: (sum over all 


wn functions. However, the first application 

m atom by Kabir and Salpeter,’ yielded 

The relation of (4) to (1) is simply 

+.39+0.2, (2) 

(W?)K+3Z4ry.? (0) In[K/k 

arises from the difficulty of d 
i state wave functions. Where ‘ means expectation valt 
ionization energy from °F (0) being studied, and 
elium ground state was thus* 1.34++0.2 cm 
Combined with the very accurate results of Pekeris 
istic el » plus a’?Z? corrections 
He ionization energy 


198 310.67+0.2 cm 


— . $<] “See . 
es experimen al Vaiue y 


198 310.82+0.15 cm 
We focus our attention now on the sum over states 
ugh magnitude of the Lamb shift in this two- [call it —J(#)] under the & integral in (4 Writing 
ectron atom is th verified, but a more accurate 
check is clearly needed and the diffi ulty lies entirely (ko—H—k V1 vy 
in evaluating (1 


as a differential equation defining y; 


have for the sum over states simply 
METHOD OF CALCULATING Ink ee ee 


1) directly we first retre 
Thus we write 


gh the Office of | 2rZyo?(O) Ink 


tic Research 
+ Present addre epart me f Physics, University 


California, Berkele 


a ot Pe ie 2,3 399 (1947 = lim | (V2) AK +29Zyo7(0) Ink { kdk J (k 


K--x 
2 P. K. Kabir and E. E. S: , Phys. Rev. 108, 1256 (1957 
*Included is an additional ntributed by J. Sucher, 

Phys. Rev. 109, 1010 A We attempt to solve the differential F 
*C. L. Pekeris, Phys 58); 115, 1216 (1959 a a aitleatine ae 
8 (>. Herzberg. Proc. Rov ondon) A248. 309 (1958 constructing the stationary expresslo 
6 The method I I tgrowth of earlier wor! 


C. Schwartz and T ma ; ‘ “ ? 178 (1959 wl bh) Wy v Vy, 4 Vi } I] 
1700 
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and then varying convenient functions y; to get a 
“best” value. The exact value of w(k) is just J(k).” 

The comparison with the earlier method may be 
stated as follows. Whereas they carry out variation 
(or some other approximate) calculations for each 
excited state and then integrate over states according 
to (1), we carry out one variational calculation for the 
complete perturbed function for each value of the 
photon energy and then integrate over k according to 
(7). Rather then try to argue which method should be 
better, we simply stress that they are two independent 
methods, and proceed to the calculation. 


LOW k VALUES 


The ground state (approximate) wave function is 


given in the Hylleraas form (for S states) 


Wo 9 > Crea” e Anal 


l,m,n 


my™ a ‘aa (9) 


where s=7r,+ 72, (= —rjitre, u=ry, and mis either even 
or odd for singlet or triplet states, respectively. The 
perturbed functions ¥; are odd-parity P states which 
we can represent as® 


Vi= YX Cimr(ntrje ss ™y npr, (10) 
— 


l.m,r 


where the + sign is chosen accordingly as m is even or 
odd, for each spin State. 

Variation of the coefficient C;,,, in the stationary 
expression (8) then leads to a system of simultaneous 
linear equations, which are 8 by standard 
Tec hniques. 

There is 


S¢ Iver 


always raised, against variational calcula- 
tions, the question of how can one tell how appropriate 
the form of the trial function was and thus how good 
the answer is. The best reply we can give is to carry 
out repeated calculations, taking successively larger 
numbers of parameters in some systematic way, and 
then observe experimentally the convergence of the 
computed answers." 

The 18-parameter function given by Kinoshita" was 
used for Yo.43v comparison of various measures of this 
approximate yp» with more accurate values given by 
Pekeris we estimate its useful accuracy to be a few 
parts in 10% In Table I are a few examples showing the 
k). At k=0 we should 
3, and the small error (1.7/10') is 
probably attributable to Yo. The resultant values are 
seen to vary smoothly, allowing one to have confidence 
in an extrapolation, and to guess the residual error. 


accuracy and convergence of x 
have exactly ze 


Note that the convergence becomes poorer as & in- 


’ For the case when yo is the lowest state w(k) is actually a 
lower bound for the exact J(&). 

8 See Appendix I. 

’ Actual computations were carried out on high speed electronic 
digital computers (IBM 704, 709). 

This point of view we have taken, implicitly, from Pekeris 

''T. Kinoshita, Phys. Rev. 105, 1490 (1957). 
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TaB_e I. Results of calculation according to Eq. (8 
using 18-parameter function for Yo. 


No. of terms in y; w(0) w (4) w(15) w(50) 
2.93420 
2.99749 
3.00018 


3.00048 


0.85916 
0.87528 
0.87622 
0.87636 
0.87638 


0.31150 0.103874 


0.109542 
0.111062 
0.111658 
0.111889 
0.111980 


Extrapolated to « 3.00051 0.87638 0.11204 


creases. This will be discussed further in the next 
section. 

By a slight modification of the program [replacing 
the operator ¥ in (8) by r] we were able to calculate 
accurate values of the static polarizability (at k=0). 
For the, ground state of helium we find a=0.2050 
+0.0001 A*’, to be compared with the most recent 
measured value of 0.207+0.001," and for the negative 
hydrogen ion a=26.8+0.4 A*. Earlier calculations 


of the latter gave only about one half this value. 


HIGH k VALUES 


As k goes to infinity the integral k/(k)dk diverges, 
and while the divergence is subtracted out in our 
desired answer (7), we cannot do this numerically. 
The asymptotic behavior of y for large & is easily seen 
from Eq. (6) and we set 


Wi=—(1/k) WP Wot U, (11) 


for k& values larger than some k. Substituting into (8) 
we have 
1 2nZ a 
J(k)=-XV)— Wo2(O)+a(k), RER, (12) 
k k? 


where w is the stationary value of a new variational 
problem. 


v4 U|Ey—-H—k|U). (13) 
3 


The integral (““kdk w(k) now converges, but not very 
rapidly. If we attempt to continue the expansion for 
k— ~ of ¥; [from (6)] or alternatively of J(&) [from 
(4) ], the next term in (12) is C/’, where C is infinite 
for s electrons. Looking back at the explicit solution 
for J(k) in the one-electron atom,® we see that the next 
terms in (12) go as k-' and k- Ink. 

The reason for this strange behavior is that while we 
try to expand in inverse powers of k for k > ~, there is 


12 This value from L. Essen, Proc. Phys. Soc. (London) B66, 
189 (1953), is just slightly outside agreeing with our value. 
Recently, however, Johnston, Oudemans, and Cole, J. Chem. 
Phys. 33, 1310 (1960), gave a more accurate measurement of 
«=0.2068+0.0002 A? which seems to be in definite disagreement 
with our calculation. 

}See E. G. Wikner and T. P. Das, Phys. Rev. 107, 497 (1957). 
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a singularity in the defining equation (6) at r=0. The 
differential equation for U is 

: ZN ft; 
(Eo—H—k)U=— > —o, 
3 


k i=i7;' 


(14) 


and we must now write down an asymptotic solution 
for large k which is also well behaved at small r. As 
r;—>0 the important terms on the left-hand side of 
(14) are }V?2—4; and so we add to the obvious particular 
solution of (14) (for k—» ©) an approximate solution 
of the homogeneous equation (for k— 2, r— 0): 


a 8, N fi 
> —votconst > —e*r"'(1+yur;), (15) 


? =I 7 ir 


where b= (2k)?. 

For the constant we take +(Z/k*)Wo so that the 
r~* singularity in U is cancelled; yet the extra added 
term goes to zero exponentially fast as k— @ for all 
r>0O. Furthermore, (15) has no r~ term (for r— 0) and 
it can easily be seen that combining with the term 
extracted in (11), the entire function y; goes as r' as 
r— (0, which is just the way a p-wave should behave. 
Substituting 


r 
[i-e “"i(1+ur,) Wo, w=(2k)', (16) 
Ly; 


into (13) and looking at the leading terms as k— =~, 
we find 


ZN dvp lr) fe - 
w(k)~—| > f [ pee. »rtconst], (17) 
RL i= 4n 


where f;(r7)= (dQ; [dvi Yo,” is the radial one-electron 
density. By performing the obvious partial integrations 
in (17), we finally find 

Z 


w(k) ~ 


© N 
Zz. p (O)[ (2k)'—Z Ink+C ], 
k “2 B3 =} 


(18) 


where the two strange terms appear simply with the 
same coefficient as the &-* term in (12). By proceeding 
somewhat farther we have determined the coefficient 
C of all k-* terms: 


2Z(4 In2—4—0.5772--- 


1 VY £9 Vv a d*p,(r) 
+ — : )- : % f dr \nr— 
DY pO) * iximirty,3 iJ, dr 


1 
= 2Z (4 In2+4—0.5772---)-4 


r > A:(0) 


| N r, 2 
< finite part of ( cS 


‘ ri" | 
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TABLE II. Results of calculations according to (13) using 
18-parameter function for Yo. Numbers in parentheses represent 
uncertainty in last digit given due to internal inconsistency of 
the numerical solution. 


No. of 


parameters @(50)/4 300) /4 (3000) /4 


4.4893 (0) 
4.8355 (0) 


2.4207 (0) 
2.6010 (0) 0.9880 ( 
0.95 


0.94 6 


1) 
5) 


4.8370(0) 2.6045 (0) 


We have checked these results against the expansion 
of the exact formula for /(&) for the one-electron atom,® 
and we shall use the results as follows for helium. 

Variational calculations for @ according to (13) are 
carried out up to some very large value of &, call it K, 
at which (18), (19) become sufficiently accurate. 
Taking note of the functions involved in the preceding 
analysis, we use as a basis for the trial function U the 
following : 


U=D Cimmti2'titi™ ‘Te"e }a’(rgt+dr 


1 and 


+(1<>2), (20) 


where we use terms both with A 2(2k)4/n’. 
Some results are shown in Table II. 

The value (50) when put in Eq. (13) gives J(50) 
=0.11205 which agrees excellently with the value 
shown in Table I. The values at &=300 are also seen 
to converge nicely, apparently accurate to better than 
one part in 10°. The numbers shown at &£=3000 are 
rather typical of the poor results obtained at very high 
k values. Here the results at 36 and 48 parameters 
are poorer than those at 24 parameters (remember we 
are computing a lower bound). Apparently at very 
large & the matrix involved in the solution of the 
linear equations 


Ax=b, 


(A, matrix; x, b, vectors) is somewhat singular, so 
that numerical round-off errors accumulate in the 
solution for x. The internal consistency is measured by 
the difference between 

xb, 
and 


V=x-A-x, 


and this discrepancy is shown in Table II along with 
the quoted values of 


2U-—V. 


In spite of the growing errors (which presumably 
could be overcome by more elaborate computing 
techniques), we will still be able to get a very accurate 
final value, since the contribution to the final_integral is 
getting smaller as & increases and we have the series 
(18) as a guide. 

The value of the constant C computed with the 18 
parameter function is 5.18 and the other constants are 
(V*)= —6.12573, 4nf(0) = 3; (0) = 45.4971. 
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TABLE LIT. Results of test calculation for hydrogen 1S state. 


Fractional 
error 


1/10 
1/40 000 
1/5000 
1/1000 


w exact 


0.83058224 
0.39507764 
0.23055 
0.10621 


w computed 


0.8305816 
0.3950658 
0.230499 
0.106091 


Fractional 
error 


<1/108 
<1/10° 
<1/104 
1/500 
1/200 


k km exact k*@ computed 
40 321245 2.321245 
200 0.61970 
1000 0.30942 
4999.5 0.14729 


0.31003 
0.14800 


RESULTS 


Table III shows computed results for hydrogen. In 
our programs the e?/r;. term was deleted and the 1s” 
state was used for Wo. The “exact”? values shown in 
this table are gotten either by explicit evaluation of the 
integral representation of /(&) given in reference 6 or 
from the asymptotic expansion of that integral (for 
Z=1): 

4.V 


(37°+3) 
w(k)= 


(2k)'—Ink+ (3 In2—1)— 
RL (2k)! 


2Ink [9/2—6 In2—¢(3) ] 
+ se 


+ 


k k 


calculations at 
50 we have numerically 


For helium, with the results. of 
35 points from k=0 to k 


integrated 


fetes 245.153, 


and if we add the increment from extrapolating each 
calculated value (to % number of parameters) we get 
So = 245.204+0.017, where we have taken the un- 
certainty as one-third of the extrapolation. 

For the high & values we have used calculated values 
of @ from k=50 to =1000 shown in Table IV. Here, 


TaBLeE IV. Computed results and extrapolated values for 
7/4 for high & values using 18-parameter yo for helium 1S. The 
numbers 24, 36, 48 are the number of parameters used in the 
variational calculation. 


w/4 


extrapolated 


v/4 
(48) 
5.61499 
4.83553 


5.61661 
4.83704 


5.6171+0.0005 
4.8375+0.0005 
4.4579+0.0010 
4.1687+0.0010 
3.8698 +0.0006 
3.4465+0,.0015 
3.0325+0.0019 
2.6056+0.0012 
2.1899+0.0028 
1.8669+0.0038 
1.6110+0.0026 
1.3875+0.0060 


4.45690 

4.16765 
3.86751 3.86924 
3.44498 
3.03055 
2.60098 2.60448 
2.18711 
1.86311 
1.60050 1.60841 
1.3815 
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since we do not have many points (at each &), the 
extrapolation is a crude guess and the uncertainty is 
taken as the full amount of this extrapolation. We then 


get 
1000 kdk w(k) 
0.7942, 
Y59 4r*(0) 
with an uncertainty +0.0005 from the extrapolation 
at each & value and another uncertainty of +0.0002 
from the numerical integration. 


For k> 1000 we use the asymptotic formula: 
w 4 
4mp2(0) 3 


and by comparison with the above expansion for 
hydrogen with k — k/4, namely, 


D 
| (2)!—2 nk+5.184 to 
Jk 


(2k)§—2 Ink+4.93—19.2/\/k+---, 
—20+3. Then 


* kdk w(k) 
f = 7.3578 — 0.0553 +0.0127 
1000 4mp*(0) 


we set D= 


+ (—0.0017+0.0003) + - - - 


0.3135-+0.0007. 


where we have added an uncertainty of +0.0004 to 
cover the unknown following terms of this series. Our 
final calculated value is now 


245.204+0.017 


50 6.12573 
(Inko)eat 


+-1nsd 


45.4971 
+0.7942+0,.0007 +0.3135+0.0007 
= 3.6772+0.0018. 


We need now only assess the accuracy of the 18- 
parameter function used for the ground state. By 
comparing various integrals over this wave function 
with values either known theoretically or given more 
accurately by Pekeris, we give an additional uncertainty 
of 5 parts in 10‘. Then adding In2 to convert back to 
rydberg units: 

In[ko/ ry ]=4.370+0.004. 

Previous calculations have given 

4.39+0.2 (Kabir and Salpeter) 
3740.03 (Dalgarno and Stewart)" 
(Zaidi)'® 
Combining with Pekeris’ results we have for the 
ionization energy of He, J:,= 198 310.685+0.005 cm™! 
and the experimental value J.x)= 198 310.82+0.15. 


389+0.010 


4A. Dalgarno and A. L. 
A76, 49 (1960). 
18M. Zaidi (private communication). 


Stewart, Proc. Phys. Soc. (London) 
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One might add a further theoretical uncertainty of 
not more than +0.005 to cover as yet uncalculated 
terms. 
The Lamb shift in helium is verified within about 
10%, which is the present experimental uncertainty. 
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APPENDIX I. REPRESENTATION OF ANGULAR 
MOMENTUM STATES 


Breit!® has given a general analysis of the angular 
momentum eigenstates for 2 particles in a central field 
and has written down the functions for P states. How- 
ever his method seems rather awkward when applied 
to states of higher ZL and we give here an alternative 
approach. 

A state of 2 particles coupled to a total angular 
momentum L, s component M may be written as 


W(r,.r.; L.M > ¥il2,L,M) fnte(rnyre), (A.1) 


ilom. LM) 
(A.2) 


1 
} 


n specified / values for 
particles 1 and 2. The sum in (A.1) is too extensive and 
ish to reduce it by extracting functions of the 


‘ ‘ 
- vector-coupled State wit 


T12> | Fy Pe 


to be combined with the f(r;,r2). 
We make use of the following formula: 
ry: re (11,J2,LM)=C,.9(1,+1, l2+1, LM) 
+C, (1,41, 1,—1, LM) 
+C_.W(l,—1, 12+1, LM) 


+C__W(l;—1,l2—-1, LM). (A.3) 


It is obvious that these 4 terms give the complete 
reduction, remembering the selection rules for the 
vector r, (Al; =+1 ); and for the scalar 


r:re(AL=AM=0). 


Formulas for the coefficients C may easily be written 
down, but for our construction we need note only the 
following obvious property: Any coefficient C will 
vanish unless both the original state, W(l;,l2,L), and 

Phys. Rev 


35, 569 (1930). 
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the state it multiplies, Y(/;',/2",L) exist; ie., C0 only if 
h-l| S<L<h4+h, 


ee Be Ps </ 


We want to use (A.3) to reduce the terms with largest 
l values to terms with lower / values, introducing 
r,\:re. Thus, we will be able to rewrite the original 


expansion (A.1) in the form 


W(1,82,L,M) (A.4 


¥ Wile, L,M)F ye(r,ren 


involving only a small set of values {/,,/2} for which 
the reduction cannot be further. From the 
rules above, we see that the irreducible pairs {1,1 } 
are those values which satisfy 


carried 


(A): I+, 5 or (B): Litl, L-+ 1, 
L—-le| <L. 
(2L+1) 


this agrees with 


with the added restriction 
Thus, there are only 
needed (for each M); 


angular functions 
sreit’s result 
Furthermore, we can easily classify the states according 
to their parity, which is just (—1 -1 
(A) and 
further simplification occurs when we symmetrize the 
wave function, since 


and the 


two classes (B) are clearly distinct. A still 


These two properties (parity and exchange symmetry 

are quite complicated in Breit’s description. 
Examples: L=0. 
We have only /; 0, even parity, 


W (38°) = F (ry ro ry) EF (ror 12 


and we will write F(re,r1,r12) =F (ry,r2,riz). 


L=1, 


Odd parity: (/1,/2)= (0,1), (1,0) ; 


Even parity: (/;,/2)= (1,1). 


Using Cartesian vector notation [instead of r 


Vim(9,o) |, we can write 


] 


W()8Po) = 1, F rob 


V(' Pe) 


rXro[F F F ; 
The above results are given by Breit, but we 
proceed easily to higher L. 
L=2, 
Even parity: (1;,/2) = (0,2), (2 
Odd parity: (/:,/2)= (1, 
V()3De)= {rir} {r,r 
v ():3D) = {r1, ry Xr} Fa 
written {a,b}? 


where we have 
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second-rank tensor. For future reference we write 


down one more: 


{1 i,{f2,r2}?}9F — (re, { rri}?}°F 


+ {11,11,11)°G— { ro, 82,82} °C. 


W (3Fe) 


The general angular momentum functions here 
written down (somewhat symbolically) in Cartesian 
vector form can be constructed for example from the 
harmonic polynomials of an arbitrary vector, & as 
follows: 


Hp (&) 
bit, M) 
(ry V 5)" (42 Wy) u(E), 


ey; m(Gz,¢¢), 


(A.5) 


h+l.—1, M) 


(re Ve)? (XK re VA (E). (A.6) 


APPENDIX II. EVALUATION OF INTEGRALS 
Using wave functions of the type (10) we take 
derivatives in Cartesian form as follows: 

rT) Fi— f2 
Vv: (0,—0,)+ 


V3 


Then after taking inner products of vectors and 
re-expressing scalars as r1)= (s—1)/2, re=(s+é)/2, and 
r)-re=}(s'+f—2u*), we do the integrals over the 
Hylleraas volume element: 


r 8 
f ds [ udu f di(s*— {*) fees favs, 
“ 0 (4a)? 


yielding rational functions. 
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With functions of the type (20), we have 
r; oO m—r O 
Vi tT 


r, ory rio Orie 


and we average over cos,» as follows: 
> 


The remaining integrals are of the general form. 


zr x 
FI haD) dr e-#'r? { ds e~*8s>—a 
oJ ° 


which can be tabulated according to simple recursion 


(b21) 


formulas proceeding from small values of a, 6 (for given 
u, v). However, this is not always satisfactory. When, 
for example, uw<v, large cancellations may occur in 
this way and we must instead start from the series, 


(—pu/v)™ (m+b—1)! 


J 4,(a,b) > v 


m (m+a m! 


for the largest values of a (at each 6) and then iterate 
downward from (a,6) to (a—1, 6—1), ete. 
If on the other hand, p>yv, we 


single term, 
(a—1)! m a—1 mM ‘ 
P81) 
ue OE v e=1 S\pry 


and iterate safely to lower values of a and 6 (< 
For b>a-+1, the upward iteration 


} 


can start with the 


J,,(a, b a 


(b—2)! 
J (a,b) + (b—a—1)J (a, b—1) 


| b 
vl (u+v) 


is always safe. 
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Exchange polarization of core electrons by outer unpaired electrons has been calculated for 10 different 


atomic configurations of Li, Na, K, F, 


mation. Numerical integration techniques were used and accurate conventional Hartree-Fock 


Cl, Be, B, and N in the unrestricted Hartree-Fock (UHF) approxi 


HF) wave 


functions were also obtained for these configurations. The theory of atomic hyperfine structure in the UHF 
approximation is developed and the HF and UHF calculated values of the hyperfine coupling constants are 
compared with available experimental data. The importance of core polarization in solid state problems is 
briefly mentioned with particular attention to color centers. Finally, unsuccessful attempts to calculate cor 
polarization by perturbation expansion methods are discussed. 


1. INTRODUCTION 


N atoms in which one or more electrons belonging 
to outer shells are unpaired with respect to their 
spin direction, core electrons with spin parallel to that 
of the unpaired electrons experience stronger total 
exchange forces than core electrons of opposite spin. 


} 


the 
“core polarization” results in nonzero values of the 
quantities, 


This exchange polarization of core electrons or 


} 


Prns= Whst Q) ?— Wrst 0) 2, (1) 


for each pair of s electrons in the atomic core, and 
these contribute to the Fermi contact term of the 
hyperfine interaction. The importance of such con- 
tributions has been recognized in the theory of atomic 
hyperfine structure,’~* in the Knight shift in metals,° 
and in hyperfine fields in ferromagnetic materials.*~* 
In this paper investi- 
gations of exchange polarization in atoms by the 
unrestricted Hartree-Fock (UHF) method in which 
electrons of the same m and / but different m, are 
allowed to have different radial wave functions.?-9!° 
The method of calculation is described in the next 
section, followed in Sec. 3 by presentation and dis- 
cussion of the results. The theory of atomic hyperfine 
structure is developed in Sec. 4, and the calculated 
results are compared with available experimental data. 
In Sec. 5, the importance of core polarization in solid 
state physics is briefly discussed. Finally, Sec. 6 
an unsuccessful attempt to core 
polarization by perturbation expansion methods, the 
reasons for its failure being of interest in connection 


are described the results of 


describes calculate 


* Now at the Atomic Energy 
England. 

1 R. Sternheimer, Phys. Rev. 86, 316 (1952). 

2G. W. Pratt, Phys. Rev. 102, 1303 (1956). 

3V. Heine, Phys. Rev. 107, 1002 (1957 

*S. M. Blinder, Bull. Am. Phys. Soc. 5, 14 (1960). 

5M. H. Cohen, D. A. Goodings, and V. Heine, Prox 
London) 73, 811 (1959 

®W. Marshall, Phys. Rev 

7D. A. Goodings and V 
1960). 

8A. J. Freeman and R. E 
1960). 

* J. H. Wood and G. W 

© R. E. Watson and 
1960): 120, 1134 (1960 


Research Establishment, Harwell, 


Phys. Soc. 


110 
Heine, 


1280 (1958). 


Phys. Rev. Letters 5, 370 


Watson, Phys. Rev. Letters 5, 498 


Phys 
l'reeman, 


Rev. 107, 995 
Phys 


1957). 


120, 1125 


Pratt 


\. J 


Rev. 


with the general problem of perturbation expansions 
for core wave functions. 


2. METHOD OF CALCULATION 


The UHF calculations, the results of which are given 
in the next section, were performed by numerical 
integration methods on EDSAC 2, electronic 
computer of the Mathematical Laboratory at Cam- 
bridge. The method used to form and solve the self- 
consistent field equations is similar to that described 
at length by Hartree" except in a number of moditi- 
cations appropriate to a high-speed computer. These 
are described in some detail elsewhere. 

In order to obtain core polarization values accurate 
to about three significant figures, it was necessary to 
calculate the individual wave functions to an accuracy 
of six significant figures over their entire range. This 
than 1% of 
a number of 


the 


is because the differences p are less 
Wrst (O) ? or Wres (O) 
atoms a rather large cancellation takes place among the 
pne from different shells (see Sec. 3). Clearly six-figure 
accuracy for a single one-electron wave function in the 
HF or UHF approximations is physically meaningless. 
Nevertheless, some significance can be attached to the 
calculated values of p,, in spite of the 
correlation effects because it is known from free electron 
theory that at electron densities such as occur in the 
cores of atoms, correlation effects are much smaller 
than exchange effects, particularly differences between 
electrons of opposite spin. 

Among the 11 UHF calculations reported here one can 
the nondiagonal 


and because in 


neglect of 


safely impose the conditions that 
Anit neit’S aNd Ants niis’s" 
and the ?P term of sodium. In both these 
they were also taken to be zero. The error resulting 
from this simplification is thought 
because the values of orthogonality 


'S are zero except for chlorine 
calculations 


to be negligible 


integrals in these 


flomi John 


4D. R. Hartree, The Calculation Structure 
Wiley & Sons, Inc., New York, 1957 

2>-P. A. Goodings, thesis, Cambridg 
(unpublished). 

8R. E. Watson, Technical Report No. 12 
Molecular Theory Group, Massachusetts Institute of 
(unpublished 


University, 1960 


State and 
Tec hnolog 


Solid 
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two cases were not very different from those in the 
other calculations. 

There is a practical difficulty in doing Hartree-Fock 
calculations by numerical integration procedures which 
should be mentioned. For some wave functions, par- 
ticularly those belonging to inner shells, the non-linear 
exchange term is so large at large r that it overpowers 
the other terms in the equation, with the result that 
the inward integration from large r fails to get started 
properly. No very systematic way was developed for 
dealing with this troublesome situation. However, at 
the expense of a great deal of computer time, the tails 
of the wave functions were extended out until the 
orthogonality integrals indicated that no significant 
error remained. 

Another disadvantage of the numerical integration 
method is that it is much slower than the analytic 
techniques used extensively by Watson™ and others. 
Nevertheless, in its favor is the ability to produce 
accurate solutions avoiding the difficulty of choosing 
sets of basis functions and assessing the error resulting 
from their being incomplete. For example, in their 
Ni?* calculation Watson and Freeman” remark that 
the basis set used would not allow for ‘subtle wave 
function behavior” either very close to the nucleus or 
in the outer part of the ion. In fact there is only one 
“d function” in their basis set which is suitable for 
describing the exponential behavior of the Ni®* 3d 
function at large r. Watson and Freeman do not esti- 
mate how much error in their core polarization value 
is likely to arise from this defect, and presumably such 
an estimate is difficult to make without a very thorough 
examination of the basis set. The discussion in Sec. 6 
supports the contention that accurate results depend 
on the basis set having been chosen very carefully. 
Unfortunately the present series of calculations does 
not provide a comparison between the methods." 

Finally, attention should be drawn to the important 
fact that the total UHF wave function, Wuur, is not an 
eigenfunction of S*. A detailed discussion of this failing 
has been given recently by Marshall'® who has shown 
that, provided certain exchange integrals are small, the 
UHF results for core polarization can be expected to be 
accurate to a good approximation. The relevant ex- 
change integrals have not yet been evaluated for any 
particular case. However, from comparison with experi- 
ment one can guess that the UHF estimate of core 
polarization is likely to be accurate to within about 
25°% in most cases, although exceptions are likely to 
occur which can be recognized only by detailed study. 


'* Although the present investigation included Fe 3d*4s?, com 
parison of the HF calculation with similar calculations by R. E. 
Watson, Phys. Rev. 119, 1934 (1960) and by D. Mayers (un- 
published) revealed an error in the angular coefficients in the 3d 
radial equation. A similar error exists in the UHF calculation 
reported earlier? which might cause the calculated value of Heore 
to be in error by perhaps 20°%. I am grateful to Dr. Watson and 
Dr. Mayers for drawing my attention to this mistake. 

5W. Marshall, Proc. Phys. Soc. (London) (to be published). 
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TaBLe I. Core polarization results from UHF calculations 
(atomic units). 


Atom wa(0) |? 


0.2247 
~(0).0184 
0.7237 
0.0172 
0.1883 
0.1335 
0.6469 
0.0045 


Wep(0) |? 


0.0609 
0.0184 
0.0938 
0.0172 
0.1883 
0.1335 
0.1208 
0.0045 
0.034 

0.1629 


Term Pis 
Li *S 0.0609 
Li 2=P = —0.0184 
Be $p 0.0938 
= 0.0913 
Ss -0.7418 
i —0.5076 
ss 0.0463 
3d —0.0098 
= —0.211 0.113 0.034 

AY 0.0340 0.0409 0.8542 


0.1085 

0.9301 

0.6411 

0.0745 

0.0143 

0.132 
0.0880 


ORE POLARIZATION RESULTS 
AND DISCUSSION 


Let us suppose that in any given atom the unpaired 
electrons always have spin ¢. This assumption leads to 
unambiguous definitions for p,», and the following: 


la (0)|?=> [+]y¥.(0)|*], 


¥-p(0)(*= > 


ms pairs 


Dns, 


(npt |r| npt)= [ [ P?(npt; r)/r* \dr, (4) 


(npy|r-*| mpd) f [ P?(npy; r)/r° |dr. (5) 


The summation in (2) is over all electrons in the atom 
or ion with the plus sign taken for electrons with spin f, 
the minus sign for electrons with spin J. The importance 
of having defined these quantities and p,,, for configu- 
rations with unpaired electron spins ¢ will be seen later. 
In the HF case, the quantity corresponding to (4) and 
(5) is (np|r-*|np). When it is immaterial whether the 
HF or UHF case is being referred to, the general symbol 
(r-) will be used for this matrix element. 

The HF and UHF calculations have been carried out 
for 10 different atomic configurations. The results relat- 
ing to core polarization and atomic hyperfine structure 
are given in Tables I and II. Normalized wave functions 
and other data are fully recorded elsewhere.” 

There are a number of interesting features about the 
results in Table I. Most obvious is the large cancellation 
among the p,,’s which exists in many cases. Although 
known to be unsatisfactory (see Sec. 6), perturbation 
expansions for pns and p»’, can be made to show rather 
crudely the origin of this effect.2 The expansions, 
although unreliable, also offer some explanation of why 
no explicit cancellation is visible for the *S terms of the 
alkali atoms. For, the term which cancels in the 
expansion of p;, has a value of only 5% of p;, for sodium 
compared with 50% of p;, in the case of fluorine. 

Undoubtedly the most striking feature of Table I 
is that when the unpaired electrons are of s type, all 
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Tae II. Calculated hyperfine structure parameters. 





° 


valO va(0) i 
case UHF case 


0.2247 
—0.0184 
0.7237 
0.0172 
0.1883 
0.1335 
0.6469 
0.0045 
0.034 
0.8542 


Atom lerm 
29 0.1637 
2P 0 

P 0.6296 
2p 0 
45 0 
2p 0 
2S 0.5667 
P 0 
2p 0 
S 0.6879 


Bas S are positive, whereas for unpaired electrons of p 
or d type p».’s for inner levels are negative, becoming 
positive for outer levels. This latter observation was 
used in considering metallic iron,’ for it was reasoned 
that if the atomic 3d functions were to be slightly 
expanded, p;, would behave more like an “inner” level, 
i.e., decrease, as was found to be the case. However, 
the reason why exchange polarization by s electrons is 
basically different from p or d electrons is not very well 
understood. An explanation in terms of “exchange 
difference is unclear. 

Another observation drawn from Table I is that the 
ratio pi,/p2, in boron, nitrogen, and fluorine is very 
nearly the same. This provides a rough means of esti- 
mating core polarization in other atoms with an in 
complete 2p shell. Likewise, the ratios which the Pn 
bear to one another are remarkably similar for different 


potentials” 


elements in the iron series. 


4. CORE POLARIZATION IN ATOMIC 
HYPERFINE STRUCTURE 


4.1. Theory in the HF and UHF Approximations 
Phe 


he nucleus of an atom 


ype rfine interaction between the electrons and 
has two parts; the dipole-dipole 


interaction between the magneti 
orbital and spin magnetic moments of 


moment of the 
nucleus and the 
he electrons outside the nucleus, 


l,—s; $.°T)T; 


and the Fermi contact term arising from electrons 


penetrating inside the nucleus, 


167 pnuB 


Here y, is the nuclear magnetic moment and J is the 
nuclear spin. The contribution of each interaction to 
the hyperfine coupling constant is conveniently found 
J, M,=J). Using the Wigner 
MiiMs) representation, and 
operator Z ¥.(0) * is diagonal in 


by ( onsidering the state 
transformation to the 


noting that the 


(np r-3 np) 
HF case 


(npt\r-* | npt np) r 


/ sinpl 
UHF case UHI 


case 


0.05861 
0.2951 
0.7819 


0.05856 
0.2952 
0.7756 
7.544 7.706 
0.1675 
6.783 


0.1675 
6.679 


M x, one obtains 
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a.= Z. 


3 IJh MiMs 


(LSM .M gs 


X(M iM s\> siz! (0) 


Te an : 
a@a=— 5 > 


— 
TJh MiuMs Mu'Ms’ 


(LSM LM 5\ JJ 


x (LSM i'M! itu em 


Now let us suppose that the electronic configuration 
and the term of the atom in question are specified, i.e., 
n and J quantum numbers for all the 
states and total 1 and S quantum numbers are known 
Then for the particular J level under consideration, 
one can assign m and m, quantum numbers to the one 
+Ms=J, and 


wave- 


one-electron 


electron states in such a way that M 
from these states one can form a determinantal 
function V(M_M s) of HF or UHF type. In general ther 
will be more than one way of assigning m and m, values 
to satisfy M;+Ms=J, way rise to a 
separate determinant. Thus in the HF or UHF approxi 
mation, the states |M;Ms) appearing in (8) and (9 
are determinants found in this way. 

The matrix elements in (8) and (9) are worked 
out using the theorem for linear one-electron operators.!' 
For the particularly simple and important case J = +S 
where the summations in (8) and (9 
term, one obtains 


each giving 


eCashy 
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D> ms; pi(O) 


TJ 


SE. U 


S pectra 


H. Short] 


Press 


and G. 


niversity 


Condon 
Cambridge | 
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Tas_e IIT. Angular integrals on. 


? 


| J Vis (A,o) 2(1—3 cos’6) sindédd. 


Values of o1, up to /=3 are given in Table III. For an 
HF determinantal wave function it is easy to see that 
closed shells give no contribution to a since the m; add 
to zero in (11) and spin pairs cancel each other exactly 
in (10) and (11). However, in the UHF case, closed shells 
(in fact, owing to spherical symmetry, closed sub-shells) 
still give a zero contribution to aa, but it is possible to 
obtain an important contribution to a from 
polarization. 

A number of different cases will now be discussed. 


(12) 


core 


4.2. The Alkali Atoms 


In the alkali atoms the core is polarized by EXC hange 
with the valence electron. For the 2S ground state the 
valence electron is of s type and a is simply, 


167 unup 


W1(0) 


(13) 


Pe 


For the HF ¥a(0),* is the valence electron 

Wns(0)/*, while the UHF case contains in addition the 
core polarization contribution. It should be noted that 
it is immaterial whether the valence electron has spin ¢ 
or J provided |W4(0)|? is defined according to the con- 
vention of Sec. 3. 

The HFS constants obtained from the HF and UHF 
calculations for the 2S ground states of Li, Na, and K 
are given in Table IV where they are compared with 
the experimental values of Kusch and Taub." The 


Case 


TABLE IV. The hfs constants for the 28 term of the 
alkali atoms (Mc/sec). 


Li’ Na* K* 
885.80 


669 (76°) 
764 (86° 7) 


230.862 
143 (62°7) 
178 (77°; 


expt 401.786 
aur 284 (71°) 
QuHF 390 (97° ©) 


Configuration interaction 
calculation : 

Nesbet!8 397 (98.8°; 
Calculations from 
empirical potentials: 
Jones and Schiff! 
Kohn” 

K jeldaas and Kohn? 


246 (61°) 
387 (965 


623 (70%) 
‘) 


808 (91%) 


17 P. Kusch and H. Taub, Phys. Rev. 75, 1477 (1949). 


POLARIZATION EFFECTS IN 


hfs 1709 
percentages in brackets refer to the experimental values. 
Here and elsewhere only the most important isotope of 
each element is used for comparison. Also included in 
the table for comparison are the results of a configu- 
ration interaction calculation by Nesbet'’ and a number 
of calculations based on empirical potentials.'*~*! 

The UHF calculation for lithium is in excellent agree- 
ment with a similar calculation by Sachs” who used 
analytic wave functions. Sachs also reports the result 
of projecting unwanted symmetry components out of 
the UHF wave function. However, Marshall'® has shown 
that this procedure is misleading as the projection 
scheme not only removes components of undesired 
symmetry but also greatly reduces components of 
desired symmetry. 

It can be seen that including core polarization gives 
substantial improvement (10-25°%) in the value of 
W4(0) |? over the HF case. We also note that the agree- 
ment of the UHF results with experiment becomes 
progressively worse in going from lithium to potassium 
indicating that the error due to neglecting correlation, 
mainly in the value of y,,(0) * for the valence electron, 
becomes more important for heavy atoms. 

Let us now consider the ?? terms in which the valence 
electron is of p type. In the J=4 level the 

J=%4,M,=}4) is composed of the two determinantal 

states |M,=1Ms=—3) and |M,=0, Ms=}). The 
first determinant is made up of closed shells and the 
one-electron state (mply 
shells and the state (mp0). It can be seen from (9) 
that these determinants will be mixed by the terms 
in the dipolar operator. But although 
the unpaired spins are oppositely directed in these 
determinants, the defining of <(nptir*\npt) and 
npy r-* npJ) for configurations in which the unpaired 
spins are t means that no term of the form (npf|1r-4| npy) 
cur. One obtains 


state 


while the second has closed 


$27; and S;_r 


appears in the expression for (dai.2 


16 umal T 


npt r\npt)—— val) |? (14) 


(d1/2)UHE 


TABLE V. The hfs constants for the ?P term of Liand Na (Mc/sec). 


Li Na” 


18.5 
94.45 


UHI 


not measured 
not measured 


case UHF case HF case case 
ul 

12.¢ 
14. 
63.0 
61.3 


Ii8R. K. Nesbet, Phys. Rev. 118, 681 (1960) 
> H. Jones and B. Schiff, Proc. Phys. Soc 

1954). 

7° W. Kohn, Phys. Rev. 96, 590 (1954). 
21'T. Kjeldaas and W. Kohn, Phys. Rev. 101, 66 (1956). 
2 LL. M. Sachs, Phys. Rev. 117, 1504 (1960) 


(London) A67, 





nPStiy 
3P of Na 
¥P of K 
¥P of K 
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TaBLe VI. (npt|r-3|npt) and |¥4(0) |? from experiment. 


\d3 aexpt 
(Mc/sec) 


18.5 +0.6 
5.70+0.3 
1.97+0.1 


(a 2)expt 


(Mc/sec) 


94.45+0.5 
28.85+0.3 


(npt |r? \npt) 
(atomic units) 
0.251+0.002 
0.434+0.008 
0.138+0.003 


Wa(0) |? 


(atomic units) 


—0,0008+0.0015 


0.0009+0.0044 
0.0021+0.0016 


For the J= 3 level, (10) and (11) can be used directly 
giving, 
16 unus 


Sr 
alata? 7 | (not er n+ lao) (15) 


S) 


The HF expressions are of course readily obtained from 
(14) and (15) by making radial functions the same for 
both spin states. 

Of interest is the fact that (@e1,2)unr=— 
This is a consequence of the sum rule, 


(de3 o) UHF-. 


~ ba 


WVLMs 


> JMyz'| Op|JMz)= +Ms.Mzs 
J 


x(MiMs|Op|MiMss), (16) 


which holds for any operator Op diagonal in the 

MMs) representation. Since }°; s;.|p:(0)|? is such 
an operator, the result follows from the fact that for 
M,=} the matrix elements on the right-hand side 
cancel exactly, the unpaired electron having opposite 
spin in the two cases. 

Values of a;. and a3 2 from the HF and UHF calcula- 
tions are given in Table V along with the experimental 
results for sodium.” ** To understand why the agreement 
with experiment is not very good, the following analysis 
is helpful. 

If both the n’P;,. and n°P;. states have been meas- 
ured, Eqs. (14) and (15) can be solved for (np |r| np?) 
and y.4(0) *. The resulting values for the lowest ?P 
state of sodium and for the two lowest ?P states of 
potassium are given in Table VI along with the experi- 
mental values.”*-*’ It can be seen that for experimental 
data comparable in accuracy to that given in the table, 
this procedure is likely to yield a value of (npt | r~*\ np) 
accurate to within about 2%. However, core polari- 
zation values estimated in this way are highly de- 
pendent on the accuracy of the experimental data and 
consequently are of little value. For example, no 
significance can be attached to the negative signs 
obtained for the first two values in the table. 

The reason for the poor agreement with experiment 
of the calculated a,’s of sodium is now clear. The calcu- 


%M. L. Perl, I. I. Rabi, and B. Senitzky, Phys. Rev. 98, 611 
(1955). 

* J. M. Dodd and R. W. N. Kinnear, Proc. Phys. Soc. (London) 
75, 51 (1960). 

26 P. Buck and I. I. Rabi, Phys. Rev. 107, 1291 (1957). 

%6 G. J. Ritter and G. W. Series, Proc. Roy. Soc. (London) A238, 
473 (1957). 

27 W. N. Fox and G. W. Series, Proc. Phys. Soc. (London) 77, 
1141 (1961). 


lated value (3pt|r-*|3pt)=0.168 is only 67% of the 
value in Table VI. This is due to neglecting correlation, 
the inclusion of which would most affect the outer p 
shell, of relatively low electron density, making it more 
compact. Because of this and the indication that the 
calculated |W.4(0)|?=0.0044 for sodium is too large, 
one cannot place much confidence in the UHF predic- 
tion that a3). is negative for lithium. 


4.3. Halogen Atoms 


The ?P ground term of a halogen atom is character- 
ized by a hole in the outer p shell. To avoid confusion 
we shall refer not to the hole but to the unpaired p 
electron (assumed to have spin ¢) as polarizing the core 
electrons by exchange. A development similar to that 
which led to (14) and (15) gives, 


16 unuaf 7 
(@1/2)uHF= —= Pras rnp) 
3 


3 7 
+—(npt |r| npt)——| pa (0) a (17) 
10 3 


16 “el S3 


(npy|r-*| py) +- vail} (18) 
] 


(a3;2)uHF=— — 
15 


The calculated HF and UHF values of the different 
hfs constants for F” and Cl* are given in Table VII 
along with available experimental data.?*-” The meas- 


TABLE VII. The hfs constants for the ?P term of 
F and Cl (Mc/sec).* 


J =} state J=j 
Fs cps FIs 
Experimental data: 

a, tee tee 149+3 
ada sae tee 2010.0 oe 
a -++ 1037.19 see 205.29 
‘alculated values: 
aur 10 086 

(4.)UHF —187 —5.0 

(da) UHF 9931 919.4 
QunF 9744 914.4 (88%) 


930.0 (90%) 2017 (100%) 186.0 (91°%) 
187 (126%) 5.0 

1954 (97%) 181.7 

2141 186.7 (91%) 


* Note: percentages in brackets refer to the experimental values. 


28H. E. Radford, V. W. Hughes, and V. Beltran-Lopez, Bull. 
Am. Phys. Soc. 5, 272 (1960). 

*L. Davis, B. T. Feld, C. W. Zabel, and J. R. Zacharias, Phys. 
Rev. 76, 1076 (1949). 

” J. G. King and V. Jaccarino, Phys. Rev. 84, 852 (1951). 
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TABLE VIII. Hfs constants for *P» state of Be and ?P;/2 state of B (Mc/sec). 


Be® 
124.63 

UHF case 
Ae2 — 98.8 —113.5 
ade —8.8 —8.8 
a2 . —122.3 


% of experiment 98% 


(d2)expt 


Calculated values HI case 


urement of 4,32 for fluorine by Radford ef al.,?° is of 
particular interest as it is the most direct measurement 
of core polarization available at the present time. The 
UHF calculation gives a value which is 25% larger. This 
may be partly due to neglecting the perturbing effect 
of the neighboring ?P;. level on the ?P3 level, as 
mentioned by Radford et al. However, it seems likely 
that the main source of error is the incorrect symmetry 
of the UHF determinantal wave function. 

Again it should be noted that the agreement with 
experiment is less good for chlorine than for fluorine. 
The 3p shell of chlorine has a larger mean radius and 
therefore a lower electron density. Thus, in accordance 
with work on free-electron gases, correlation effects are 
expected to be more important in this case. 

It is of interest that the first attempt to calculate 
the effect of exchange polarization was made for 
chlorine by Sternheimer! who employed a perturbation 
expansion approach for the dipolar part only of the 
hyperfine interaction. He obtained corrections to (r~*) 
of +1% and —6% for the ?P;. and ?P3,. states, re- 
spectively, compared with —1% and —2%, respect- 
ively, given by the present calculation (omitting the 
contact term). 


4.4. Beryllium, Boron, and Nitrogen 


The ground state (48 term) of nitrogen can show no 
hyperfine structure in the HF approximation, but one 
would expect a large exchange polarization effect to 
account for the observed splittings. Accordingly, a UHF 
calculation was carried out. The resulting value of 

¥.4(0)\?, however, was found to be almost twice the 
value expected from the experimental hfs data. In 
attempting to explain this puzzle, UHF calculations 
were carried out for boron and the *P term of beryllium. 
It is convenient to discuss these latter calculations first. 

Having estimates of core polarization for the ?P and 
°S terms of lithium, it is of interest to make from them 
an estimate for the *P term of beryllium in which both 
a 2s and a 2p electron lie outside the 1s core with their 
spins in the same direction. 

Assuming that exchange polarization from the s and 
p electrons is additive, and also that the fractional 
change pi./|Wi.(0)! due to a single unpaired 2s or 2p 
electron is the same in both lithium and beryllium, one 
obtains for beryllium the estimate p:,=0.106. As the 
UHF calculation gives a value p;,= 0.094 these assump- 
tions appear to be quite reasonable. The calculated HF 


B! 
366.08 


JHE case 


(di /2)expt 
Calculated values HF case 
—8.2 
356.5 
348.3 
95% 


e1/2 0 
aai/2 353.6 
a1/2 353.6 


% of experiment 97% 


and UHF values of a2 obtained from (10) and (11) with 
J =2 are compared in Table VIII with the experimental 
value of Lurio and Blachman.*! The result of including 
core polarization in a, is to increase a, by 12% giving 
good agreement with experiment. 

The ?P12 ground state of boron has been measured 
by Lew and Title.” The calculated values of a1)2, ob- 
tained from (14) with m=2, are compared with the 
experimental values in Table VIII. One can see that in 
the UHF case the negative core polarization contribu- 
tion is partly compensated for by the increase in (r* 
over the HF case. 

Let us now use the UHF results for boron to make a 
rough estimate of |y4(0)\? for the “S term of nitrogen 
in which there are three unpaired 2p electrons outside 
the 1s and 2s core. The reasonableness of our estimate 
of pi, for beryllium from the 2S and ?P terms of lithium 
gives support to the simple picture that the fractional 
change in py,/|W1e(0)| and po,/|~2,(0)| for nitrogen is 
about three times that in boron. This leads to an 
estimate of |W4(0)|2=0.32 for nitrogen. However, this 
method of estimating rather badly upsets the ratio 
Pis/p2, Which in Sec. 3 was noted to be very nearly 
constant for the UHF calculations of B, N, and F. Owing 
to the large cancellation between p;, and ps2, it might be 
preferable to keep this ratio constant. This gives an 
estimate of |W4(0)|?=0.16. 

The fact that the first estimate of W.(0),* is twice 
the second shows that one has little hope of estimating 
it very closely by such rough methods. Nevertheless, 
from the way in which they were obtained, the values 
of 0.32 and 0.16 represent rough upper and lower bounds 
and one might expect the value of w(0)|? to lie 
somewhere between them. The UHF calculation for 
nitrogen gives |W4(0) ?=0.188 and therefore appears 
to be satisfactory in the sense that it is reasonably 
consistent with the UHF calculations for boron and 
fluorine. 

However, as mentioned earlier, the UHF value of 

¥i(0) 2 is almost twice the experimental result of 
Anderson et al. From (10) the UHF expression is 


167 unuR 
a3/2 > 


va(0) (19) 


9 


31.4. Lurio and A. G. Blachman, Bull. Am. Phys. Soc. 5, 344 
(1960). 

® H. Lew and R. S. Title, Can. J. Phys. 38, 868 (1960). 

3 .. W. Anderson, F. M. Pipkin, and J. C. Baird, Phys. Rev. 
116, 87 (1959). 





DD, A. 


constant for the 4S;2 state of N“ (Mc/sec). 


Contribution 
from po. Q3/2 


10.4509 
100.0 20.2 
43.7 7.3 
(positive) — 10.07 


Contribution 
from Ple 


Experiment 

UHF calculation 

Das and Mukherjee™ 

Blinder* 

Configuration inter- 
action** 8.5 


—79.8 
36.4 


negative) 


The calculated value is compared with experiment in 
Table LX. Also included in the table are the results of 
a variational calculation by Das and Mukherjee** 
which gave a reasonable result, and a perturbation 
calculation by Blinder.* Blinder appears to have 
expanded p;, and pe, in terms of the HF 1s and 2s eigen- 
functions. However, for reasons referred to in Sec. 6, 
this procedure is generally unreliable, and thus it is not 
particularly surprising that this calculation gave the 
wrong sign for a. 

The large UHF result remains puzzling. One would 
expect the hyperfine structure of this state of nitrogen 
to be a very direct measurement of the exchange 
polarization phenomenon. It appears, therefore, that 
the UHF wave function is inadequate for this case, and 
that to obtain a fairly good value, one must perform a 
proper configuration interaction calculation retaining 
the 4S symmetry. Such a calculation has been recently 
reported by Bessis-Mazloum and Lefebvre-Brion.*® 
Including only the two configurations (1s)?(2s)(2p)*(3s 
and (1s)(2s)*(2p)*(3s), they obtained a=8.5 Mc/sec, 
in good agreement with experiment. Since the con- 
figuration interaction approach is in general rather 
slowly convergent, and because of reasons referred to 
in Sec. 6 regarding the use of eigenfunction expansions 
for describing core perturbations, one would not have 
expected good agreement in this particular case. 


4.5. Iron Series and Higher Transition Series 


The importance of core polarization in transition 
series elements should be briefly mentioned. This was 
first revealed in the iron series by Abragam et al.*® who 
analyzed the experimental hfs data by the method used 
in constructing Table VI. The UHF calculation for 
iron of the present investigation, reported previously,’ :!* 
gave a value of y.,(0) * for Fe’+ about 25% larger 
than that expected from the analysis of Abragam et al. 

Comparably large core polarization effects are also 
expected in higher transition series such as the rare 
earths. For europium with a half-filled +f shell Sandars 
and Woodgate” have found negative values for the 

4 T. P. Das and A. Mukherjee, Bull. Am 

1960). 

3° N. Bessis-Mazloum and H 
251, 648 (1960 

% A. Abragam, J. Horowitz, and M. H. L. Pryce, Proc. Roy. 
Soc. (London) A230, 169 (1955). The sign of x for neutral Cu is 
incorrectly given as negative by Abragam et al 

37 P. G. H. Sandars and G. K. Woodgate, 

London) A257, 269 (1960 
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Lefebvre-Brion, Compt. rend. 
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hfs constants of the (4/)*(6s)? SS; 2 ground state. They 
state that admixture of °P;. and ®D;» states are of the 
wrong sign to explain the experimental results and 
conclude that the dominant factor is exchange polari- 
zation of the s core electrons. A similar explanation is 
likely to hold for the (5/)7(7s)? SS; ground state of 
americium recently measured by Marrus ef al.** 


5. CORE POLARIZATION IN SOLIDS 


Although the present paper is mainly concerned with 
exchange polarization in free atoms, the importance of 
the effect in solids should be briefly mentioned. 

A great deal of attention has been given recently to 
the study of hyperfine fields in ferromagnetic materials." 
It is plausible that the large negative effective magnetic 
field acting at the nuclei of Fe, Co, and Ni is predomi- 
nantly due to the contact interaction of core s electrons 
exchange polarized by the ferromagnetic d electrons. 
Estimates of core polarization from UHF calculations 
for atomic iron are not quite large enough to account 
for the experimental results.?>:"* 

Exchange polarization can also make an important 
contribution to the Knight shift in metals, because, in 
a magnetic field, the excess of conduction electrons with 
spin f over those with spin J polarizes the core electrons.’ 
In cases where the Knight shift is found to be nega- 
tive,* a negative core polarization contribution must 
predominate over the contribution from the conduction 
electrons. 

Finally, it should be mentioned that in analyzing 
electron spin resonance data for color centers, account 
should be taken of exchange polarization of neighboring 
ion cores by the electrons or holes associated with the 
center. Kinzig and Woodruff*' describe the hole 
associated with a V center or H center by an LCAO 
(linear combination of atomic orbitals) approach, 


y = pt Qgi= » Be (Cidp +nid 


where @p; and @s; are atomic orbitals from the ith 
halogen ion. Values of ¢; and n,; obtained from the experi- 
mental data lead to values of >-; (¢.2+7,2) between 1.5 
and 2.0 for LiF and KCI owing to the neglect of overlap 
in their model. It is interesting, however, that when 
exchange polarization is included, without changing 
the model in any other respect, the values of 
>: (© 2+n2) are reduced by 20% for LiF and 5% for 
KCl. 


(20 


6. CORE POLARIZATION CALCULATED BY 
PERTURBATION EXPANSION METHODS 


As the ratios prs/ Wns(O)|? are generally about 1% 
or less, one would think it should be possible to calcu- 


38R. Marrus, W. A. Nierenberg, and J. Winocur, Phys. Rev. 
120, 1429 (1960). 

* T. J. Rowland, J. Phys. Chem. Solids 7, 95 (1958). 

” A. M. Clogston and V. Jaccarino, Phys. Rev. 121, 1357 (1961) 

"W. Kinzig and T. O. Woodruff, J. Phys. Chem. Solids 5, 
268 (1958); 9, 70 (1959). 
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late core polarization by perturbation methods. How- 
ever, it is clear at the outset that the large cancellation 
among the ms levels which exists for many atoms affects 
the accuracy required in the calculation of individual 
Png Values. Roughly speaking, in order that |y.4(0)|? 
will be accurate to within about 50% the perturbation 
expansion must be capable of calculating each p,, to 
within about 10% of the UHF value. 

Preliminary hand calculations for lithium and sodium 
by perturbation expansion methods have been described 
previously.® A_ slightly different description follows 
which is exactly equivalent but has the advantage of 
showing more clearly the approximations which are 
involved. 

The radial wave equations for the UHF functions 
P(nst;r) and P(nsj;r) can be subtracted and the 
resulting expression simplified by making the following 
approximations : 


V (nsf; r)P(nst; r)— V (ns); 7r)P(ns}; r) 
V(ns;r)[P(nst;r)—P(nsg;r)], (21 
EnstP (ust; 7) — Ens P (nsf; 1) 
=F, P(nst; r)—P(ns};r) |+AEP(ns;1r), (22) 


XY (ust; r)—X(ns}; r) (23) 


(ns: #). 


Here V(nst;r) and V(ns};7r) are the UHF central field 
potentials and V(ns;r) is the corresponding HF po- 
tential; /:,, is the HF one-electron energy (negative and 
in rydbergs), AE=E,.t—Ensj; and the 
exchange term from unpaired spins computed from 
HF wave functions. With these approximations the 
“difference equation” becomes: 


E(ns;r) is 


(d> 22V(ns;r 


+ Fn. (LP (ust; r)— P(nsy; r) | 


+AEP(ns;r)=0. (24) 


P(nst;r)—P(ns};r) is now expanded in terms of an 
orthonormal set of functions Q;(r), each 
orthogonal to P(is;1r); 


basis 


P(nst; r)—P(ns};3r)= do. Ox (r). (25) 


By substituting, in (24), multiplying by Q;(7), and 
integrating over r one obtains a secular equation for 
the coefficients a, involving only E,, and integrals of 
the various Q;(r) and the HF functions V (ms; r) and 
&(ns;r). The order of the secular equation is, of course, 
equal to the number of Q;(r) included in the expansion. 
Then if lim,.ol P(ns;r)/r]J=Ans and lim,soLQx(r)/r] 
gi, solving the secular equation for the ax gives, 


2r) (>, agn). 


Pns= (Ans (26) 
Phe Qy(r) of (25) are so far unspecified beyond their 


being orthogonal to P(ns;r) and orthonormal among 


POLARIZATION EFFECTS IN 


hfs 


TABLE X. Perturbation calculation of p:, using the 
expansion functions (27). 


Number of 


QOx(r) } 5 6 
Li 84% 82.4% 81.99% 
Na , , 83% 80% 78.7% 
| 91.2% 
3 870; 


87‘ 93% 
76% 


Cl 1, 879 


( 


themselves. Near the nucleus they vary with r as r'*! 
with 120. Since Q;(r) with 121 do not contribute to 
Pns as given by (26) one might reasonably suppose that 
all such functions can be omitted from (25). (It will 
be seen that the present work leads us to question this 
assumption.) An obvious choice of functions fulfilling 

requirements are the bound eigenfunctions P(n’s; r) 
with n’#n, but for the reasons given previously® these 
are entirely unsatisfactory. A much better set of func- 
tions for perturbations on core wave functions is 


\=P(n's:r) for kR=n'<n, 


1+<¢ wtcper-+:: —C Kr” re (27) 


for k2n. 


The constants c,; are chosen so that Q;(r) is orthogonal 
to P(ns;r) and to Qi(r)-+-Qy-1(r), and gy is chosen so 
as to normalize Q;(r). We also set e=(—E,,)! so that 
the exponential falls off in roughly the same way as 
P(ns;r) It should be remarked that the function 
P(ns;r) was not included in the expansion (25) as it 
can be shown to give a contribution to p,, which is of 
second order in the small quantities ax. 

The results (as a percentage of the UHF value) of 
calculations of p;, using the set (27) are set out in Table 
X for different numbers of expansions functions. Un- 
expectedly, the convergence of the expansion turned 
out to be rather bad, particularly for chlorine. A possible 
explanation, suggested by closer study is that adding 
successive Q;(r) to the expansion improved the shape 
over the tail region with little regard for the fit near 
the origin. It was therefore reasoned that if the Q,(r) 
have the “correct” form g.r7(1—Zr) near the nucleus, 
then improvement in the tail region would be automati- 
cally accompanied by improvement in the value of png. 


However, calculations of p;, with the basis set, 


O.(r)=P(n's;r) for k 


Ox (r)=giL1—(Z—)rt+euy 


4 


for kon, (28) 


gave results almost exactly the same as those obtained 
with (27). 

Of greater concern than the convergence character- 
istics of either (27) or (28) are the values eventually 
converged upon, the result for chlorine lying well 


° 


outside the range of accuracy necessary to give |W4(0)|* 


“2S. F. Boys, G. B. Cook, C. M. Reeves, and I. Shavitt, Nature 
178, 1207 (1956). 
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to within 50%. This could be caused by the perturbation 
approximations (21)—(23) or by incompleteness of the 
basis set. On careful examination it was found that the 
largest error due to approximations arises from omitting 
the first order term [V(nst;r)—V(ns};1r)]P(ns;r) 
from the right-hand side of (21). When included by an 
iterative procedure it altered the values of p;, for Na, 
F, and Cl by only 24%. (For Li a sizeable 10% im- 
provement occurred, but this seems reasonable for a 
structure having only three electrons. Comparable 
changes might be expected for the outer s levels of the 
other atoms.) One is led to conclude that the poor results 
obtained are due to incompleteness of the set of ex- 
pansion functions (27) or (28). 

Although it is impossible to assess the completeness in 
any rigorous way as functions varying near the nucleus 
as r+! with 1/21 have not been included among the 
Q.(r), nevertheless by examining the quantities, 


\ ,¢” 
Sy (20 ax’) / i [P(ist;r)—P(Us);r) Pdr, (29) 


two important points emerge. First the “completeness” 


GOODINGS 


expressed by Sy is a little improved by having more 
than the first two Q;(7) in the expansion. Furthermore, 
as one might expect, there is a marked correlation 
between the values of S; and the values of the ratio of 
the expansion calculation p;, to the UHF value. Both 
these points support the conclusion that in the present 
problem, and presumably in other problems involving 
perturbations on core wave functions, one should 
include functions which vary near the nucleus as r+! 
with /> 1, even though such functions cannot contribute 
LO Pns.- 
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An electron swarm experiment has been conducted to study the process of negative-ion formation in 
water vapor by dissociative electron capture. Assuming that electrons are captured in a single process at one 
well-defined energy, the present results are consistent with a beam experiment reported by Buchel’nikova. 


It was found that the capture cross section, (due to the formation of H 


), when integrated over energy, was 


7.7X107'8 cm? ev, which is consistent with the electron beam results of 6.5X10-'8 cm? ev. The energy at 
which the process peaks was found to be 6.4 ev, which agrees quite well with the peak energy found by 
Buchel’nikova, but in general disagrees with other values obtained by mass spectroscopy 


I. INTRODUCTION 


k* IRMATION of negative ions by electron capture 
is an important phenomenon in many fields of 
current interest, e.g., atmospheric physics, radiation 
physics, radiation chemistry, and radiation biology. 
Electron interactions with water molecules are certainly 
an important elementary process in radiation chemistry 
and radiation biology; for example, the determination 
of the magnitude of electron capture in dissociating 
water will help in deciding the basic mechanisms in- 
volved in the radiolysis of water.' 

Several studies? of negative-ion formation due to 
electron impact in water vapor have been carried out 
with the mass spectrograph. These studies identify the 
types of negative ions formed and give the range of 
electron energy over which the dissociative capture 
processes are important, but provide little information 
on the magnitude of the cross section for formation. 
rhus, in the case of the formation of H~ the first peak 
is observed by Lozier to be at 6.6 ev, by Mann, Hustru- 
lid, and Tate at 7.1 ev, and by Cottin at 6.0 ev, and in 
no case is the magnitude of the cross section estimated. 
Bradbury’s studies’ of electron attachment using a 
swarm method were not interpreted in terms of the 
specific processes involved, and hence cross sections at 
given electron energies were not derived. 

A recent publication® reported cross sections for 
formation of H~ using a beam method in which the 
energy spread of the electron beam was reported to be 
(0.2 or 0.3 ev. Beam experiments often lead to systematic 
errors in the determination of the absolute electron 
energy scale and in the normalization of the absolute 
cross section. It is therefore useful to perform an experi- 
ment by a totally independent method which can be 
tested for consistency with the beam experiment. In the 
present experiment the process of electron capture in 


* Operated by Union Carbide Corporation for the U. S. Atomic 
Energy Commission. 

'R. L. Platzman (private communication). 

2 W. W. Lozier, Phys. Rev. 36, 1417 (1930). 

3M. M. Mann, A. Hustrulid, and J. T. Tate, Phys. Rev. 58, 
340 (1940). 

4M. Cottin, J. Chim. phys. 56, 1024 (1959). 

5 N. E. Bradbury, J. Chem. Phys. 2, 827 (1934); N. E. Bradbury 
and H. Tatel, ibid. 2, 835 (1934). 


® 1. S. Buchel’nikova, Soviet Phys.—JETP 35(8), 783 (1959). 


water vapor was investigated by means of a swarm 
method in which small amounts of water vapor were 
added to pure argon. By extrapolating the results to 
zero water concentration, it is possible to measure the 
cross section for electron capture in water averaged over 
the energy distribution characteristic of argon and a 
given value of £ PLv cm (mm Hg)']. Using the 
general form of the cross section observed by Buchel’- 
nikova as a guide, we find our results consistent with 
the beam experiment. This gives us added confidence in 
the results reported by Buchel’nikova, and in the values 
used in our interpretation for the electron energy dis- 
tribution in argon. 
II. METHOD 


It has been shown’ that the time-dependent change in 
potential V(¢) of the collector plate of a plane ionization 
chamber of separation d cm, due to free electrons moving 
through the chamber, is given by 


g(t)= (1 


\1—exp(— ft, ro) J, (1) 


where A is a constant, 79 is the collection time of free 
electrons and f=a/f,Pd. In this expression @ is the 


attachment coefficient for electrons defined by 
dv —aN fi Pdx, (2) 


where —d\/N is the fraction of electrons captured in 
moving dx in the field direction and /,P is the pressure 
of the attaching gas, referred to a standard temperature 
of 25°C. If the pulse is examined with a pulse amplifier 
of equal differentiating and integrating time constants 
(both equal to ¢;), the output pulse of such an amplifier 
is given by 


r Jels\ 
ag 
. dt 


where ¢/f,e~''" is the response of the amplifier to a step 
function. 
Using Eq. (1) for g(¢), the expression given in Eq. (3) 
for V(r) becomes for r<7o 
Ae~™'" fexp(ur) 
se 
(to—hif) u u 


V(r)= (4a) 


7’'T. E. Bortner and G. S. Hurst, Health Phys. 1, 39 (1958). 
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and for r> ro, 


A exp(—7/t1) 


V(r)= {exp(uro)—1}r 


(4b) 


where “= (ro— ff) tito. Equations (4a) and (4b) have 
been evaluated to find the “pulse height,” i.e., the 
maximum value of V(r) for 7o/t:=0, 1, 2, 3, 4, and 5 as 
a function of f.§ With experimental values for 7» and 
the pulse height, f and hence a may then be calculated. 

In the present experiment the apparatus and general 
procedure were essentially the same as previously de- 
scribed.’ Water, contained in a small trap, was pumped 
periodically for several days to remove dissolved oxygen 
before the water vapor was admitted to the chamber. 
The argon was obtained from a commercial cylinder of 
highly purified gas and was further purified by drying 
with magnesium perchlorate and by fractional distilla- 
tion from a trap cooled with liquid nitrogen. Later, a 
resin” to remove dissolved oxygen was put into the 
water trap, and the results were the same. 


III. RESULTS 


Figures 1, 2, and 3 show the pulse-height data ob- 
tained when various amounts of water vapor were mixed 
with Ar at 400, 800, and 1800 mm Hg, respectively. 
Drift velocity data for mixtures of Ar and water are 
shown in Fig. 4. From these data the attachment co- 
efficients a were calculated and are shown in Fig. 5. In 
this figure, a for various EP values is plotted as a 
function of the ratio of water pressure, f,7?, to Ar 
pressure, foP. 

From Fig. 5 it is seen that @ is, within experimental 
error, independent of total pressure but depends strongly 
on the ratio f:P/ f2P. This suggests that the electron 
energy distribution in Ar is influenced by water, and 
that an increase in f,P/f.P decreases the number of 
electrons in the range where dissociative capture takes 
place. It seems reasonable to expect that the limiting 
values of a as f,P/ feP approaches zero, ap, are to be 
associated with the electron energy distribution of pure 
Ar. Thus we can write a in terms of the capture cross 


section, o.(€), at energy ¢ as follows: 


E (2/m)? ‘ E 
a (- f e’a.(e) ff e, ac (3) 
r w(E/P Fr 


8 The original publication (reference 7) contained errors for 
t9/t;>2 which have subsequently been corrected and reported by 
H. B. Eldridge, Oak Ridge National Laboratory Report ORNL- 
3090 (unpublished). This report contains a detailed tabulatior of 
the pulse height as a function of / for various values of ro/t:. 

°G. S. Hurst and T. E. Bortner, Phys. Rev. 114, 116 (1959). 

© The resin used was Duolite S-10 provided by the Chemical 
Process Company, Redwood City, California 
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Fic. 1. Pulse height vs £/P for H»O-Ar mixtures (400 mm Hg 

where f(e,E/P) is the normalized energy distribution 
function for electrons in pure Ar, w(£, P) is the electron 
drift velocity in Ar, m is the electron mass, and V9 is the 
number of water molecules per cm* at 1 mm Hg. 








I'1c. 2. Pulse height vs £/P for HeO-Ar mixtures (800 mm Hg 


Considering the fact that the 


data? and the beam experiment 


mass spet trograph 
show a fairly narrow 
peak for the formation of H~ and that in all such experi- 
ments the electron beam has 


an appreciable spread in 


“1c. 3. Pulse height vs /P for HeO-Ar mixtures (1800 mm Hg 





DISSOCIATIVE ELECTRON CAPTU RI IN | KR VAPOR 
TaBLeE I. Evaluation of the ratio wao/f(e) for various values of «,. An (#/P)-independent ratio indicates a solution to Eq. 


ao wag X 10 Electron energy (ev) 
cm! sec"! 6.3 6.4 6.5 6.0 
(mm Hg)! (mm Hg)? Tle) weao/ J (e1) tla) way/ f(€1) f(€) wao/ J (€1) t(€1) waty/ 1 (€1) 


0.18 0.058 0.00224 25.9 10° 0.00161 36.0105 0.00114 50.9 10° 0.000793 73.1108 
0.185 0.00615 30.1 10° 0.00472 39.2108 0.00358 51.7X 10! 0.00269 68.8 10° 
0.396 0.0126 31.4x10° 0.0102 38.8108 0.00813 48.7108 0.00643 61.6 108 
0.670 0.0213 31.5108 0.0179 37.4108 0.0149 45.0 10° 0.0122 54.9 10° 
1.02 0.0317 32.2105 0.0273 37.4 10! 0.0233 43.8 10! 0.0198 51.5 10° 
1.41 0.0428 32.9 10° 0.0377 37.4 10° 0.0330 42.7 10° 0.0287 49.1 10° 
1.86 0.0540 34.4108 0.0484 38.4 10° 0.0432 43.1108 0.0383 48.6 10° 
2.34 0.0047 36.2 10° 0.0589 39.710! 0.0533 43.9 10° 0.0481 48.6 10° 


energy, it is reasonable to select a strongly peaked func- magnitude of the cross section integral 
tion as a trial solution for o,(€) in Eq. (5). Hence, 


@ 


E Vo(2/m)} 1D 2 A -{f a,(e)de, 
cof ) mea ali(e- yf a.(e)de, (6) 0 
P w(E/P) PFS, 


corresponding to €:=6.4 ev, is 7.7 10-'S cm? ev. The 


1 
A 
where €; is the energy at which the capture cross section magnitude of A and the energy where the cross section 


peaks. Since the various observers are not in agreement is a maximum, ¢;, derived in this way compared favor- 
on the energy at which the cross section peaks, we con- ably with the results obtained by Buchel’nikova.® From 
sider €; as a variable and find a value which satisfies | the curve published by Buchel’nikova, one may estimate 
Eq. (6) for the experimental range of E/P. Tabulations ¢,=6.4 ev and A=6.5X107-'> cm? ev. The statistical 
of wao/ f(e) for various electron energies €; are shown in — errors for a are not believed to be larger than +5%, and 
Table I. In these tabulations the drift velocity w for 
\r was taken from Bortner, Hurst, and Stone.'! The 
values of the electron energy distribution function for < "ygeatsenintas 
Ar were based on the solution of the Blotzmann trans- 
port equation following the procedure of Barbiere”® and 
Bowe,'® and are conveniently tabulated" for future 
reference. It is seen from Table I that if we let €,= 6.4 ev, 
a good solution to Eq. (6) is found, while for values of 
€«:=6.3 or 6.5, the fit to Eq. (6) is less accurate. The 
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hic. 4. Electron drift velocity in H,O-Ar mixtures (400 mm Hg). 











''T. E. Bortner, G. S. Hurst, and W. G. Stone, Rev. Sci. Instr 
28, 103 (1957). 

? D. Barbiere, Phys. Rev. $4, 653 (1951). PRESSURE RATIO 1,P/f,P x!0* 

13]. C. Bowe, Phys. Rev. 117, 1416 (1960). 

4 R. H. Ritchie and G. E. Whitesides, Oak Ridge National lic. 5. Attachment coethicient a as a function of the ratio of 
Laboratory Report ORNL-3081, June 2, 1961. H.O pressure to Ar pressure for various values of /:/P. 
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statistical errors for w are approximately +2%. These 
errors, as seen from Table I, would not change appreci- 
ably the values quoted above for e, and A. However, 
the significance of the consistency between the results 
of the beam experiment and the present swarm experi- 
ment is closely related to the validity of the electron 
energy distribution function used in the analysis of the 
swarm experiment. In support of the distribution func- 
tion, we note that Bowe has shown that for Ar the 
calculated distribution function gave values for the elec- 
tron drift velocity which agree well with experiment. 
The present method of analysis of the swarm data in 
terms of a strongly peaked function for the cross sections 
does not provide a unique assignment of the width of 
the capture region, e.g., in Table I it is seen that a solu- 
tion to Eq. (5) could be expressed in terms of the sum of 
three strongly peaked functions taken at 6.3, 6.4, and 
6.5 ev. This would, however, leave unchanged the peak 
energy and the magnitude of the total cross-section 
integral A. It is likely that the true width of the capture 
region is less than that reported by Buchel’nikova. 
Unfortunately, the potential energy curves for H.O are 


‘8K. L. Laidler, J. Chem. Phys. 22, 1740 (1954). 
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not well established ; therefore, the width of the capture 
region cannot be realistically estimated."* 

A further consistency check using the electron energy 
distribution functions in argon was made by comparing 
the swarm results for electron capture in Ar-O, mixtures 
reported in reference 7 with the beam experiment re- 
ported in reference 6. Even though the check involved 
only a small fraction of the total number of electrons in 
the high-energy tail, both the magnitude and the de- 
pendence of a (for O.) on E/ P were in very good agree- 
ment with the beam experiment. 

In summary, we have found no evidence of internal 
inconsistency between the swarm experiments and the 
beam experiments for electron capture in both H,O and 
Oz, provided that the swarm experiments are conducted 
in mixtures with argon for which the electron energy 
bistribution is established from independent considera- 
tions. This suggests the swarm method as a means of 
establishing the energy scale and absolute cross section 
for various electron capture reactions, provided that the 
swarm experiments are performed under conditions 
where good information is available on the electron 
energy distribution. 


16 A basis for estimating the width of capture regions has been 
outlined by H. D. Hagstrum, Revs. Modern Phys. 23, 185 (1951). 
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The effect of the polarization of the atomic core by the free electron on the free-electron wave function 
and the effect of the exchange of the free electron with the bound orbitals on this wave function are treated 
by perturbation theory. Polarization must be considered first. Its effect on the atomic charge cloud is 
introduced through an expansion over the bound wave functions for the atom in terms of the free-electron 
separation as a parameter. This parametric treatment of electron separation means we cannot accept the 
solution at small separations from the nucleus although this is not a serious restriction. From this wave 
function we obtain a polarized Coulomb potential from which a solution for the free-electron function may 
be obtained using our old programs. Having solved the free-electron wave equation with the exchange 
potential terms supposed zero, we use this solution to compute the exchange integrals. The equation 
including these integrals is then solved to obtain approximate wave functions for free electrons containing 


both exchange and polarization. 


I. INTRODUCTION 
N a previous paper we have detailed the programs 
developed by us! for the determination of the wave 
function for an electron in the field of a neutral atom 
where the atom is supposed to give rise only to a 
* Based on work performed under the auspices of the U. S. Air 
Force Ballistic Missiles Division. 
t Consultant: 48 Maple Avenue, Centerville 59, Ohio. 


1R. G. Breene, Jr., and Maria C. Nardone, Phys. Rev. 115, 93 
(1959). 


Coulomb potential. In that paper we deliberately 
neglected the effects of (1) the polarization of the 
atomic charge cloud by the free electron and (2) the 
exchange of the free electron with the various bound 
electrons in the atomic charge cloud. In what is to 
follow we shall discuss the inclusion of these effects. 

In recent years several methods for the inclusion of 
polarization and exchange have been used, and we 
shall touch briefly on a few of them. First we remark 





INCLUSION OF 


the work of Kivel and his associates.? This author 
included exchange by means of a method introduced by 
Slater® for bound orbitals. This method hypothesizes a 
charge-free sphere about the electron in question, the 
charge from this region being redistributed throughout 
the system to effect the same energy change as would 
the straightforward introduction of exchange. Kivel 
found it necessary to adjust to other results for the 
hitherto untried free-electron exchange case. This 
same author introduced polarization through the 
Buckingham potential whose parameters were obtained 
by adjustment to conductivity experiments. Klein and 
Brueckner* determined the parameters in the Bucking- 
ham polarization potential for oxygen by adjusting to 
the binding energy of O-. 

Seaton® introduced the effects of exchange and 
polarization without an appeal to experiment for 
parameter determination by first supposing the function 
for the system, free electron plus bound atom, to be 
of the form: 


no 


V= LD Gy.(i-") onli), 


n=1 


in which the @ is a specific antisymmetrizing operator ; 
the y, are the bound wave functions, and the ¢, are 
the free-electron wave functions. We remark that the 
expansion in individual functions is truncated for 
practicality, although the author compares the effects of 
such truncation. The specific point of importance to 
us in Seaton’s further development is that he obtains 
equations for the determination of the bound orbitals 
with the polarization effect included in them in what 
we might consider zeroth order. Temkin® later objected 
to this truncation as leaving out important contribu- 
tions to the wave function and suggested taking 
polarization into account by a sum of the following 
form: 

W= o(1)[Wo0(2,---, Z4+1) +O, ---,Z+4+1)], 
wherein the chief concern is with the construction of 
the function Y®°), Here, too, the individual bound 
orbitals are considered as polarized in zeroth order. 

Mittleman and Watson’ and Lippmann ef al.° have 
developed descriptions of the system, free electron plus 
atom, which involve an expansion in terms of incoherent 
scattering processes, the adiabatic case corresponding 
to the first term in such an expansion. We shall only 

2 P. Hammerling, W. W. Shine, and B. Kivel. J. Appl. Phys. 
28, 760 (1957); S. C. Lin and B. Kivel. Phys. Rev. 114, 1026 (1959) ; 
B. Kivel, Phys. Rev. 116, 1484 (1959); 116, 926 (1959). 

3]. C. Slater, Phys. Rev. 81, 385 (1951). 

4M. M. Klein and K. A. Brueckner, Phys. Rev. 111, 1115 
(1958). 

a J. Seaton, Phil. Trans. Roy. Soc. (London) A245, 469 

A ‘Temkin, Phys. Rev. 116, 358 (1959); 107, 1004 (1957). 

7M. H. Mittleman and K. M. Watson, Phys. Rev. 113, 198 

959 

TBA. Lippmann, M. H. Mittleman, and K. M. Watson, Phys. 
Rev. 116, 920 (1959). 
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consider the adiabatic case for the relatively slow 
electrons of our interest. Finally, we mention the 
review by Allen of Hartree-Fock equations containing 
a perturbing electric field. Additional work concerned 
with zeroth-order solutions including polarization 
effects is described therein. 

All the methods discussed above may well be superior 
to the work which we shall discuss, but they will not 
suit our purpose. Basically, our intent is to include the 
effects of polarization and exchange through modifica- 
tion of our atomic and free-electron wave functions 
rather than through recalculation. In what follows 
we detail our method of doing this. 


II. INCLUSION OF POLARIZATION 
AND EXCHANGE 


In a general way the means of our inclusion of the 
effects of polarization will be ordinary perturbation 
theory, while the inclusion of exchange will appeal to 
an iterative procedure. We begin with the form of our 
wave function which is to describe a system composed of 
a neutral atom of Z electrons and the free electron. We 
choose an antisymmetric product as follows: 


1 Z 


¥, =P J] Pin gr, (1) 


[(Z+1)!}! i= 


wherein FP is the permutation operator; ¥; are the 
bound orbitals, and ¢, is the free electron wave function. 
Our first-order wave function will be 


1 Zz 
—— ¥ anP JT Yin ge, 
[(Z+1)!}} n i=1 


yy (1) — 


where it is to be remarked that we expand only over 
those states arising from different bound orbitals. To 
this we add the further restriction on Eq. (2), namely, 
only those ¥, are included for which but one orbital 
is different from the set of ground-state orbitals. For 
our purposes this will pose no serious restriction. 

The CoulombfHamiltonian"for the system in atomic 
units is 

Z+1 g 3 Z 1 

H= > aut >d - —- 


i=l >j=1 Ti; 


(3a) 


OU Fe, Bi 
(3b) 


The first two terms in the Hamiltonian of Eq. (3a) 
are, according to our viewpoint, of zeroth order. The 
third term will be broken up into terms of zeroth and 
first order at a later stage in the development. 

We wish to make use of the atomic wave functions 
available from our earlier programs." This means we 


*L. C. Allen, Phys. Rev. 118, 167 (1960). 
R. G. Breene, Jr., Phys. Rev. 111, 1111 (1958); 113, 809 
1959) ; 119, 1615 (1960). 
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must require that 
Z 


ve 
HYO+  —— E.On, =0, (4) 

i>iml 75; 
where we suppose our analytic wave functions solutions 
to Eq. (4). The Schrédinger equation is set up and we 
multiply through on the left by []:-17¥i0 and integrate 


to obtain 
Z 
f tly. 
i=1 


athe X Ek l 


0(H—EWdr=0, (5a) 


where: 


Y= 4A" 


Equation (5a) into zeroth-, first-, and 
higher-order terms in the normal fashion for all portion 
of H. However, after removing our defining Eq. (4) 
from the zeroth-order result we are left with a term 
containing a bound orbital as follows: 


Z Vio : WV jo" Vu 
pag rhc gO 
IL Ts Sai “ r 


Z+1 


separates 


If Eq. (4) is to be maintained, we must either (1) 
relegate this second term to first order or (2) declare it 
zero. It appears reasonable to consider the third term 
on the right of Eq. (3a) of mixed order for the following 
reasons: (1) We suppose the polarizing effect of the 
free electron on the neutral atom to be a perturbation 
which it certainly is both in type and magnitude of 
effect. This polarization must come from this third 
term, and hence we are justified in looking to this 
term for the first-order portion of the Hamiltonian. (2) 
On the other hand, if we treat this term as first-order 
insofar as the free electron is concerned we will have a 
completely unperturbed free electron described by a 
plane wave in zeroth order. This will not be very 
helpful, so we ask that a part of this third term in 
Eq. (3a) be of zeroth order. 

The result of our considerations of the previous 
paragraph is the relegation of the second term in Eq. 
(6) to the first order. Therefore we obtain the following 
zeroth-order equation. 


Z 


Z.<.- ¥ fv (He— (E+E) edi 


= . , ; 
—_ z. f _ dre. 
i=l i, Z+1 


We now make the following approximations: (1) The 
off-diagonal elements of H, are of higher order and (2) 
the overlap of the bound and free wave functions are 
of higher order. The first is probably of little importance, 
and the second at most will restrict us to large separa- 
tions from the nucleus. The result is the zeroth-order 
equation for the free electron which we have applied 


BREENE, JR. 


previously! : 


Z Pio” » 
H.get Zz dro.— E. 9.=9. (8) 
i=1 : 741 


a 


We now multiply the third term in Eq. (3a) on the 
right by Wo and on the left by []'Wjo ¢., where the 
product is taken over 7=1 to Z and the prime indicates 
that the 7th bound orbital has been left out of the 
product. The result is 


ll |? gel? 


=1 


as of 
If we 
again restrict ourselves to some distance from the 
nucleus, then a classical path"! 


We ignore the first and third terms in Eq. (9 
higher order, and first consider the second term 


may be assumed : 


| »,|? 1 1 
f- dni f g.| det. =—¥. 
iP r j 


Now Eq. (9a) becomes 


1 Wi 
vi— ’ Yb 


yr 


and the equations for the bound orbitals and free 
electron wave functions are still coupled through the 
second term. We treat this as follows: 

First we obtain the wave functions for the bound 
orbitals perturbed by the first term in Eq. (9b). These 
wave functions will contain the free-electron separation 
from the nucleus as a parameter. In addition, they will 
reflect the polarization of the neutral atom’s charge 
cloud by the free electron. They will be used in the 
solution of the following equation: 


/ 


lw? Z * OW 
Het f - dry. —-EMo.= > | dry, (10 
Vi =I 


r 


an obvious adaptation of Eq. (8) wherein Eq. (5c) has 
replaced the bound orbitals appearing in Eq. (8). The 
assumption that the right side is zero allows us to 
consider only the effects of polarization on the free 
electron. The solution thus found is used in the evalua- 
tion of the integral on the right of Eq. (9). The entire 
equation is then solved for ¢,.. The result should now 
contain the effects of both polarization and exchange 


i R. G. Breene, Jr., /:ncyclopedia of Physics, edited | I 
Springer-Verlag, Berlin, 1961), Vol. 27, p. 37 
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III. POLARIZATION OF OXYGEN 


We now consider the wave function for a free electron 
in the presence of neutral oxygen as an example of our 
program for the inclusion of polarization. We refer to 
our earlier oxygen-electron calculations.' 

We suppose the O atom in its *? ground state, and we 
must first obtain the atomic wave function for this 
state perturbed by the free electron. We take the 
first term in Eq. (9b) as the perturbing Hamiltonian 
and appeal to the familiar Legendre expansion. As 
justified by our earlier work, we cut off this expansion 
after the first term. Ordinary perturbation theory then 
yields for the atomic wave function: 


Vv, 0). 


Ww 


(11) 


“3 


where the sum is to be carried only over the reasonably 
close lying levels. Our *P ground state is, of course, a 
single eighth-order determinant. Under the aegis of 
the perturbing Hamiltonian it will combine with none 
of the determinants representative of oxygen with three 
2p and one 3s electrons. It will combine with two of 
the determinants corresponding to oxygen with three 2p 
electrons and one 3p electron, namely, 

Wry) (—1*0*1+)(1-) ] 


L. 


Wy[(—1-0*1+) (1+) J. 
The perturbed atomic wave function is 
a ad 


+—H,s'Viy+- 
As A 


7 p=a Ws, 


“Hys'Wy, (12a) 
where 
(12b) 


and where 


is now understood to depend on the free-electron 


separation R with the result: 
W%p ((A4A;5)! A Wp + (AsH 34’ AAs)Viv 
+ (AyH md A;A Wy, 
(APAs?+ H34?7+H25”)!. 


(13a) 
(13b) 


This is our perturbed atomic wave function, and we 


Zy€7 440" 


7 
~/ 


(2H?— 30H +135) {81 


(— 30H +180 


H=30Z\,/(3Z3+2Z11). 
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may obtain our Coulomb potential for the free electron 
from it as 


z 
V (0) = ——+ (Ag?As?/B) Vout (As*H 347/B) 


r 


V V 2 


Wry . 
a f dr +- (AH _/% B)f dr 
l oi T . 


vu 


+2(H34°+H35)AsA5/B, (14a) 


B A,’A;’+ A;°H 4? +AZH 5 2. (14b) 


Let us note that for some determinant ‘ 7” 


(15) 


Pp 3 


since the integrals in Eq. (14) correspond to sums over 
the individual orbital integrals. Now we make the 
approximation that the effective nuclear charges for 
the 1s 25 the same for all 
considered. This assumption and Eq (E>) vield, for 


Eq. (14a 


and electrons are 


T 3A5°H34'2V op . +-3A,°H 5 °Vop “s 


+ As?H34°V3p4 


+ AH 35'?V3p+2AsA5(Ha4"?+H35”) |. (16) 


V; and Ve» may be obtained from reference 1. 
H;;’ may readily be evaluated as 


Z28Z\ » 
H;, [2 "dr 
2/6 o #5 


e ear] (17a) 


where 


vA +Zi34+ 47.11. (17b) 


Finally, the remaining portion of the potential may 
be worked out as 


Z3r 


é 24 1 
- (Zar+67:%r4 18Z3+ )+ 


24 r r 


(18) 


l —4H+10 2H*—48H+270 
: Zuir+( : Janir+( Jes 


81 


Jers (H?—16H+75 (19a) 


Q 


(19b) 
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Fic. 1. Potentials for the free electron in the presence of an 
oxygen atom. No. 1: the Coulomb potential; No. 2: the Coulomb 
potential for the atom polarized by the free electron; No. 3: 
the potential including polarization and exchange for the electron 
spin down; No. 4: the potential for the electron spin up. 





‘he substitution of Eqs. (17), (18), and (19) into 
Eq. (16) will, of course, yield the potential. Subsequent 
to such substitution one has the Coulomb potential 
produced by the atomic charge cloud distorted by the 
free-electron proximity. 

Figure 1 allows a comparison of this polarized 
potential with the earlier Coulomb potential. When this 
potential is used in Eq. (8) the existing IBM 704 
programs may be used to obtain the free-electron wave 
function. The methods of normalization of the machine 
solution are those of our earlier work. In Fig. 2 the 
effect of polarization inclusion is indicated. Only the 
s wave is considered here. The result is compared with 
the work of Klein and Brueckner.‘ In recalling the 
Klein and Brueckner work let us remark that we have 
obtained their polarization result with no normalization 
or reference to experiment. Their scattering results 
were evidently quite good, so that the agreement of 
our phase shifts with theirs (see Table I) is encouraging. 








Fic. 2. Wave functions for the free electron in the presence of 
oxygen polarized by the free electron. No. 1: The wave function 
for the & value zero; No. 2: the wave function for the & value 0.1; 
No. 3: the wave function for the & value 0.3; No. 4: the Kleir 
Brueckner wave function for & value zero. 


JR. 


TABLE I. The s-wave phase shifts, in radians. The second column 
lists the phase shifts computed by us in reference 1. The third 
column gives the Klein and Brueckner results. The last column 
gives the results computed here for the polarized core. 


k 6 5 6 
(atomic (from (Klein- (Computed 
units) reference 1) Brueckner) here) 


0.1 4.033 


6.128 6.1587 
0.3 4.250 5.8 


5.798 5.8822 


IV. EXCHANGE OF THE OXYGEN PROBLEM 


Equation (10) would seem to indicate that exchange 
may be considered either after or before the incorpora- 
tion of polarization in the calculation. Such is not the 
Because the Coulomb functions for the free 
electron allow excessive overlap with the bound orbitals, 


Case. 


the exchange potentials resulting therefrom are un- 
fortunately large. The result is a meaningless, rapidly 
oscillating function for the free electron. These diffi- 
culties are naturally exchange is 


overcome when 


introduced after inclusion of polarization. 
The right side of Eq. (10) may be written as 


0 ViXo 
s [- —dr, (20a) 
’ Tie 

where we indicate a summing over all bound orbitals 
of the same spin as the free electron. There are, of 
course, two possibilities for Eq. (20a), one for a free 
electron spin up and the other for a free electron spin 


down. 
> Ri Xo © Ro X 
ey eae ec 
Ts v . 


(20x } 


Equations (20b) and (20c) have been evaluated for 
a neutral oxygen atom in its *P ground state. We 
evaluate Eqs. (20) first with the polarized free-electron 
functions and the unpolarized bound functions and 
solve Eq. (10) using an IBM 704 program for the 
purpose. 

The normalization of the solutions resulting from 
Eqs. (20b) and (20c) is somewhat more of a problem 
than the simple appeal to an asymptotic solution as 
was possible for the polarization case. The equation for 
the free-electron wave function takes the following form 
a few units of length from the nucleus: 


d?Xo an 
+(e +- -)xe 1 (21) 
dr? r #r 


In the Appendix we de derivation of the 
function obtained as the solution of Eq. (21) and used 
by us for normalization of the machine solution. This 


cribe thre 
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Fic. 3. Wave functions for the free electron in the presence of 
oxygen: No. 1: The wave function for the Coulomb potential; 
No. 2: the wave function for the Coulomb potential arising from 
the atomic core polarized by the free electron; No. 3: the wave 
function including polarization for the spin-up electron; No. 4: 
the wave function including polarization for the spin-down 
electron. 


result is 


le*2P(+i1—x)| p\} 
|} VF(2il+1) | 2 


9A j-1— Aj-2 
Aj;=————_,,_ (22b) 
[i(j-1) +n] 

and, of course, has the required asymptotic form. 

In Fig. 3 we display the wave function for (1) the 
free electron with polarization, (2) the free electron 
with polarization spin up, and (3) the free electron 
with polarization spin down. 
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APPENDIX 


The wave equation for the free electron with exchange 
takes the following form a few units from the nucleus: 


d*Xo awn 
on +(#- +. Joo. 
dr? r rr 


We make the substitutions: 


Z=2ip, 


(A.1) 


x=ia/2k, n=j{—m, m=il, 
with the result: 
d?Xo | 
ry 


dz* | | 
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AND EXCHANGE 
The solution of this equation is given in Whittaker 
and Watson” as 


Ltm—k 
ght me be) gy 63 E ~ 
| 1!(2m+1) 


($-+m—x)($+m—x) 
+ ge+..-t. (AA) 
2!(2m+1)(2m+2) 


Since s= 2ip, argz=-+2/2. Kummer’s first formula is 


z*-™M,, (z) (A.5) 


(—z)-}™M, ,.(—2), 


and for argz=2/2 this becomes 


9 
+ m)ix/2 {1 
A x,m 


=i\¢ } mel 4+ m)] (—3i/2 
Z 


AE el — 
Thus, for either argument we get 


TT 
argz=-; 
? 


M_.. m(—2)=M x, m(z)e~ Ot tt (A.7a) 


M_,. —m(2)=M,. —-m(z)e (A.7b) 


Consequently we can use the Yost, Wheeler, and 
Breit'® solution: 


1|e™*/?1 (3+71/—x) 
~ etriGlt+D YM, (2). (A.8) 
2 I'(271+-1) 


Let us rewrite this as 


eT (3+il—x)| sp\3 ; ; 
o= ( ) e~tle—t Inde}¢q4+...¥. (A.9) 


1 (2i/+1) Z 


In order to re-express this equation as a series of 
real terms, we apply Fuchs’ theorem to Eq. (3a) 
to obtain 


nA, i— A, 


Ay=1: (A.10a) 


[7(j-1) +n] 


le*/?21'(3+i71—K)| sp\3 
Xo ne ( ) Po(p). 
r(2i+1) |\2 


Equations (A.10) were used for the exchange normal- 
ization. 


(A.10b) 


2 E. T. Whittaker and G. N. Watson, Course of Modern Analysis 
(Cambridge University Press, New York, 1927), 4th ed., p. 337. 

13 F, L. Yost, J. A. Wheeler, and G. Breit, Phys. Rev. 49, 174 
(1936). 
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A double-crystal spectrometer, with a proportional counting system for intensity measurement, has been 
employed for the investigation of the x-ray absorption structure on the high-energy side of the Ge K edge, 
using 38% polarized x rays and a thin single crystal of germanium in the transmission method. The structure 
was studied up to 185 ev from the main edge and several new absorption structure features, not reported 
hitherto, were obtained. These features are satisfactorily explained by Hayasi’s theory in the close-in region 
and by Kronig’s theory in the extended region. A significant shift, without any intensity variation, was 
noted in the extended fine structure on changing the orientation of the single-crystal absorber. A quanti 


tative correlation has been made between the observed structures and the theoretically predicted values 
with a view to testing different theories on absorption fine structure. 


INTRODUCTION 


ARIOUS theories have been proposed to explain 
the nature of the fine structure on the high-energy 
side of x-ray absorption edges. They have been suc- 
cessful in interpreting qualitatively certain aspects of 
the fine structure in different energy regions depending 
upon the different assumptions on which they are based. 
Hayasi’s theory' for the A x-ray absorption structure 
assumes that the final state of the ejected photo- 
electrons, a “quasi-stationary”’ state, is still coupled 
to the inner A vacancy and is the result of the electron 
in the p-type state being reflected back and forth from 
a pair of planes near the parent atom and at right 
angles to the electron’s direction of propagation. This 
condition may be satisfied, in most cases, in the region 
lying within 75 ev of the main absorption edge. Hence, 
Hayasi’s theory is expected to be more successful in this 
region. However, it is quite likely that some absorption 
structures in the close-in region may be the result of 
characteristic energy the ejected photo- 
electron, either by multiple interband transitions’ or 
by plasma oscillations.* 


losses of 


Kronig’s theory* considers the photoelectron ejec ted 
by the x-ray quantum to be essentially free and moving 
in the crystal lattice as a plane wave. This condition 
presumes the electron to be relatively energetic and 
relatively far away from the emitting atom. Hence, 
Kronig’s theory is expected to be more successful in 
explaining the so-called extended structure in the 
absorption spectra, which, in most cases, lies in the 
spectral region beyond 50 or 75 ev from the main edge. 
According to this theory, maxima in absorption fine 
structure on the high-energy side of the absorption 
edge correspond to the ejection of an electron from an 
inner level to one of the allowed energy zones, deter- 

* This work was supported in part by the [ 
Research 

t Present address: Department of Physics, Lucknow University, 
Lucknow, India. 

'T. Hayasi, Sci. Repts. Téhoku Univ. 33, 123 (1949). 

2 L. B. Leder, H. Mendlowitz, and L. Marton, Phys. Rev. 101, 
1460 (1956); L. Marton, Revs. Modern Phys. 28, 172 (1956) 

*D. Pines, Revs. Modern Phys. 28, 184 (1956); I. B. Borovskii 
and V. V. Schmidt, Soviet Phys.—Doklady 4, 885 (1960). 

*R. de L. Kronig, Z. Physik 70, 317 (1931); 75, 468 (1932). 
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mined from the band theory of solids. Minima corre- 
spond to forbidden energy regions, for the 
photoelectron suffers Bragg reflection from some set 
of lattice planes in the crystal. 

There is also the possibility of an indefinite inter- 


which 


mediate energy region in which the fine structure of 
the absorption spectra may not be accurately predicted 
by either of these theories. 

One verification of Kronig’s theory, and the range 
of its validity, can be obtained by using highly polarized 
x rays and a single-crystal absorber. In this case, 
photoelectrons would be emitted predominantly in the 
direction of the electric vector of the incident x rays. 
The angle 6) between the ejected electrons and the 
normal to some important plane in the crystal lattice 
can be changed by rotating the single-crystal absorber 
about an axis parallel to the direction of incident x rays; 
this would shift the position of the corresponding 
absorption discontinuity because of the dependence of 
E on cos*4. It might also slightly affect the intensity 
of absorption maxima or minima because of their shift, 
one way or the other, on the monotonically decreasing 
part of the absorption vs energy curve. If a shift of 
position and change in intensity are observed on the 
rotation of the absorber in some spectral region of the 
absorption curve, there would be provided an excellent 
verification of Kronig’s theory together with an indi- 
cation of the region in which it is valid. 

Earlier measurements®:’ along these lines were not 
completely successful because the subject crystal was 
used both as absorber and analyzer in the double- 
spectrometer. El-Hussaini and 
Stephenson’ used a thin single crystal of germanium 
placed between the two cleaved calcites of a double- 
crystal spectrometer in the transmission method, and 
observed a significant shift in the extended structure 
positions for three different orientations of the absorber. 
Such a result had hardly been exper ted since the degree 


of polarization was only 7%. However, they could not 


crystal Recently, 


1933 
Stephenson, Phy Rev. 


»S. T. Stephenson, Phys. Rev. 44, 349 

®R. Krogstad, W. Nelson, and S. 1 
92, 1394 (1953). 

7J. M. El-Hussaini and S. T 
(1958). 


Stephe nson, Phys. Rev. 109, 51 
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TABLE I. Bragg angles, dispersions in (1, —1) and (1, +1) positions, and the degree of polarization 
for the Ge A-edge wavelength with the different crystal combinations. 


Crystal combination 64 


10° 36’ 
oe ae 
32° 44’ 
24° 0’ 
24° 0’ 


Calcites (211) and (211) 
Calcites (741) and (211) 
Calcites (655) and (211) 
Quartz (2023) and (2023) 
Quartz (2023) and calcite (211 


study the structure shifts quantitatively in terms of 
angles measured with respect to particular crystal 
planes because, before the angular orientation of some 
prominent set of planes within the absorber could be 
determined, the absorber was accidently fractured. 

Considering both the present theoretical and practical 
interest in germanium, it was thought desirable to 
pursue the study of the extended structure of the A 
absorption edge of a single crystal of germanium in 
known different orientations using highly polarized 
x rays, and to correlate the observed absorption 
structure quantitatively with the structures predicted 
by different theories. 


EXPERIMENTAL 


The double-crystal spectrometer and x-ray supply 
have been described previously.®-* The intensity regis- 
tration system consisted of a Tracerlab, Inc. end- 
window type of proportional counter (model TGC-12) 
filled with 90° nearly at 
atmospheric pressure, and having a mica window of 
1.4 mg cm® thickness, 


argon+10°%) methane, 
a regulated high-voltage power 
(Baird-Atomic model 318), a Baird-Atomi: 
preamplifier (model 219A), a Baird-Atomic linear 
amplifier (model 218), a Baird-Atomic single-channel 
pulse-height (model 510), Potter 
Instrument predetermined 


supply 


analyzer and a 


Company decade scaler 
(model 341A). This system of pulse-height discrimi 
nation made it possible to increase the intensity of the 
x-ray beam by increasing the x-ray tube voltage without 
recording the overlapping of higher order radiations in 
the observed energy spectrum. It was therefore possible 
to overcome the major difficulty of the accurate 
measurement of the very low intensities reflected from 
the two crystals of the spectrometer while using highly 
polarized x rays for the study of the Ge A edge.’ 

The germanium crystal used in this study 
generously supplied by W. F. Leverton of the Raytheon 
Manufacturing Company. It was of 1-type (40 ohm-cm 
with about 20 mm diameter and about 3 mm thickness. 
For thinning down to the optimum thickness of about 
12 by,’ 
followed 


Was 


the method of successive lapping and polishing 
by chemical etching 
thickness of the crystal, which was reduced to 95 yu 
*S. T. Stephenson and F. D. Mason, Phys. Rev. 75, 1711 (1949 
‘J. W. Faust, Jr. in Wethods of Experimental Physics, edited by 


K. Lark-Horovitz and V. A. Johnson (Academic Press, Inc., New 
York, 1959), Vol. 6, Part A. 


was employed. The 


Degree of 
polarization 
we 


C 
69.3 7.0 
264.9 91.2 
153.7 70.6 
164.9 38.2 
117.1 38.2 


was further reduced to 
12.5 uw (as determined from x-ray absorption measure- 


after lapping and polishing, 
ments) by the chemical etching of the crystal at room 
temperature with a solution of glacial acetic acid (8 
parts), nitric acid (3 parts), and hydrofluoric acid (1 
part). An investigation of the Laue patterns of this 
thin crystal revealed that its face was parallel to the 
(111) lattice planes within two degrees, and the [110] 
direction lving in a (111) plane made an angle of 
16°+2° with a fiducial mark on the crystal holder. 
This crystal holder could be placed in or out of the 
x-ray beam between the two crystals of the double- 
crystal spectrometer, and could also be rotated about 
the direction of the incident x rays which was kept 
perpendicular to the face of the crystal absorber. 

For checking the performance of the proportional 
counter and_ its electronic equipment, 
cleavage faces of optically perfect calcite crystals were 


associated 


used in the double-crystal spectrometer. Preliminary 
measurements were made of the absorption fine 
structure up to 100 ev from the Ge A edge using the 
single-crystal absorber described and the 
structures up to 60 ev from the absorption edge were 
found to be in satisfactory 
obtained by El-Hussaini 


above. 


those 
and 


agreement with 


and Stephenson,‘ 
others. 

For higher polarization work, a calcite crystal with 
reflecting face cut and polished along the (741) planes 
(supplied by G. Brogren of the University of Uppsala, 
! in the spectrometer, 
and one of the calcites with cleavage face was retained 
as crystal B. The dispersion and the polarization ob- 
tained with this crystal combination are given in Table 
I. Attempts to investigate the Ge A-absorption struc- 
ture with these crystals in the (1, 


Sweden) was used as crystal 


+1) position were 
not successful, since the incident intensity J» in the 
neighborhood of the wavelength of the Ge A edge was 
only 0.6 counts sec with an equal intensity of the back- 
ground. A result obtained in these 
investigations was a rocking curve of half-width 6.6 
ev for the W L,, emission line, which was smaller than 
the least value obtained by others," 


significant side 


using two cleaved 
calcite ¢ rystals 


D. G. Doran and S. T 
1957 
H. Hulubei and Y. Cauchois, ¢ ompt 


2 J. H. Williams, Phys. Rev. 45, 71 


Rev. 105, 1156 


Stephenson, Phys 


rend. 211, 316 
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1940). 
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Fic. 1. The x-ray A-absorption spectrum of a single crystal of 
germanium in two different orientations using a quartz crystal 
(2023) and a calcite crystal (211) in the double-crystal 
spectrometer. 

A calcite crystal cut and polished along the (655) 
plane (also supplied by G. Brogren) was next used as 
crystal A, while crystal B was retained. The resolution 
of the double-crystal spectrometer with this crystal 
combination was not so high as had been obtained with 
the (741) crystal, but it was considered sufficient for 
the study of the extended structure in the K-absorption 
spectrum of germanium. However, preliminary experi- 
ments on the Ge K edge showed that the calcite (655) 
crystal was but poorly suited for the problem. The 
advantage of the high polarization (70.6%) obtained 
from the crystal was more than offset by its low re- 
flectivity. The signal-to-background ratio was only 
about 1.5 on the high-energy side of the Ge A edge 
and no dependable extended structures in the Ge 
K-absorption curves could be obtained. 

Attempts were then made to use a reflecting face of 


SINGH 


a quartz crystal having a grating space suitable to give 
high polarization, and at the same time having strong 
reflectivity. A quartz crystal cut and polished along 
the (2023) plane was selected for which the available 
degree of polarization (38.2%) was a compromise with 
the expected reflectivity. Two quartz plates (2 in.x1 
in.X0.25 in. each), cut and polished along (2023) 
planes, were obtained from the Valpey Crystal Cor- 
poration. On mounting these crystals in the double- 
crystal spectrometer, a (1, —1) rocking curve of half- 
width 22.8 sec was obtained for W Ly,. A calcite (211) 
crystal was then used to replace one of the quartz 
crystals as the crystal B. A satisfactory (1, —1) curve 
of 13.4 ev half-width for W L,, was obtained with the 
combination of the quartz (2023) crystal and the calcite 
(211) crystal. As the dispersion in the spectrometer in 
the (1, —1) position was quite sufficient for the problem, 
the final measurements of the absorption structure on 
the high-energy side of the Ge AK edge were made using 
this crystal combination of the quartz (2023) crystal 
and the calcite (211) crystal in the (1, —1) position. 
The incident intensity 7) in the region investigated was 
about 15 counts/sec with signal-to-background ratio 
of about 10, and the transmitted intensity / on the 
high-energy side of the Ge A edge was about 2 counts 

sec with signal-to-background ratio of about 3. In- 
tensities J) and J were obtained alternately, with at 
least 2000 and 1000 counts, respectively, recorded for 
each point in a run over the absorption structure. 


RESULTS 


Figure 1 shows the results for two different orien- 
tations of the absorber. The curve labeled (1) is for 
the orientation (1) of the absorber, in which the fiducial 
mark on the crystal holder was parallel to the electric 
vector of the polarized component of the incident 
x rays. It is a composite of three separate runs over the 
main edge and up to about 35 ev, and a composite of 


rape II. Absorption fine structure of germanium measured in electron volts from the main edge. 
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TABLE III. Absorption fine structure of a germanium crystal measured in electron volts from the zero-energy level. 
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of lattice 
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structure 


004 (18.88 ev) 


Energy 

in orientation 
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19 
23. 
Je. 
38. 
42 
46. 
50. 
58 
66. 
81. 
94. 
110. 
126. 
168.: 


Structure 


133 (22.42 ev) 
044 (37.76 ev) 
135 (41.30 ev) 
026 (47.20 ev) 
335 (50.74 ev) 
246 (66.08 ev) 


048 (94.40 ev) 
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0012 (169.92 ev) 


two runs beyond 35 ev. The curve labeled (2) is for the 
orientation (2) of the absorber, with the fiducial mark 
on the holder making -an angle of 45° with the electric 
vector of the polarized component of the incident 
x rays, and is a composite of two different runs. The 
absorption maxima and minima, indicated by capital 
letters and small Greek letters, respectively, are listed 
in Table II with their energies in electron volts relative 
to the main edge as a zero. For comparison, the values 
reported by Hulubei and Cauchois, Doran and 
Stephenson, and El-Hussaini and Stephenson are also 
tabulated. 

It is evident from Table II that several structure 
features, not reported previously, were observed in the 
close-in region on the high-energy side of the absorption 
edge and in the region between the absorption maxima 
D and F. No significant change was observed in the 
absorption fine-structure positions up to 40 ev from the 
main edge on changing the orientation of the absorber, 
but beyond 40 ev the shifts in the structure were quite 
pronounced with the absorption maximum £ shifting 
towards the main edge and all other extended structures 
(except ¢) shifting away from the edge. The minimum 
€ was presumably under the strong influence of the 
W Ly, line, which was located in very close proximity 
to this structure. No change (beyond experimental 
error) in the intensity magnitude of the extended 
structure features was observed on changing the 
orientation of the absorber. 


DISCUSSION 


Earliest investigations on the A edge structure of 
germanium (in polycrystalline powder form) were by 
Beeman and Friedman,'* and by Hulubei and 
Cauchois."' Recently, work on the A x-ray absorption 
spectrum of a single crystal of Ge has been done by 
Deran and Stephenson," El-Hussaini and Stephenson,’ 


18 W. W. Beeman and H. Friedman, Phys. Rev. 56, 392 (1939). 
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and Tsutumi and Obashi.'* Doran and Stephenson 
obtained a very rich extended structure by using a 
thin single crystal of germanium in the transmission 
method in a double-crystal spectrometer. El-Hussaini 
and Stephenson later used this transmission technique 
to study the effect of the single crystal orientation on 
the A-absorption spectrum of Ge and found shifts in 
positions of the extended structures even with 7% 
polarized x rays. Tsutumi and Obashi studied radiations 
reflected from (100), (110), and (111) planes of a 
germanium single crystal in a tube spectrometer using 
unpolarized x rays and photographic registration; 
although no close-in structure was detected, they ob- 
served in all three cases almost similar extended struc- 
ture, which was in agreement with the results reported 
by Doran and Stephenson in that energy region. A 
comparison of the energy positions of the structures 
observed in the present investigation with those ob- 
tained by other workers (Table III) shows that (apart 
from the new fine structure features observed in this 
study and taking into account the different orientations 
of the absorber used in different studies) there is a good 
general agreement between the absorption structure 
found in the present work and that reported earlier by 
Doran and Stephenson and by El-Hussaini and 
Stephenson, and a fair agreement with that reported 
by Hulubei and Cauchois, whose work was with a 
completely different condition of the absorber. 
Kronig’s theory predicts the absorption minima at 
the forbidden energy regions for the ejected photo- 
electron in a solid. The mean energy of such a region 
for a cubic crystal, as measured from the average inner 
potential of the crystal, is given by 
E=? (e+ 6?+-")/8ma? cos", (1) 


at which energy the de Broglie waves of the photo- 


‘4K. Tsutumi and M. Obashi, J. 
(1958). 
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electron are Bragg-retlected from a set of planes (a,0,7), 
d being the grating space, m the mass of the electron, 
and @ the angle of incidence of the electron on the 
plane (a,3,7). 

On the other hand, Hayasi’s theory predicts absorp- 
tion maxima when the photoelectron is ejected into a 
“quasi-stationary” state, which corresponds to the 90° 
Bragg reflections of the de Broglie waves of the photo- 
electron from a set of parallel lattice planes. The energy 
of this quasi-stationary state for a cubic crystal, with 
the average inner potential of the crystal taken as zero 
energy level, is given by 

/ (150 4d?) (a?§ +3" +") ev, 
when the lattice constant d is expressed in angstroms. 
This is essentially the same expression as Eq. (1) with 
6) put equal to 0°. 

Since germanium has a diamond-type lattice, which 
may be considered as consisting of two interpenetrating 
face-centered cubic lattices, all those reflections from 
the crystal planes will be extinguished for which the 
indices a, 8, y are mixed (i.e., both odd and even), and 
extinction will also occur for some planes (a,8,y) due 
to the diamond glide. Moreover, the average inner 
potential, given by 


W 1, 8md*)(3N/x)', 

where .V is the total number of free electrons for a 
grating cell, is 11.5 ev for the germanium crystal. This 
value gives the energy of the A-absorption edge of 
germanium measured from the zero level, and hence it 
must be added to the observed energies of the absorp- 
tion maxima and minima given in Table II, so that a 
comparison can be made between the observed struc- 
ture and the structure predicted theoretically. Table 
ill gives the energies of the observed absorption 
structures of Table II, measured from the bottom of 
the potential well as the zero-energy level, and gives 
also the lattice planes which would normally retlect the 
electron waves with energies close to these observed 
values. 

None of the observed absorption maxima can be 
ascribed to the characteristic energy losses of electrons 
passing through the Ge crystal, since the values of these 
losses in a Ge crystal are 16.4 ev and 33.8 ev as obtained 
by Watanabe," and are 16.0 ev and 30.1 ev as obtained 
by Marton and Leder.’® 

It is apparent from Table III that the absorption 
maxima A, A’, B, and B’ in the close-in region, i.e., 
up to about 50 ev from the zero-energy level, are in 


good agreement with the energies predicted by Hayasi’s 
theory, except that the maximum B in the orientation 
(2) of the Ge crystal cannot be identified by any lattice 
plane. This particular structure B seems to have been 


16 H. Watanabe, J. Electronmicroscopy Chiba 4, 24 (1956). 
161. Marton and L. Leder, Phys. Rev. 99, 495 (1955). 


SINGH 


formed due to superposition of two adjacent absorption 
minima, a and 8, on the monotonic part of absorption 
curve. 

The absorption minimum a does not have any 
identifying lattice plane, but all the succeeding minima 
(lying beyond 30 ev) show very good agreement with 
the energies predicted by Kronig’s theory, the agree- 
ment being excellent for minima in the extended region 
(i.e., beyond 50 ev). Further, the absorption maxima 

D, and D’ in the extended energy region do not 
correspond to any quasi-stationary states predicted by 
Hayasi’s theory, although the maximum F seems to be 
fairly satisfactorily explained by that theory. This 
latter fact seems to support the view that, provided 
suitable planes for the normal reflection of the ejer ted 
photoelectrons at those energies, Hayasi’s theory might 
hold good even up to 170 ev, i.e., 
energy region. 

The appearance of the new absorption structure 
features, which were not observed before, seems to be 
chiefly due to the orientation of the single-crystal 
absorber and the high degree of polarization employed 
in the present study, which made it possible for certain 
lattice planes (as indicated in Table III) to be effective 
in producing these significant features. 

Quite pronounced shifts in the structure observed 
beyond 50 ev upon rotating the absorber about the 
normal to its face indicate that Kronig’s theory is valid 
beyond 50 ev, which is nearly the same result as that 
obtained by El-Hussaini and Stephenson. The lack of 
any significant variation in the amplitude of the struc- 
ture in the present investigation can be ascribed to the 
partial polarization of the incident x rays which resulted 
in some integration over all the angles 4 for the crystal 
planes involved. A very small change in amplitude is 
expected even with 100% polarized x rays and with 
infinite resolving power of the spectrometer. 

As mentioned earlier, the [110] direction in the Ge 
crystal kept in the orientation (1) was determined as 
making an angle of 16°+2° with the direction of the 
electric vector in the polarized component of the 
incident x rays. Hence the angle #) of Eq. (1) would be 
16° for the set of planes (110) in the orientation (1 
and would be 29° for the same planes in the orientation 
(2). Considering the fourth-order and the sixth-order 
reflections from the planes (110), we obtain the corre- 
sponding absorption minima at 40.9 and 92 ev, 
respectively, in the orientation (1), and 49.3 ev and 
111 ev, respectively, in the orientation (2) of 
absorber. The observed minima 8 (42.5 ev) and 6’ 
(94.5 ev) in the orientation (1) and 8’ (51.5 ev) and 
6’ (107.5 ev) in the orientation (2) agree quite well 
with these calculated values, thus satisfying the 
necessary condition for the validity of the cos*@) de 
pendence predicted by Kronig’s theory. But this agree 
ment is not necessarily unique in view of the fact that 
some other lattice planes might also contribute to the 
formation of these absorption minima (see Table III 


even in the extended 


ev 


the 
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due to the partially polarized radiation used in this 
investigation, and also due to all the photoelectrons 
not being ejected solely in the direction of the electric 
vector of the incident radiation. 

However, this close correspondence between the 
observed minima in the two known orientations of the 
absorber, and their expected energies from Kronig’s 


theory, offers for the first time possible quantitative 
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123, 
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evidence for the cos*@ dependence predicted by that 
theory. 
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I'wo intermediate meson theories, the vector meson theory and the scalar meson theory, of 
interactions are analyzed for nonlocal effects in nuclear beta-decay processes 
(1) the introduction of a nonlinearity in the Kurie plot in both meson theories and (2 


Weak 
rhe principal effects are 
the alteration of the 


electron-neutrino angular correlation in the vector meson theory only. These effects are shown to be quite 
small, of the order of 76° in the most favorable cases, for the lower mass limits imposed on the mesons 
by the requirement of compatibility with present experimental data. The magnitude of these effects is 


considered to be on the threshold, at least, of measurability 


beta decay coupling constants that differ in the ore 


I. INTRODUCTION 
HE 


theories of 


interest in intermediate 
the weak interactions raises 
important questions: (1) What is the present evidence 
for an intermediary? (2) What are the prospects for 
more evidence on the intermediary question in the 
near future? “Evidence” here is taken to mean some 
experimental finding explainable only, or at least most 
credibly, by a meson intermediary. The invariance 
properties and selections rules obtained in the inter- 
mediary theories hardly seem admissible as evidence 


growing meson 


two 


since these results could as well be assumed themselves, 
there being essentially a one-to-one correspondenc e 
between these results and the meson properties assumed 
in the present theories. On the other hand, a non- 
locality of the weak interaction can be considered as 
evidence, locality being inherent in the Fermi theory 
and nonlocality being characteristic of intermediate 
meson theories. 

To date, the only evidence for a meson intermediary 
is found in muon decay. The Michel parameter appears, 
at least from the recent data,' to be greater than }, the 
value predicted by the Fermi theory with V—.1 
coupling. A nonlocal weak-interaction theory consistent 


* Part of a dissertation submitted in partial fulfillment of the 
requirements for the Ph.D. degree in Physics at Brandeis 
University (September 1960). 
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1 R. J. Plano, Phys. Rev. 119, 1400 (1960). 


ecrola 


30th meson theories pr xluce effective nuclear 


percent from the effective constants in muon decay 


with the present Fermi theory leads to 


for the Michel parameter and 


£ 1+(1/15)(m,?/ M 


for the asymmetry parameter where M is the mass of 
the intermediate meson. These results are the same 
for a vector meson intermediary” and a scalar meson 
intermediary,® provided only that the coupling between 
mesons and fermions is direct and the fermion currents 
are written in a form such that the Fermi theory is 
obtained in the local limit. As already noted, p>? has 
been reported ; however, only 1 has been obtained 
so far but with confidence limits insufficient to exclude 
£| equal to or slightly greater than one. Further, the 
value of the Michel parameter evidence is considerably 
reduced by (1) the Plano value p=0.780+0.025 being 
requiring VM too small (although the 
broadness of the confidence limits admits the possibility 
of a reasonable M 


too large, 1.€., 


and (2) the existence of older data‘ 


2 Vector meson intermediary effects in muon decay have been 
considered by many. T. D. Lee and C. N. Yang, Phys. Rev. 108, 
1611 (1957) appears to be the first paper on nonlocal effects in 
muon decay: their case II is essentially the vector intermediary 
note the conclusions in this paper are based on p<0.75). N. 
Byers and R. E. Peierls, Nuovo cimento 10. 520 (1958) treats the 
vector meson intermediary specifically. 

3 Y. Tanikawa and S. Watanabe, Phys. Rev. 113, 1344 (1957). 

‘For example, H. L. Anderson, T. Fujii, R. H. Miller, and 
.. Tau, Phys. Rev. Letters 2, 53 (1959); and W. F. Dudziack, 
RK. Sagane, and J. Vedder, Phys. Rev. 114, 336 (1959 
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indicating p< 4. Evidently, a more precise experimental 
value for the Michel parameter needs to be obtained. 
Were the value established to be nearly 0.76, the 
existence of an intermediary would be indicated fairly 
strongly. 

Recently suggested high-energy neutrino experiments® 
promise more conclusive tests for intermediate meson 
theories. An experiment for the vector meson inter- 
mediary has been proposed by Lee and Yang®; for the 
scalar meson intermediary, by Kinoshita’ (also relevant 
is the discussion by Glashow’). Unfortunately, these 
experiments require enormous facilities, facilities not 
yet available and unlikely to become available in the 
next few years. 

Study of various A-meson decay modes have been 
suggested by Oneda and Pati* and Kanazawa ef al.” 
Strong interaction effects complicate analyses of these 
processes such that no great confidence can presently 
be given to the results obtained. Further, the experi- 
mental difficulties involved in K-meson work are a 
severe limitation (although relatively large effects 
might be expected for an intermediary of mass nearly 
equal to that of the A-meson). These reservations 
apply even more strongly to the other strange particle 
decays. 

The preceding considerations direct attention to 
nuclear beta decay. Certainly meson effects in nuclear 
beta decay must be smaller by at least an order of 
magnitude than the effects in muon decay and similar 
high-energy release processes. However, nuclear beta- 
decay measurements are relatively easy and improved 
precision can be expected without prohibitive facility 
requirements. Further, the empirical methods of 
handling strong interaction effects in nuclear beta 
decay are fairly trustworthy. These facts suggest that 
nuclear beta decay be examined as a possible source of 
evidence for an intermediary. This analysis is under- 
taken in Sec. III. Section II is a brief sketch of the 
intermediate meson theories under consideration. 


Il. INTERMEDIATE MESON THEORIES 


Two intermediate meson theories have been discussed 
recently. The first, suggested by Ogawa," Schwinger,” 
and Feynman and Gell-Mann,” has a vector meson as 
the mediating particle. The second, due to Tanikawa 
and Watanabe," involves a scalar meson intermediary. 
Both theories may be traced back (although with 
significant differences) to Yukawa. 


5M. Schwartz, Phys. Rev. Letters 4, 306 (1960). 
®T. D. Lee and C. N. Yang, Phys. Rev. Letters 4, 307 (1960). 
7 T. Kinoshita, Phys. Rev. Letters 4, 378 (1960). 
8S. L. Glashow, Phys. Rev. 118, 316 (1960). 

*S. Oneda and J. Pati, Phys. Rev. Letters 2, 125 (1959). 

#” A. Kanazawa, M. Sugawara, and K. Tanaka, Bull. Am. Phys. 
Soc. 6, 34 (1961). 

1S, Ogawa, Progr. Theoret. Phys. (Kyoto) 15, 487 (1956). 

2 J. Schwinger, Ann. Phys. 2, 407 (1957). 

8R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958). 

4 Y. Tanikawa, Phys. Rev. 108, 1615 (1957); and reference 3. 
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A. Vector Meson Theory 
The more popular and more pleasing aesthetically 
of the two theories is that of the vector meson coupled 
directly to a fermion current in the usual Fermi form. 
The general weak interaction process, 


(1)+(3) > (2)+ (4), (3) 


as mediated by the vector meson (labeled U’,), occurs 
in two steps as 

(1) (2)+U,, 

(3)+U,-— (4). 


(4) 


The current emitting the meson at space-time point x is 
taken as 
Jy (x) =Ye(x)y,AtysWils), 


and the current absorbing the meson at point y as 


J, t(y) —Palv)y (I +ysWaly 


The lowest-order S-matrix term for the weak 


interaction only is 


SyM=Hf, * f avdy J (x) J, 1 (y) 


XK (TLU*(x) Ut (y) 


X [Wel ps)y*(1+-ys)¥i (pr) | 
X [al ps)v’(1+75)¥3(ps) | 
X[gue— My-k,k, [My?— hie] 
X5(pit ps— ps pr), 
k= p.— pi= ps— pu. 


Here the label 7 on the p’s and m’s runs over the 
particle labels 1, 2, 3, and 4. Dependence on the vector 
meson is contained in the causal Green’s function, 


D,°(x—y) = i(T[U, (x) I yt (y )] " 


1 fue— My, 
- —~ fu(= 7 ) 
(2r)* M,’?—k?—ie 
<explik(x—y) ], 


where T is the usual chronological operator. Since the 
fermion operators in the interaction picture satisfy the 
free-field Dirac equation 


(iy: p—m)y=0 


(provided all interactions—strong, electromagnetic, 
and weak—are included in the complete interaction 
Lagrangian), the My~*k,k, term can be eliminated to 
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give the following 


Sv = —}ifv*(2m)* J T]6(p?—m)dp; 


x [isl v(P0} 


(m2+m) (m4+ms) 


XK [Wal pa)vu(1+y5)Wa(ps) ]4+— 


My’ 


| a r Mo— My, 
x |¥atra| 1+ (“= “syste | 
Mo+m ; 


— Ms4—- M3 
x|vaipo|1+(=* = “ra s009 
ms+ms; J 


<[My?—k—ie} 5 (pit ps— pr— pa), 
k= po— pi=ps— pa. 


(6) 


No attempt is made here to include strong and electro- 
magnetic interactions other than the use of the particles’ 
physical masses. The term additional to the V—A 
term is a mixture of scalar and pseudoscalar coupling 
with nonmaximal parity violation in the case where a 
neutrino is zot involved. 

In the limit 


My*?>(po— pr = (pi— ps)” 
>(mo+m,)(ms+ms), 


the vector meson theory reduces to the Fermi theory 
with V—A coupling provided the identification, 


(fv?/My*)=v2G, (7) 
is made. 
B. Scalar Meson Theory 
The second theory has a scalar meson coupled 
directly to appropriate fermion currents: 
J 5° (x)=o(x)(1—ys)ya*(x), 
which exchanges a scalar meson (labeled B) with 
J 5°91 (v) =Pse(y) (1+ys)¥1(y). 


The superscript c denotes the charge conjugate of the 
particle identified by the subscript. The reason for 
writing the currents as above is evident 1n the following ; 
the result is that the general process Eq. (3) goes as 


(1)+(3) — B, 
B— (2)+(4). 


Thus Js is the “current” of the outgoing fermions 
and Js“*), the incoming. 
The lowest-order S-matrix term for 


(8) 


this process 


EFFECTS 


IN NUCLEAR €@ DECAY 


only is 


Ss = if? f andy 9) (x) J 51 (y) (TLB(x) Bt (y) ])o 


= 4ifsny f T1897 m;*)dp; 


X [Wo(p2) (1—vs)a(pa’) | 
X LWs"( ps") (1+-y5)¥1(p1) J 
X[M 3°—k—ie} "5 (pi— ps’ + pat— po), 
k= pi— ps°= pr— pr. 


The meson dependence enters through the causal 
Green’s function 


D°(x—y)=i(TLB(x)B'(y) ])o 
= ( 27) + f axis — k?—1e in 1 exp[tk(x—¥) ]. 


Equation (9) must be put into the Fermi form. First 
the spinor operators are rearranged, 


[Pol 1—ys)Wa‘ se (1+ys)¥1] 
= ddoy"*(1t+ysi lav 1—ys)ya'], 


by means of the Pauli-Fierz relations.'® Evidently, 
expression of the second factor above in terms of charge 
conjugate quantities gives the desired results. The 
final form of the S-matrix term is 


Ss = —}hifs?(2n) fT. —m;*)d p, 


X LH2(pe)y*(1+-ys)¥i( pr) J 
X [Wal pa)vu(1+ys)ha( ps) ] 
XM 3° —k—ie }"8( pit ps— po— pa), 
kh = pit pr= pot pa 


There are no added terms as in the vector meson theory. 
The local limit of the scalar meson theory, 
M S>(pit ps)? = (pot pa)’, 
yields the Fermi theory with the identification 
(fs°*/Ms°) 


2v2G. 


(11) 


C. Meson Properties 


The meson property of primary importance to the 
nonlocality of the weak interaction is the meson mass. 
Lower limits for the masses of the vector and scalar 
mesons are easily obtainable. Unless My>mx, a fast 


18M. Fierz, Z. Physik 104, 553 (1936). 
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K-meson decay mode, where @ is the angle between the electron and neutrino 
momenta and £,>m, assumed, 


K-U,4+y7, ’ ; Pease t ” 
wets (2) the identification of the coupling constants as 
would exist. Similarly, unless /s>m,, a fast mode, 
a Se 


would exist. Unless Ms is appreciably greater than 
m,, the nuclear beta-decay processes would show 
considerable nonlocality. On the other hand, Ms>m, 
gives negligible nonlocal effects in muon decay. 


Although electromagnetic effects are not discussed aaa 2 
where 7 runs over the labels S, V, 7, P, and -4 


responding to the usual notation in the Dirac matrix 


here, it is of interest to note that the vector meson is a Cor 


charge doublet (strange particle decays and possible 
algebra. 


The mass limit My>mx gives Cs Cy of the order 
of 10~® or less, a negligible quantity. Although Cp, Cy 
may be as great as 2 10-%, this quantity is ignored in 
> Bo — pre the following since the pseudoscalar coupling does not 
the 


schizon'® properties of the vector meson neglected). 


rhe scalar meson is a charge triplet, the neutral meson 


participating in nuclear beta decay as 


participate in the allowed transitions. Further, 


harged meson in meson decay as ; ; ‘ %: 
: strength of the pseudoscalar coupling is so difficult 


ut+y— Bt ety. to determine experimentally in forbidden transitions 
that only a large upper limit has been obtained to date.!” 


The scalar meson in neutron decay has a baryon and a There are two possible measurements of the 
Lenten aa 2kx « »» hence for ctri servati . ae . esas a : 5 
leptor as it ource; hence, for strict conservation of contribution from the multiplicative factor in the 
particle number, the meson must carry both a baryon — ajjowed transition. The first, the electron energy spec 
and a lepton number. This feature is one reason for trym, would have the normalized Kurie plot function 
objection to the scalar meson theory. A somewhat  (1—,) become 


compensating feature is the renormalizability of the l 12) 


theory. , 
. where 


III. INTERMEDIARY EFFECTS IN NUCLEAR 
BETA DECAY (1—2a)V.2/M 
With the identification of particles in the general i tian 
. Je c— 3 | Me 


> 


process of Eq. 3) as 
Mer |?+ | Mer 


and m? neglected in comparison to My*. Here We and 
. ; . ‘ ; Mgr are the Fermi and Gamow-Teller nuclear matrix 
the results of the last section can be applied directly to 
the problem of nuclear beta decay. The momenta and 
energies are assumed to be determined completely. 
Thus, the intermediary effects can readily be expressed 
as modifications of the usual Fermi theory results. 


elements, respectively, and a is the angular correlation 
factor. 

The second possible measurement is that of the 
effective angular correlation factor eff since the Fermi 
theory electron-neutrino angular distribution function, 


A. Vector Intermediary 1+a(| p.! Woe) cos, 


The effects of a vector intermediary in the allowed _ is altered to 
beta-decay transitions, 8~ decay assumed, are 
[1+a( p. Woe) cosé | 
1) the multiplication of the general matrix element - 
of the Fermi theory by the factor (from the meson X[1+Ke(1—e)—Ke(1 
propagator) with 


; MM, 

( VM y?—m?2)[My?— | 1 

E(Wo-E.) E(Wo—E.) 
? 


-1+2 ——} 


VU-—m?2 M\?-—m?2 


If V(e,6=0) is defined as the number of electrons of 
energy FE, and p, parallel to p, emitted per unit time 


cos6, ’ : ' 
™ and \V(e,6=7), the number with p, antiparallel to p,, 


r. D. Lee and C. N. Yang, Phys. Rev. 119, 410 (1960). C. P. Bhalla and M. E. Rose, P! tev. 120, 1415 (1960) 
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then the ratio (for | p.| ~/,), 


V(e,6=0)—\ (e, 0=7) 


= (ile), 


V(e,@=0)+ Ve, 0=7) 


is predicted by the Fermi theory to equal the angular 
correlation factor a. However, the presence of a vector 
meson intermediary would result in 


R(e) a{1 +(a—a '\ee(1—e) |. (13) 
Although measurement of the numbers .V(¢,) is not 
experimentally practicable, the above provides an 
estimate of the meson effect. A practical experiment 
can be designed in terms of the kinetic energy of the 
recoil nuclei instead of the angle between p, and p,. 
Such an experiment would yield an effective angular 
correlation factor 
meson contribution; however, the dependence of the 
meson contribution on the electron energy would allow 
the possibility of separation of the meson effects by 
measurements at different electron energies. 

The direct dependence of the magnitude of the 
meson effects on the process energy release directs 
attention to the most energetic beta decays. An energy 
release of about 30m, appears to be an upper limit in 
nuclear beta decay. Therefore, for Wos30m, and 
My>mkr, the quantity W¢/ My? is 


Wet/My2<10°3 


somewhat less sensitive to the 


The smallness .of this quantity indicates that experi- 
mental evaluation of the predicted meson effects will 
be quite difficult, particularly in the electron energy 
spectrum. The effect on the angular correlation factor 
might be more tractable since the dependence of the 
meson effect on the electron energy could be utilized 
to provide a differential experiment. 

rhe existence of a vector intermediary would produce 
a difference between the effective vector coupling 
constant in nuclear beta decay and that in muon decay. 
rhe effective coupling constant is defined as the 
constant obtained from a measurement of the process 
lifetime interpreted on the basis of the Fermi theory. 
The ratio of the effective muon decay coupling constant 
Guis(u) to the effective nuclear beta decay constant 
G.«(8) according to the vector meson theory would be 


Goss (ws) 1\m,2 


Gose(B) vector meson the 60 M,* 


where terms of order Wo?) My* are neglected. With the 
limit JJ; > mx, the limits for the ratio are 


< Gets (uw) Gest (8) emis 1.005. 


The experimental ratio of the coupling constants now 
appears to be greater than one,'* greater by 1.5 or 8% 
depending on how the problem of electromagnetic 


18 EP), L. Hendrie and J. B. Gerhardt, Phys. Rev. 121, 846 (1961) 
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corrections is handled in the Fermi theory. As in the 
case with the Michel parameter, the discrepancy 
between experiment and the Fermi theory is in the 
direction predicted by the vector meson theory but is 
too large for the My>mx mass condition. In the 
foregoing, the vector and axial-vector coupling con- 
stants are assumed equal in magnitude; the vector 
meson theory has no explanation of the apparent 
variations in the axial-vector constant. 

Other than the possible pseudoscalar interaction, 
the meson effects in forbidden transitions are essentially 
the same as in the allowed and are of the same magni- 
tude relative to the Fermi theory results. 

It should be noted that nonlinearities in the Kurie 
plot are known.’* These nonlinearities have a form 
explainable as caused by an anomalous Fierz inter- 
ference term in the electron energy spectrum. However, 
these observed nonlinearities cannot be explained by 
either a vector or a scalar meson intermediary. 


B. Scalar Intermediary 


With the same identification of the particles as used 
in the preceding, the multiplicative factor, 


[1—2m,(Wo—E.)/(Ms?—m,°) |, 


for the allowed transitions is obtained from Eq. (10). 
The coupling constants are 

—C,4 = ifs? 

Cy’ =—-Cy’, 

0=C,, 

i= S72. 

The meson propagator also introduces a term of the 
form 

p,):p./(Mse—m 
the 
momentum of the decaying nucleon taken between the 
initial and final nuclear states. The term is of the 
order of the first relativistic forbidden-transition 
matrix element multiplied by a factor less than 
m,Wo/(Ms?—m,?) and, thus, can be considered as a 
meson contribution to the forbidden transition. 

The effect of the meson factor on the allowed transi- 
tions is expressed as a modification of the Kurie plot 
function (1—e) just as in the vector meson theory case. 
lhe modified Kurie plot function is 


where (p,) is the nuclear matrix element of 


(1—e)[1—7/ (1-6) ],  o’ =2m,Wo/(Ms—m,2). 

If Mx were only slightly greater than m,, »’ would be 
appreciable ; for M s~2300m,, the Tanikawa-Watanabe 
estimate,’ and Wo<30m., n/<6X10. A nonlinearity 


18 Q, E. Johnson, R. G. Johnson, and L. M. Langer, Phys. Rev. 
112, 2004 (1958); J. H. Hamilton, L. M. Langer, and W. G. 
Smith, ibid, 112, 2010 (1958). 
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in the Kurie plot of this magnitude might have escaped 
notice in the rather scarce data on very energetic beta 
decays but should be detectable without great 
difficulty. A value Ms>5m, reduces 7’ to less than 
1.2X10-* and makes the observation of the meson 
effect, the nonlinearity in the Kurie plot, very difficult. 
This latter limit for Ms is obtained in the following 
consideration of the effective coupling constants. 

The ratio of the effective coupling constants according 
to the scalar meson theory is 


Gest (u) 


Gets (8) | scalar 


terms of lower order neglected. Obviously, the above 
result of the scalar meson theory contradicts the 
present experimental findings.'* Were the coupling 
both vector and axial-vector in all processes 

well understood, the scalar meson theory could be 
excluded as a possible theory of weak interactions. 
The present experimental status of the coupling 
constants does not seem to justify so firm a conclusion 
but certainly is a strong argument against the scalar 
meson theory. In particular, a light scalar meson is 
excluded; a meson mass less than 5m, seems unlikely 
even if the axial-vector rather than the vector coupling 
considered. Therefore, the lower mass 


constants 


constants are 

limit, 
Ms>5m,, 

is suggested here. 

One result: of the mass limit Ms>5m, is that 
the high-energy neutrino experiment proposed by 
Kinoshita’? would be much more difficult, the required 
neutrino energy being raised from the 265 Mev needed 


for M<~2300m, to about 11 Bev. 


Although the scalar meson intermediary induces an 


additional term in the relativistic transitions, the 
magnitude of the meson effects relative to the usual 
Fermi theory results is the same in forbidden transitions 
as in the allowed transition. Consequently, the greater 
experimental difficulties encountered in studying for- 


CHILDRESS 


bidden transitions is taken as sufficient reason for 


neglect of such transitions. 


IV. CONCLUSION 


As shown in the preceding section, the possible 
intermediary effects in nuclear beta decay are quite 
small, of the order of 75% or less even in the most 
energetic processes. Achievement of experimental 
precision sufficient to give information on effects of 
this magnitude cannot be said to be easy. Yet the 
measurement to the required accuracy of three or four 
Kurie plot points for each of the few I)> 20m, beta 
decays does not appear to be impossible. Similarly, a 
practical experiment to investigate the vector inter- 
mediary effects on the electron angular correlation 
seems on the threshold of feasibility. 

Accurate measurements of .the weak interaction 
coupling constants are of importance not only to the 
intermediary question but also to the problem of weak 
interactions in general. The vector meson intermediary 
theory can explain some of the variations in the 
coupling constants as indicated by present experi- 
mental data. On the other hand, the scalar meson 
theory tends to disagree greatly with the concept of a 
“universal” weak-interaction coupling constant. 

Clearly, the evidence, either positive or negative, 
which a study of nuclear beta decay may yield cannot 
be conclusive as far as an intermediate meson theory 
is concerned. Negative evidence can be interpreted 
only as an experimental determination of a lower limit 
for the meson mass. Positive evidence possibly could 
be explained by theories not involving an intermediary. 
This latter reservation is particularly cogent since a 
simple meson theory alone is not able to explain all 
the theoretical difficulties presently found in weak 
interactions. 
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The delayed-neutron activity resulting from the thermal-neutron-induced fission of Pu" has been studied. 


The measured total delayed-neutron yield, determined from a comparison measurement between Pu*! and 


UU, is 0.0154+0.0015 neutron/fission. The measured values for the individual group yields and the associ 
ated half-lives are: 0.000154+-0.00004 n/f, 54.041 sec ; 0.00365+0.0001 n/f, 23.2+0.5 sec ; 0.00275+0.0004 
n/f, 5.06+0.6 sec; 0.0062+0.0008 n/f, 1.97+0.1 sec; 0.0029+0.0003 n/f, 0.43+0.04 sec. The systematic 
behavior of delayed-neutron emission is discussed. The systematic study suggests that the variation of 
delayed-neutron yield with both mass number and atomic number is influenced more by changes in the 
fission-product charge distribution than by changes in the fission-product mass distribution, 


INTRODUCTION 


XTENSIVE delayed-neutron measurements have 

been made for many fissile nuclides ranging from 
Th® to CP! In 1957 Keepin ef al.2 published results 
of their measurements for isotopes of thorium, uranium, 
and plutonium. Their studies included delayed neutrons 
from thermal-neutron-induced fission and from fission 
induced by fast fission neutrons from the Los Alamos 
bare critical assembly “Godiva.” For a given nuclide 
no significant differences were observed in the delayed- 
neutron yields between thermal-neutron-induced fission 
and from fast-neutron-induced fission. Large differences 
were observed in both the total and individual neutron 
group® yields between the various nuclides; however, 
the group periods were in general agreement for all of 
the nuclides studied. Keepin‘ also made a comprehensive 
study of possible delayed-neutron precursors, and as a 
result he selected two small areas of the periodic table 
just above the neutron-magic numbers 50 and 82, 
which should contain all delayed neutron precursors of 
appreciable yield. In 1958 Cox et al.° reported measure- 
ments on the delayed-neutron activity following the 
spontaneous fission of Cf", Two features of the Cr” 
results were not in accord with Keepin’s suggested 
precursor s¢ heme. The half-life of the second delayed- 
neutron group, which should have resulted almost 
entirely from the decay of 24-sec I'*7, was measured to 
be 20 sec. The 6-sec activity which should have been 
present from the decay of I'S was not observed. Cox 
et al. suggested that the precursor scheme might be 
considerably different for a nuclide as heavy as Cf?” 
and that the strong contribution of the iodine pre- 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

‘ For a resume of delayed-neutron measurements prior to 1956, 
see G. R. Keepin, Progress in Nuclear I-nergy (Pergamon Press, 
New York, 1956), Vol. i; 

2G. R. Keepin, T. F. Wimett, and R 
107, 1044 (1957). 

3A delayed-nuetron group is defined as one component of a 
complex exponential decay. The ith group is expressed as Aye **! 
rhe total yield is 


K. Zeigler, Phys. Rev. 


N(t)=D;21" Aje A,t 


4G. R. Keepin, J. Nuclear Energy 7, 13 (1958). 
5S. Cox, P. Fields, A. Friedman, R. Sjoblom, and A. Smith, 
Phys. Rev. 112, 960 (1958). 


cursors in the lighter fissile elements might be replaced 
by new precursors of higher mass number and/or 
higher atomic number. 

The purpose of this paper is to extend the measure- 
ments on the plutonium isotopes in the hope that it 
may lead to a better understanding of delayed-neutron 
emission. 

EXPERIMENTAL PROCEDURE 


The experiment consisted of irradiating a fissile 
sample with thermal neutrons and then counting the 
delayed-neutron activity as a function of time after 
irradiation. The experimental arrangement is shown 
schematically in Fig. 1. The thermal neutrons were 
extracted from the Argonne research reactor through a 
concrete and iron shielded collimator hole 1.27 cm in 
diameter and 100 cm long. The collimated neutron 
beam passed through a pneumatically operated shutter, 
a shielded neutron detector tank which contained the 
fissile sample, and was finally stopped by a “beam 
catcher.” The shutter was used to interrupt the neutron 
beam at the end of the irradiation period. In the closed 
position the shutter interposed one m of paraffin in the 
path of the collimated neutron beam. The neutron 
detector consisted of 10 BF; counters immersed in 
mineral oil. The geometrical arrangement of the BF; 
counters was chosen so that the variation of detection 
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I'1G. 1. Schematic diagram of the experimental arrangement. 
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efficiency with neutron energy was within 159% of a 
“long coun er” response from 30 kev to 1 Mev. The 
over-all neutron detection efficiency was approximately 
5%. The neutron detector assembly was totally sur- 
rounded by 50 cm of water for shielding against the 
background neutrons in the reactor room. The fissile 
sample was enclosed in a cylindrical tube with thin 
aluminum windows and was placed in fixed position in 
the center of the neutron detector assembly. With the 
sample in position and with the shutter closed, the to- 
tal background counting rate was approximately 150 
counts min with the reactor operating at a power level 
of 2 megawatts. The initial counting rate following an 
“infinite”’ irradiation of the fissile sample was approxi- 
mately 50 times background. At the end of a 2.5-min 
irradiation the shutter was closed in approximately 
0.2 sec and the decay of the delayed-neutron activity 
was followed by a 256-channel analyzer modified to 
serve as a time analyzer. The channel widths used were 
0.1-1.5-2.0 and 4.0 sec. The long channel 
used to determine the long half-life components and 
kground. When the 


reached channel 256, it 


widths were 


he ba multichannel analyzer 
automatically reset itself to 
channel zero and simultaneously opened the shutter to 
Since the background could 


with the long channel widths, the 


begin a new irradiation 
determined only 

} 1 widtl Ss were used alternately on 
error due to 
in the background was minimized. 


here was a small change in the background 


this way the any 


ate over 

dat 

) ayed-neutron decay was measured for both 
Pu* and U**. The U*® measurement was made to 
check for any systematic error due to counter response. 
\ comparison of the U™® results of this experiment 
with those of Keepin ef al.2 showed very good agreement. 

The Pu* 
3.17-cm diameter electrodeposited film on thin platinum 
backing, was obtained from the Hanford laboratory. 
rhe total 
his laboratory® by alpha counting to be 2.55 mg. Our 
measurement of the Pu*' mass and that reported to 
us by Hanford agreed within 1%, after correction for 
the decay of Pu* 

Since the fissile samples were 14 in. 
exposures were taken with x-ray film at various positions 
of the neutron beam to insure that the 
was uniformly illuminated. The photo 
graphs showed that this was indeed the case. 

Finally, the total number of delayed-neutrons per 
fission from the thermal-neutron-induced fission of Pu** 
was measured relative to the known delayed-neutron 
yield of U%*2 Many measurements were made with 
each sample rotated to various positions to minimize 


1e four-week period during which 


a were taken. 


sample, which was in the form of a thin 


mass of the Pu sample was measured at 


in diameter, 


110ng tI e path 


a 


entire sample 
, 


iny error due to nonuniformity of the fissile deposits. 


A... GCOza 


RESULTS AND CONCLUSIONS 


If it is assumed that only one beta-decay transition 
precedes the emission of a delayed neutron, then the 
distribution in time of the measured delayed-neutron 
activity following an “infinite irradiation” is given by 


V(t) (1) 


where A, is the relative abundance of the ith group, 
\; is the decay constant of the ith group, and n is the 
total number of delayed neutron groups. Equation (1 
was fitted to the experimental data by the method of 
least squares with the aid of a large digital computer. 
The long-lived component was fitted to a single expo- 
nential decay and the result was subtracted from the 
total decay curve to give the the 
remaining delayed-neutron periods. Each of these were 
in turn fitted to a single exponential decay. In all, tive 


delayed-neutron periods were observed. The 0.2-se 


contribution of 


component measured by Keepin eé a/. for other nuclides 
was not observed in this expe riment because the data 


could not be analyzed until after 0.5 sec decay time 
had elapsed. 
The combined results of two independent runs for 


the delayed-neutron emission from Pu**! are given in 
Table I together with the 
the thermal-neutron-induced 
fast-neutron-induced 
corrected for finite irradiation 1 
Che corrections are appreci- 


results of Keepin ef al 


lor 
and the 


data 


fission of Pu 
fission of Pu’. The are 
ime and finite decay 
time between irradiations. 
able only for the 23-se and 54-se delayed-neutron 
groups. It is evident from the table that, within the 


stated statistical errors, the decay time for a given 
delayed-neutron group is not significantly different for 
the three isotopes. The absolute yield however exhibits 
very large changes. This behavior is in agreement with 


the empirical rule, first 


pointed out by Keepin,’ that 


TABLE I. Plutonium del 
De laved 


Group index Pu” 
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Noe 
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tend Se) 
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Delayed-neutr 
Group index Pu 

2.34 3.5 + | 
1.67 £0.55 
+0.4 +().42 
y 2 +().24 +().19 
0.618+0.213 
0.257+0.045 


$0.07) 
2+0.033 





THERMAL-NEUTRON 
the absolute yield of the delayed-neutron groups 
increases with mass number for a given fissile element, 
while the decay times of the neutron groups show no 
significant change. 

A graphical presentation of the absolute delayed- 
neutron group yields as a function of mass number from 
isotopes of Th, U, Pu, and Cf is given in Fig. 2. The 
data of Keepin et al.2 are used for Th™?, U2*.255.°88) and 
Pu?) The Pu*' data are from this experiment and 
the Cf? data are from Cox ef al.’ The total absolute 
delayed-neutron yields are presented in Fig. 3 for the 
same nuclides. The curves drawn through the experi- 
mental points are for purposes of emphasizing the 
systematic behavior. Several empirical observations 


TRONS/F I 


DELAYED NEU 





240 
MASS NUMBER 

lic. 2. Absolute individual delayed-neutron group yield for 
isotopes of Th, U, Pu, and Cf." The numbers beside the experi 
mental points and curves represent the approximate half-life for 
the associated delayed-neutron group. The curves drawn through 
the experimental points for U and Pu are for the purpose of 
emphasizing the systematic behavior 


can be made from the systematics of Fig. 2 and Fig. 3. 
For a given atomic number the delayed-neutron yield 
increases strongly with mass number except for the 
54-sec period. For a given mass number there is a 
sharp decrease in delayed-neutron yield with increasing 
atomic number. The dependence on atomic number 
appears to be much stronger than the dependence on 
mass number. For example, the extrapolated Pu*> 
vields are roughly an order of magnitude smaller than 
the U*** yields. For an addition of two mass units 
however, the delayed-neutron yield increases only about 
a factor of three. An examination of the fission mass 
distributions’ for the three Uranium isotopes repre- 
sented here shows immediately that the change in the 


Seymour Katcoff, Nucleonics 16, 78, April (1958). 


INDUCED | 


ISSION OI! 





lic. 3. Absolute total delayed-neutron yield for isotopes of 
rh, U, Pu, and Cf. The dashed curves through Th and Cf represent 
the possible behavior of the delayed-neutron yield of Th and Cf 
as suggested by the behavior of the delayed-neutron yield for U 
and Pu. 
mass distribution between U** and U*** is inadequate 
to account for the large increase in the delayed-neutron 
yield. A study of the mass distributions suggests that 
the mass yield in the region of the iodine precursors 
should remain relatively constant for the U isotopes 
while the yield in the region of the bromine precursors 
should be considerably smaller for U?S than for U?**, 

The discussion implies that delayed 
neutron yield for a given fissile element is influenced 
primarily by he fission-product charge 
distribution,®* 
between U5 and Pu*®, and Th? and U** is due to an 
abrupt shift in the charge distribution resulting from 
the addition of two charges to the fissile nucleus. 

The systematic trends of the delayed neutron yields 


above the 


changes in 


1 
and that the sharp decrease in yield 


from the U and Pu isotopes appear to be clear enough 
to justify approximate determination of the yields of 
unmeasured isotopes by interpolation and extrapolation. 
Such determination of delayed-neutron yields could be 
of importance in nuclear reactor studies. 

The empirical systematic behavior of the delayed- 
neutron yields seems fairly well established. An accurate 
explanation of the delayed-neutron systematics must 
await a more precise determination of the fission- 
product mass distributions and, especially much better 
determination of the fission-product charge distribution. 


8 A. C. Wahl, J. Inorg. Nuclear Chem. 6, 263 (1958). 
’T. J. Kenneth and N. G. Thode, Phys. Rev. 103, 323 (1956). 
E. P. Steinberg and L. E. Glendenin, Proceedings of the 

International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1955 (United Nations, Geneva, 1956), Vol. 7, Paper P/614. 

iL. E. Glendenin, C. D. Coryell, and R. R. Edwards, Radiochem 
ical Studies: The Fission Products edited by C. D. Coryelland N. 
Sugarman (McGraw-Hill Book Company, Inc., New York, 1951), 
Paper No. 52, National Nuclear Energy Series, Plutonium Project 
Rec ord, Vol. 9, 

2 The data for Figs. 2 : 
and this paper. 


ind 3 were taken from references 2, 3, 





PHYSICAL REVIEW 


VOLUME 123, 


NUMBER 5 SEPTEMBER 1, 1961 


(n,d) and (n,p) Reactions near Z =50* 
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\n emulsion study is reported of charged particles produced by 
14-Mev neutron bombardment of Rh", In"5, Sn!'6, Sn”°, Sb, and 
le. For all but Te 
ure presented, with distributions over the first 40° of laboratory 
angle of energy groups from Kh, In, and Sb. Contrary to an as 
sumption common in earlier work, there is strong evidence that 
the (n,d) reaction contributes strongly. Five peaks among the 
Rh, In, and Sb spectra are identified with pickup transitions, the 
angular distributions conforming to Butler curves for uniquely 
predicted (2) or reasonable (3) / values. These values are consistent 
with target proton orbitals in all five cases. The wide (n,np) 
energy in the Rh, In, Sn"'* and Sb 


no detectable yield) cross sections and spectra 


group is found at the expected 


MEASURE of the role of single-particle phe- 

nomena in reaction gross structure is the effective- 
ness of the orbital quantum number in determining 
angular distributions within the strength function reso- 
nances. This aspect of gross structure has not yet been 
examined in (m,p) reactions, nor has any aspect in the 
mass-100 region. The present survey of six nuclei was 
therefore undertaken as a study of (#,p) gross structure 
near a closed proton shell. Relative positions of groups 
found in the spectra are in reasonable agreement with 
those predicted from the Nilsson model, and were so 
interpreted in a preliminary report.’ 

Further analysis has shown that these distributions 
are largely attributable to (n,d) reactions, the energy 
groups comprehending a small number of residual levels’ 
and so being irrelevant to problems of gross structure. 
Analysis of the spectra and angular distributions of the 
principal groups from Rh, In, and Sb therefore leads, 
through a confirmation of the pickup forms expected 
(except for one new J* assignment), to information on 
the systematic behavior of interaction radius and re- 
duced width in the (,d) process, not previously so 
studied for nuclei other than the lightest. Analysis of 
the proton contributions does admit some comparison 
with gross structure predictions at low excitation 
(up to about 6 Mev) and identification of the (,np) 
contribution. 


PROCEDURES 


Ilford C2 plates (1 in.X3 in., 400 uw) were clamped 
with long edges parallel in a hollow square configuration. 
The 2-in. square projection of this array on the target 
plane, normal to all emulsions and 12.3 cm from the 
nearest end of each, enclosed the target, a 2-in. square 


* Supported in part by the U. S. Atomic Energy Commission- 

1 Proceedings of the International Conference on Nuclear Structure, 
Kingston, edited by D. A. Bromley and E. W. Vogt (University 
of Toronto Press, Toronto, 1960), p. 783. 

? From the three target nuclei providing most of the data, the 
(n,d) reaction forms an even product nucleus, and (,p) an odd 
neutron product. Further, the residual excitation energy at a 
given emulsion range is several Mev less for deuterons than 
protons. 


spectra; its angular distribution is anomalous for Rh but displays 
the expected isotropy in the other three cases. Up to at least 
6-Mev excitation the (”,p) gross structure is dominated by single 
particle effects, the uncontaminated (#,p) yield obeying predic 

tions of the Nilsson model as to spectral concentration and angular 
distribution; the low collective levels excited in (~,p’) are not 
observed. Systematic behavior of the direct-interaction radius for 
(n,d) and (n,p) and of the reduced width for pickup are found to 
be reasonable. It is inferred that the parent state for proton pickup 
with low residual excitation is almost purely a single-particle state 
in the case of Sb, and has a strong single-particle character in Rh 
and a very weak one in In. 


rolled foil in the cases of rhodium (33 mg/cm*), indium 
(64 mg/cm*), and the two tin isotopes (18 mg/cm?*), 
and a circular evaporated deposit 1 in. in diameter 
(10 mg/cm*) in the case of antimony. The neutron 
source, a tritiated zirconium foil in a 170-kev Cockcroft- 
Walton deuteron accelerator, was situated 4.4 cm be- 
yond the target plane and on the axis of the plate array. 
A brass chamber enclosing target and plates was evacu- 
ated for roughly twelve hours before exposures, in which 
between 0.6X 10" and 0.9 10" neutrons were generated 
at the source in the various runs. 

Track acceptance criteria were limited to surface 
origin and angle limits representing about twice the 
angular aperture of the actual target. An IBM 650 was 
used to compute for each track* the target plane coordi- 
nates of the individual reaction site, angle between 
neutron and proton directions, proton’s emulsion range 
and energy, and the reaction energy corrected for nu- 
clear recoil. Tracks whose computed reaction sites did 
not fall inside the actual target boundaries by 5 mm or 
more were rejected. Since the data finally accepted are 
for 3000 tracks drawn from 11 000 measured, and since 
the directly measured data are thoroughly interwoven 
in the computed quantities, there is little likelihood of 
any residual observer bias. Nevertheless, all data sets 
(from different microscopists and/or plate areas) for 
each reaction were tested for consistency in the distribu- 
tions over measured angle and dip and in the gross 
features of intensity, energy, and reaction angular dis- 
tributions. Of 24 data sets, three were rejected at this 
screening and the rest are reasonably consistent in the 
respects noted. They provide between two and five 
independent data sets per reaction and show that com- 
puted target coordinates are accurate to 2-3 mm, corre- 
sponding to the expected accuracy (1°) of angle meas- 
urements, and that tracks are recorded with uniform 
efficiency up to the angle and dip limits imposed. 


? Corrections were applied to individual tracks for local varia 
tions in emulsion shrinkage, target thickness as a function of 
direction of travel, and neutron energy variation with target 
coordinates of the reaction site. 
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Total neutron exposures were determined accurately 
from volume proton recoil densities in the emulsions 
(2° consistency between observers) and checked 
against determinations from a Ra-Be-calibrated long 
counter (6% from emulsion value). For cross-section 
calculations the number of neutrons in the 14-Mev peak 
was used, 72% of the total number over 3 Mev as 
determined from the emulsion recoil spectrum. Back- 
ground exposures identical to the rest except for removal 
of target materials from the thick gold and lead backings 
were normalized to total neutron exposures. Accuracy 
of this normalization is verified by the net yield reaching 
zero in several regions of the spectra but nowhere falling 
significantly below it. 

The limit to energy resolution in emulsion measure- 
ments is set by accuracy of angle and dip measurements, 
the error inherent in range measurements being well 
below 1°. Since the full width of the 14-Mev peak in 
the emulsion recoil spectrum is 0.6 Mev, the intrinsic 
width being necessarily below 0.1 Mev, the width of an 
emulsion group corresponding to a sharp line in a re- 
action spectrum should be less than 0.5 Mev; the recoil 
spectrum is much more sensitive to errors in angular 
data than are any of the reaction spectra. 

Since both detector and target dimensions are com- 
parable to their separation, the ratio of observed angular 
distribution to the differential cross section is a reaction- 
angle-dependent efficiency function which is different 
for each data set. The function, a fourfold space integral 
of a transcendental integrand, cannot be expressed in 
closed form and was evaluated by an ad hoc program 
on the IBM 650. The typical form is of a mild forward 
peak falling to a plateau and thereafter to a fairly 
abrupt cutoff, and the range of significant recording was 
defined as that over which the efficiency function varied 
by less than a factor of two from the plateau value 
This range included 0° in all cases and imposed an upper 
angular limit ranging from 40° to 60° for the various 
data sets. 

Also required for absolute cross sections is the neutron 
flux at the target, which is known only through the total 
number of neutrons leaving the source. Inasmuch as the 
latter was a 1-in. diam circle, its size was comparable 
to its distance from the target, and the average flux at 
the target given by the integral over target coordinates 
of a flux function falling from near an infinite-source 
value at the center to the point-source function far from 
the center. The effect is a major one, since the infinite- 
source value of flux at the target, for a given total neu- 
tron production, is more than ten times the point-source 
value. The required function was estimated with the aid 
of two independent plausibility arguments, giving re- 
sults differing by +8% for the square targets and +4% 
for the circular one. Uncertainty in this factor affects 
only absolute cross sections and values for antimony 
relative to the rest; it has no internal effect for any one 
reaction, nor among the first four. 


REACTIONS NEAR 
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RESULTS 


The reaction spectra, with background removed, are 
displayed in Fig. 1 and angular distributions for those 
portions for which they are statistically significant in 
Fig. 2. Absolute cross sections are given in Table I 
together with details of assignments to be inferred from 
the angular distributions. A tellurium target was also 
analyzed, but no yield of statistical significance observed. 

Experimental uncertainties affecting these data are 
of three types (1) Statistical probable errors are indi- 
cated by vertical bars in the figures and explicitly in the 
table. Only these affect relative points within the dis- 
tributions or values within a column of Table I. (2) The 
systematic uncertainty affecting data for reactions rela- 
tive to one another resides chiefly in the neutron ex- 
posure and is represented by probable errors in recoil 
density measurements ranging from 5°% for Rh to 8% 
for Sn. (3) The finite source correction introduces a 
systematic uncertainty affecting all data of the first four 
reactions uniformly and having an independent uniform 
effect on all Sb data. Consistency figures of +8% and 
+4% for this factor have been noted; there is no reliable 
way to quantify an absolute uncertainty in it. Limits 
of error arising from effects overlooked may be estimated 
from the maximum variations among absolute cross sec- 
tions derived from individual data sets for each reaction, 
viz., Rh+12%, Sn"64497,, Sn°+7% 
— 16%, Sb+ 25%. 

Evidence for the assignment of much of the yield 
and most of the spectral structure to (7,d) reactions is 
discussed in the following sections but may be sum- 
marized beforehand for clarity. In the case of Rh+z, 
the groups observed have previously been reported by 
Colli ef al.4 and identified as deuterons by discrimination 
of a dE/dx pulse. Agreement of their energies as de- 
termined from the scintillation and emulsion spectra is 
a firm identification of the particle type, since the two 
devices measure energy and range, respectively. Addi- 
tional confirmation is the fact that the angular distribu- 
tions of these groups are found to disagree with predic- 
tions for (#,p) but fit well with those for (1,d) The same 
situation applies to angular distributions of the In+ 
groups, which also display a marked homology® to those 
of Rh(n,d) In Sb+, the deuteron group is identified 
on the basis of an angular distribution favoring the (n,d) 
prediction In all three cases the correspondence of 
groups with known levels of the (,d) product is 
reasonable. 


ig ees 
In+2%—35% 


Spectra 


The background spectrum® is smooth except for a 
peak between 7 and 8 Mev on the proton scale of Fig. 1. 


*L. Colli, F. Cvelbar, S. Micheletti, and M. Pignatelli, Nuovo 
cimento 14, 1120 (1959). 

5 The main structures of the Rh and In spectra are very nearly 
in line on the emulsion range scale, an accidental coincidence if 
different particles are involved. The (m,p) reactions differ in Q 
by 0.7 Mev, the (n,d) reactions by 0.0 Mev. 

® The ratio of net yield to background ranges from 8 to 24 in 
the rhodium and indium spectra, from 0.8 to 3 in the tin, and is 
above 5 in all parts of the antimony spectrum left of group A, 
for which it is 2. 
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neutrons on 


Charged particle spectra from 14-Mev 
indicated targets. Ordinate: Cross section integrated 
to cutoff (37° for Rh, In, Sn"™* and 32° for Sn™, Sb). 
Values are ir Mev of protor multiply by 1.4 for mb/ 
Mev of deuteron energy. Background has been subtracted, total 

net) number of tracks in spectrum is shown in parantheses and 
statistical probable errors are shown. Abscissa: Proton scale 
(normal index marks, lower numerals) is exactly U/-Q and approxi 
mately £,-E,; deuteron scale (oblique index marks and upper 


from 0 


nergy: 
energy ; 
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This peak’ is visible in the gross yield from the tin 
isotopes only. Hydrogen contamination of rolled foils, 
including the gold backing and all targets except anti- 
mony, is apparent in concentrated groups appearing at 
(=0 in the net spectra. Track analysis being based on 
the assumption that each track originates in the target 
foil, the position and concentration of the contamination 
group eliminates the possibility of assigning it to volume 
recoils in the emulsions. As expected, the hydrogen con- 
tamination group is absent only in the cases of the one 
evaporated target (antimony backing 
(lead) which was cleaned abrasively. 
Vertical arrows in Fig. 1 indicate the positions of the 
highest energy groups from (n,), (n,np 
processes. First to appear (from the should be 
n,p), and while the maximum energy yield from (n,p 
is too weak in these spectra to permit quantitative de 


and the one 


and 


(,d), 


right 


termination of Q values, it is a fact that in all five 
spectra the average net yield over several intervals first 


rises from zero approximately at the calculated energy. 


Rhodium 


The portion of the Rh(#,d) spectrum previously 
identified by electronic discrimination’ consists of an 
incompletely resolved doublet occupying the first 2 Mev 
of excitation, followed by a gap 1-Mev wide and a higher 
group at least 2-Mev wide. These structures are well 
reproduced by groups B, C, and D in Fig. 1. The posi- 
tions of B and C agree with those found by Colli e¢ ai. 
within 0.3 Mev. The energy of D is 0.9 Mev lower in 
Fig. 1 than in the scintillation spectrum, which may 
suggest a different mixture of particles in the two experi- 
ments, although the relatively large target thicknesses 
used in both experiments are most significant at the low 
energy of group D and may alone account for the dis- 
crepancy. Positions of these three groups disagree by 
2 Mev or more if they represent protons. Only (7,p) and 
(n,d) can contribute to group B. Group ¢ 
accessible to (m,np) but it has been shown’ that the 
characteristic maximum of that reaction occurs roughly 
4 Mev below the maximum energy for intermediate 
nuclei, so that it is unlikely to contribute to group C. 
Group D is so situated that it could reasonably corre- 
spond to the (n,np) peak or the high-energy (,d) group 
of Colli ef al.; (n,t) and (n,a) are also energetically 
capable of contributing to it. 


is energetically 


7 A similarly situated group has been reported LJ. D. Seagrave, 


Phys. Rev. 97, (1955), Fig. 7] in the spectrum of recoil 


protons from a polyethylene radiator arising from degraded neu 
trons in the primary spectrum. Hydrogen contamination of targets 
and backing is noted in the text. 

* DP. L. Allan, Nuclear Phys. 10, 348 (1959); 6, 464 (1958). 
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numerals) is exactly E,-Ea and approximately U/-Q (Q=reaction 
Q value, U =residual excitation). An exact (n,p) recoil correction 
has been applied in placing each track on the proton scale, and an 
average recoil term used to establish the deuteron scale. Arrows 
labeled p, d, and np indicate most energetic particles possible from 
(n,p), (n.d), and (n,np), respectively. Protons and deuterons at 
the Coulomb barrier energy fall at B and B’, respectively. Known 
levels in (n.d) product nuclei are shown by base line markings 
Those for Sb apply to Sb” as target; for Sb’ the ground and 
first excited states are shifted left by about 1 Mev. 
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lic. 2. Angular distributions of 
energy groups. Ordinate: Differ 
ential cross section for central por- 
tion of group as labeled, about 1 
Mev wide except for Rh A and 
In A which are taken 2 Mev wide. 
Units marked are 1 mb/sr for all 
Rh groups, 0.25 mb/sr for In, and 
10 mb/sr for Sb. Statistical prob 
able errors are shown. Abscissa 
Cosine of reaction angle, in labora 
tory. Curves are Butler forms for 
assignments of Table I, the /=4 
term being dotted in InC. Bg is 
background distribution from thick 
lead target 


TABLE I. Summary of group data and assignments.'™ 


Energy range (Mev)* Assignment in 
Group (n,p (n.d) ib)> Reaction ae of widthe 


Rh D ’ 2.6-5.2 r : ) (nd)! 
Rh C ; . 0.8-2.6 - d)e 

Rh B 5.7-6. —0.6-0.8 

Rh A 


0.09 
0.18 


2.4-4.5 
0.1-2.4 


+0.06 


+0).05) 
+0.10 
£0.07 


7+0.14 
£0.09 
+0.10 


4 
) 


7.2 


® Excitation of residual nucleus corresponding to limits in Fig. 1. 
Total cross section for group, extrapolated in angle to complete peak 
-e Results for arguments 
1 See footnote 10. 
¢ Proton reduced width determined for (,d) groups following Mactar] 
roton pickup in intermediate nuclei (Reference 30, Appendix 1 
f Accessible to (1,p), (.d), (u,np), (,t), and (r,a). 
* Accessible to (,p) and (n,d) only. 
» Accessible to (n,p) only. 
Accessible also to (,p), (n.d), and (n,a). 
i Isotropic group; differential cross section is given (mb/sr). 
k Excitation ranges given for Sb'™ target. For Sb’, (n,p) excitations ar 
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Segment .1 of the rhodium spectrum is accessible only 
to the (m,p) reaction. It contains the suggestion of a 
group at the high excitation end but otherwise no evi- 
dence of structure. This portion of the spectrum cannot 
be compared with earlier work, since the only previous 
observation of this spectrum’ with energy resolution 
sufficient to show group structure is a scintillation de- 
termination, in which segment A is masked by the more 
intense deuteron groups lying to its left in the emulsion 
spectrum. 


Indium 


All of the foregoing remarks on the rhodium spectrum 
apply to the homologous and similarly labeled groups in 
that of indium, except that no published spectrum is 
available of sufficient resolution for comparison of struc- 
ture. As in the case of rhodium, the indium groups are 
in quite reasonable agreement with the known levels in 
the (,d) product nucleus. 


Antimony 


The isotopes of masses 121 and 123 are present in 
roughly equal quantities. As for rhodium and indium, 
the first few Mev of excitation in the (,p) spectrum is 
strikingly weak. The first well-developed contribution 
(group A) is accessible to Sb™!(n,d) but not Sb'(n,d) ; 
it is relatively weak, unlike the (m,d) ground state 
groups from Rh and In. There follows the energy gap 
which appears to be a systematic feature of Fig. 1, 
beyond which two or more strong groups appear. Group 
B is both too narrow and too energetic to fit the system- 
atics of the (#,np) reaction and is probably to be as- 
signed to (n,d) on the basis of its intensity, markedly 
greater than that of group 4. Group C has the width 
and position appropriate to (n,np), although it is 
energetically accessible to all reaction types mentioned 
in Table I. 

Tin 


The tin spectra show no convincing evidence of struc- 
ture right of the position at which (n,mp) is expected to 
appear. If, as in the other three spectra, the dominant 
process in that region is (,d), the residual level density 
is high and resolved contributions from separate levels 
not expected. The (,d) reaction forms odd product 
nuclei from the tin isotopes and even ones from the 
other three targets. 


Angular Distributions 


No distributions are given for the tin isotopes because 
of their unfavorable signal:noise ratio.6 Those shown 
apply to restricted energy intervals removed by roughly 
0.2 Mev, on the average, from the boundaries specified 
in Table I, to avoid confusion of adjacent segments. 
Neither the peaks which occur nor any differences in 


et. Colli, U. Facchini, I. Iori, G. Marcazzan, A. Sona, and 
M. Pignatelli, Nuovo cimento 7, 400 (1958). 


rEC¢s., 


JR. 


their form can be instrumental in origin, for all groups 
in each spectrum have been weighted by the same 
energy-independent efficiency function and the purely 
geometric factors determining that function are the 
same for each reaction. The efficiency functions vary 
monotonically with angle and so do not introduce peaks. 
Finally, isotropic distributions do occur in some cases 
for which they are expected. 

The angular distributions can be fitted to direct- 
interaction forms and the /min parameters identified if it 
is known what constitutes a reasonable value of the 
interaction radius."° This information is not empirically 
available, since few direct interaction distributions have 
been published" and none for masses over 27. Variation 
of the (p,d) radius has been examined” up to mass 30, 
showing equal consistency with the conventional sys- 
tematic expression, 1.7+1.24!, and an empirical one, 
4.37+0.424, for the nuclear radius. An isolated value 
of 1.29 has been found" for (p,d) at mass 91. Extrapola- 
tion of the first empirical expression above to the mass 
range of this experiment suggests a probable (,d) radius 
of 1.55+0.1; extrapolation of the second empirical ex- 
pression suggests an upper limit around 2.0, and a lower 
limit of 1.2 is estimated from the mass 91 value and the 
actual radius of the nuclear charge distribution." Since 
the (p,d) and (m,d) radii are the same among very light 
nuclei," the same numbers may apply roughly to the 
(n,d) radius. For (,p) the true interaction radius should 
lie between the charge radius (1.2) and the neutron 
density radius (1.75+0.01 for these nuclei) deduced 
from nonelastic neutron cross sections.'® Wave function 
distortions should cause the true radius to lie below that 
deduced from Butler fits, for that is the sense of the 
effect of nuclear distortion alone and the two distortion 
effects appear to produce near cancellation in charge- 
symmetric reactions such as (p,p’).'® The difference 
between true and Butler radii may be guessed at by 
noting on the one hand that radii differ by 5°%-20% for 
the groups of Fig. 2 as determined by fitting 77 and 
W?(hi,j.), respectively, and on the other that radii de- 
termined from (p,p’) distributions differ from the actual 
charge radius by 10%-20%. In summary, the (m,p) 
radius may be expected to fall near 1.8 and the (n,d) 


© All numerical values of radius mentioned in this paper desig- 
nate A~? times the nuclear radius, in fermis. 

uF, L. Ribe, Phys. Rev. 106, 767 (1957); F. I 
Seagrave, ibid. 94, 934 (1954); O. E. Overseth, Jr., 
Peck, Jr., ibid., 115, 993 (1959). 

2 J. B. Reynolds and K. G. Standing, Phys. Rev. 101, 158 
(1956); E. F. Bennett, Pinceton University Tech. Rept. NYO 
8082, 1958 (unpublished). 

'3C, D. Goodman and J. B. Ball, Phys. Rev. 118, 1062 (1960). 

4 R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 

16 J. H. Coon, E. R. Graves, and H. H. Barschall, Phys. Rev. 
88, 562 (1952). The neutron distribution in the nucleus serves to 
attenuate incident neutron flux without contributing to any (n,p) 
process. 

16S. T. Butler and O. H. Hittmair, Nuclear Stripping Reactions 
(John Wiley & Sons, Inc., New York); W. Tobocman and M. H. 
Kalos, Phys. Rev. 97, 132 (1955); G. Schrank, P. C. Gugelot, 
and I. E. Dayton, ibid. 96, 1156 (1954); R. G. Freemantle, 
D. J. Prowse, A. Hossain, and J. Rotblat, zbid. 96, 1270 (1954). 


Ribe and J. D. 
and R. A. 





(a,d€) AND (2,6) 
radius around 1.6, and both should surely lie in the 
range 1.2-2.4. Each radius should be the same for all 
nuclei studied, no magic-number irregularities having 
been found among these nuclei in the radii of either 
neutron or proton densities. 

In analysis of the angular distributions, all / values of 
both parities from 0 to 5 have been considered for each 
group, and both (,p) and (n,d) reactions. An / term is 
considered to give a possible fit if the required radius 
lies in the range 1.2-2.4 and the corresponding curve 
passes within the horizontal bars of the data in Fig. 2 
at half maximum. The latter conditions permits a range 
of 0.03 in the cosine of the reaction angle and requires 
agreement of full width at half maximum within rouglhy 
10°. A “best fit” is one most closely reproducing the 
observed peak width with a radius in the range imposed. 
Theoretical curves used are of the full Butler-Born 
approximation form.!7:!5 


(n,d) groups'** 


Groups B and C from rhodium, if proton groups, can 
be fit only by 7/=0, which is in flat disagreement with 
the single-particle orbitals available to contribute to the 
gross structure”; they have, further, been established 
as deuteron groups as discussed earlier. Rh B spans two 
residual levels, at 0 Mev (0+) and 0.475 Mev (2+), 
both contributing /=1 which fits the observed peak 
(radius 1.92). Rh C extends over three levels, at 1.57 
Mev (2+, /=1), 1.88 Mev (J* unknown), and 2.26 Mev 
(2— or 3—, /=2) of which the last is unlikely on ener- 
getic grounds to contribute. The best fit to the distribu- 
tion is for /=0, radius 1.57, so that the principal con- 
tributor is presumably the 1.88-Mev level with parame- 
ters O— or 1—. Group B of indium can only represent 
the (2,2) product ground state (0+) which contributes 
the term /=4, one of the two terms (/=4, radius 1.80; 
/=3, radius 1.30) which best fit the data. Group C of 
indium covers four product levels, ranging from 1.21 to 
1.37 Mev (0+, 2+, 4+), expected to contribute /=0, 2, 
and 4. The best fit to the principal peak is for /=2 
(radius 1.37), and the second maximum, if real, repre- 
sents /=4 (radius 1.19, dotted curve in Fig. 2). Group B 
of antimony is best fit as a deuteron group with /=2 
(radius 1.29), the only alternative being /=3 (radius 
1.88). If due to Sb™!, it spans product levels at 2.22 Mev 
(4+, l=2), 2.42 Mev (6+, /=4) and 2.51 Mev (7-, 
1=5); if due to Sb” it includes only a level at 1.14 Mev 
(2+, 1= 2). From either isotope, the expected contribu- 
tion agrees with the empirical best fit. 

17S. T. Butler, Phys. Rev. 106, 272 (1957). 

'§C.-R. Lubitz, H. M. Randall Laboratory of Physics, Uni 
versity of Michigan, Ann Arbor, 1957 (unpublished). 

** See Appendix added in proof 

‘ Features of (,p) gross structure predicted for distorted nuclei 


of intermediate mass by the Nilsson model have been submitted 
to Nuclear Phy sics. 
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(n,p) distributions 


The spectral range A from both rhodium and indium 
is energetically available only to the (,p) reaction, and 
in both cases the angular distribution has the sharp 
peak expected of gross structure dominated by direct 
interaction. In the case of rhodium, for which the net 
yield is sufficient to permit angular distributions of 
subdivisions of the range, the same distribution is found 
for the high- and low-energy parts. For rhodium only 
one fit is possible, to /=0 (radius 2.10). This term is 
predicted in the (”,p) gross structure but with intensity 
only 20%-30% as great as that of other predicted con- 
tributions not observed. It is reasonable, of course, that 
the restricted angular range studied in this experiment 
should select a minority component. For indium also, 
only one fit is possible: to /=2 (radius 1.79). In this case 
the values 1 and 2 are predicted with equal intensity if 
the source proton is the unpaired one, and /=2 pre- 
dominates if other protons in the valence shell contribute. 

Attributed to Sb", group A of antimony can only be 
an (,p) group and no fit is possible. It could contain 
contributions from Sb”!(,np) but is energetically un- 
likely to be dominated by them. The best fit would be 
for an Sb"!(n,d) group with /=3 (radius 1.79), but the 
residual levels available under this interpretaion are 
only those at 0 Mev (0+, /=2) and 1.18 Mev (2+, 
1=0); neither of the latter is a possible fit to the data. 
The group must therefore be attributed to Sb™!(,p), 
for which the best fit is to /=3 (radius 2.20), agreeing 
with the predicted gross structure providing the proton 
comes from the filled shell. This is not unreasonable at 
the excitation involved, and provides a simple account 
of the fact that the intensity of group A, while not 
strong, is markedly greater than (m,p) intensity at 
lower excitation. Many more source protons are avail- 
able in the filled shell, of course, than in the valence 
shell. 


(n,np) groups 


Groups D from rhodium and indium and C from 
tin-116 and antimony are all properly situated to repre- 
sent the (#,2p) maximum and, as is appropriate to that 
process, clearly are or could be perceptibly wider than 
other groups. From antimony and tin-116, isotropic 
angular distributions confirm this identification. In 
indium group D, a large isotropic component appears 
together with a broad peak, suggesting either (,p) or 
(n,d) in combination with (n,np). The only possible 
fit to the peak for (#,d) is to /=3 (radius 1.82), and all 
the known parities of (#,d) product levels in the relevant 
excitation range are positive, requiring even / values. 
Since all the parities are not known, however, the possi- 
bility of (,d) in this group cannot be ruled out. For an 
(n,p) group the best fit is to /=0 (radius 1.64), and in 
the (#,p) gross structure contributions are strong from 
single-particle levels of the seventh oscillator shell, lead- 
ing to high-intensity predictions of /=0, 1, 2, and 3. The 
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most probable assignment of group D of indium, there- 
fore, is to a mixture of (#,2p) and (n,p) with /=0. 
Group D of rhodium should, on energetic grounds, 
contain a strong (n,zp) component. Its peculiar angular 
distribution, however, is not isotropic and cannot be 
matched by any reasonable combination of direct-inter- 
action forms. If correct, the shape would be suggestive 
of interference between / terms (reference 17, p. 282). 
A coincidence of positive and negative fluctuations in 
successive angular cells is more likely, the true distribu- 
tion being a single broad peak with little or no isotropic 
background. In this case, the group would appear to 
represent /=2 for either protons or deuterons, neither 
of which would be inconsistent with available informa- 
tion since the (#7,d) product level scheme is incomplete 
and /=2 is among the four terms predicted in the (1,p) 
gross structure. In view of the coincidence in energy of 
this group with an (#,d) group identified by scintillation 
spectrometry,‘ it is very likely that (v,d) is present, but, 
since the cross section here found is substantially larger 
than the scintillation value, a second component is also 
indicated. Whether the second ¢ omponent is anisotropic 
nynp) yield or (1,p) nnp) being 
anomalously suppressed cannot be determined from 


gross structure with 


the data. 


Cross Sections 


Most exten 
the absolute cross sections of this experiment are for 
] 


and so directly comparable regardless of 


Rh+n. One of the four published studies is an emulsion 
etermination* 

ae rethesti 7 —_ ' The 
relative contributions of protons and deuterons. The 


( 
total cross section found here (groups A, B, and C, 
©? of the corresponding value 
al. The same cross section determined by 
$47, smaller, and the 
forward differential cross section (average over 12 cos@ 
(0.97), also determined by the scintillation method,” 
© smaller than the result of this experiment. The 
juoted uncertainties in the latter two values are 27% 
and 10° Os 
be significant.” If they are, a systematic overestimate in 
the emulsion values, normalization of 
background is checked by vanishing of net yield in some 
portions of the spectra, is less likely than the alternative 


1>cos920.8) is within 3 
of Brown ef 


scintillation spectrometry” is 


a¢ 


respe¢ tively, so the disc repanc ies need not 


for which the 


of some loss of legitimate yield in gating a scintillation 
spectrometer by a dF dx pulse. Finally, the scintillation 
determination’ of the absolute cross section contained 
and D 


) 


groups B, C, is 73°, lower than that found 


; C. Morrison, H 
hil. Mag. 2, 785 (1957) 
V. V. Verbinski, T. Hurliman, W. E 
Winhold, Phys. Rev. 108, 779 (1957 
2H. P. Eubank, R. A. Peck, and M. R 
10, 418 (1959 


% Comparisons are sensitive to tl ) nergs 


Muirhead, and W. T. Morton, 


Stephens, and E. J 


Zatzick, Nuclear Phys 
cuton: exact 
achiev inclusion of at 


of group D. 


igreement could be 


1 hoc fractior 


da 


PCR, 
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here. This is qualitatively consistent with the reaction 
assignments of Table I but again suggests some loss of 
particles in the counter telescope. 

For indium, the forward differential cross section 
found by Eubank ef al.” is 1.60.3 mb/sr, while this 
experiment gives 1.9-2.7 mb/sr depending on how much 
of group D is included. Again the combined experimental 
uncertainties exceed the discrepancy, but again the 
scintillation value is the lower. Data of Verbinski et al.?! 
for indium comprise all laboratory angles and cannot be 
adjusted to the angular range of this experiment since 
the distribution is not shown. In a gross sense the two 
experiments are not inconsistent; the counter deter- 
mination is 20+9 mb for all angles, to be compared with 
3.4 mb in the small-angle peak of this experiment. In 
an emulsion study, Allan has set an upper limit of 
1.1 mb, sr to the In+~ » differential cross section at 120° 
and hence, presumably, to the genuinely isotropic com- 
ponent, for an energy range which appears to include 
only group D of this experiment.** The minimum differ- 
ential cross section here found at small angles for group 
D is 0.6 mb: sr. 

For the forward differential cross section of natura 
tin, Eubank ef al.” have assigned an upper limit of 
1 mb/sr, while in this experiment the average over 
(°-40° is 1.8+0.6 and 2.4+0.6 mb, sr, respectively, for 
the isotopes 116 and 120; the uncertainties quoted re- 
flect ambiguity in the low-energy cutoff corresponding 
to the scintillation spectrum. If the tin angular distribu- 
tions peak beyond 0° as do most of the groups in Fig. 2, 
the agreement is good. For the energy range correspond 
ing to Allan’s upper limit‘ of 0.4 mb ‘sr at 120°, also for 
natural tin, the minimum differential cross section here 
found at small angles appears to be about 1 mb/sr for 
each isotope. In view of the statistical poverty of the 
angular distributions for tin, this discrepancy is not 
significant. 

For natural antimony Eubank e¢/ al.** report a forward 
differential cross section of 40+2 mb/sr over an energy 
range apparently including groups .1 and B. The com- 
parable value from this experiment is 45+5 mb/sr, the 
uncertainty again referring to the appropriate low 
energy cutoff. Allan’s value** for the differential cross 
section at 120° is 0.90.5 mb, sr, which is nearly two 
orders of magnitude smaller than the minimum values 
found in this experiment at small angles. This gives 
further support to the 
vanced” 425 that the 1 small 
angles is very strongly dominated by direct interaction 
events. 


proposition previously ad 


antimony spectrum at 


The failure to record any significant yield from Te+ 7 
duplic ates the experien e of Eubank ef a/ 


4D. L. Allan (to be published - see also reference 1 p S38 
Corrections applied for unexamined high-energy yield may have 
restored some of the content of groups 4, B, and C, though not 
any direct interaction contributions 

276R. A. Peck, H. P. Eubank, and R. M. Howard 
cimento 14, 397 (1959) 
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(n,@d) AND (n,p) 


DISCUSSION 


lor the tin isotopes and tellurium, the (v,d) process 
transforms an even-even nucleus into an odd-proton 
type, and (,p) an even-even nucleus into an odd-odd 
one. For tin, the breaking of an unusually strong proton 
bond is also entailed in either event. It is not surprising 
that 
found, as well as low Q values. 

It seems clear that (7,d) offers strong competition to 
(n,p) and (n,np) in undiscriminated spectra, especially 
those from scintillation spectrometers. Consequently, 
most (7,p) distributions and cross sections (other than 
activation values) now in the literature must be sus- 
pected of (,¢) contamination. The effect is accentuated 
by the tendency of (7,d) to appear strongly at low re- 
sidual excitation, in extreme contrast to (”,p). Proton 
pickup rather than knockout seems to contribute the 
dramatically large (7,7) cross section for antimony.” 


these reactions exhibit small cross sections, as 


Two features of these data which are unexpected, 
though not in conflict with any known facts, are: (1) the 
apparent contribution of (7,p) rather than (n,d) to 
group D of indium and (2) the probable absence of 
njwp) from, and the peculiar angular distribution of, 
group D or rhodium. 

Whether identified from known level parameters or by 
a unique fit in the “reasonable” range of radii, each 
Butler curve in Fig. 2 defines an interaction radius" 
quite narrowly. Several systematic features of interest 
arise from comparison of those values. The interaction 
radius rises with the emergent particle energy, as usual. 
It is consistently larger for (,p) than for (2,d). This 
suggests that a closer approach of the neutron, and hence 

stronger overlap of its wave function with the target 
proton’s, is required for capture than for scattering, 
which is reasonable. The radius is in all cases larger for 
rhodium than for indium. This also is reasonable, since 
the proton wave functions in nuclei immediately pre- 
ceding magic numbers may be expected to be more 
tightly concentrated than in more normal ones, requiring 
closer approach for a given degree of wave function over- 
lap in the former than in the latter case. 


n,p) Reactions 


It is found that the angular distributions of the direct 
interaction form persist in the (#7,p) process at least up 
to roughly 6 Mev excitation, a fact already noted* for 
lighter nuclei, which gives qualitative evidence of the 
importance of single-particle processes in forming (7,p) 
gross structure. All (#,) angular distributions identified 
are consistent with forms expected in the gross structure, 
but the multiplicity of predicted terms resulting from 
deformation of the nuclei involved robs this consistency 


of force. A further correspondence is the fact that (1,p) 
vield first appears 


in strength at excitations correspond 
ing to the beginning of single particle levels of the sixth 


oscillator shell in the product nucleus.'?* The strong dip 


®R. A. Peck, Jr., and J. Lowe, Phys. Rev. 114, 847 (1959), 
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occurring at around 7-8 Mev in the rhodium, indium, 
and antimony spectra coincides in each case with the 
gap between single-particle level concentrations of the 
sixth and seventh oscillator shells, but is also consistent 
with known level patterns in the (2,d) product nuclei. 

One argument for a collective interpretation of the 
persistent low-excitation gross structure excited by in- 
elastic proton scattering rests on the fact that it does 
not appear in (p,7) and (91,p) spectra.’ It is therefore of 
interest to note its absence from these (#,p) reactions. 
The implication is not entirely clear, however, for (1,p) 
also fails to excite a low-lying gross structure strongly 
excited by (d,p) in these nuclei.*°** This is clearly not 
an instrumental effect, for scintillation spectrometer 
studies confirm the weakness of (7,p) yield at low exci- 
tation, while in the experiment reported here high- 
energy protons emanating from target hydrogen are 
recorded with good intensity. 


n,d) Reactions’ 


Two of the tive (2,d) assignments of Fig. 2 and Table I 
fit unique predictions, two fit single predictions from a 
number, and one, in the absence of complete level in- 
formation, affords a new assignment. Finally, we may 
note a consistent pattern among the reduced widths to 
which these fits correspond (Table I) 

The listed values for group B of rhodium and for the 
/=4 component” of group C of indium are presumably 
high because, in each case, two levels are supposed (in 
the assignments made) to contribute the same / term. 
If compensation is made for these cases of multiple con- 
tribution, we find reduced widths per level of about 0.03 
for all three cases in indium, 0.1 for both in rhodium, 
and 0.4 for antimony. 

We expect that, antimony containing one proton be- 
yond the closed shell and indium one proton under, the 
antimony ground state should have the strongest single- 
particle character and indium the weakest of the three. 
This corresponds exactly to the numerical sequence 
above. The reduced width per level is roughly constant 
within each reaction. The very large cross-section ratio 
of group B of antimony to the corresponding group of 
rhodium is reduced fivefold when translated into a ratio 
of reduced widths per level; the reduction is ninefold 
(and again toward unity) when antimony is compared 
with indium. These facts support the essential validity 
of the method* of extracting reduced widths. 


Single-particle reduced widths extracted from (d,p) 

27 B. L. Cohen, 116, 426 
p. 310 ff. 

28 B. L. Cohen, J. B. Mead, R. FE. Price, 
C. Martz, Phys. Rev. 118, 499 (1960). 

* Of the ratio of the reduced widths for the two components of 
this group, one factor of 1.5 is a genuine cross section difference 
and another is associated with the different radii required to fit 
the two maxima. It is unlikely that the radius is really different 
for the two / terms, so the latter factor may probably be attributed 
to (a difference in) the error inherent in reduced width extracted 
by Butler-Born approximation 

” A. H. Macfarlane and J. B. French, Revs 
32, 567 (1960 


Phys. Rev 1959). See also reference 1, 
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and (p,d) data for the states relevant to these nuclei are 
of order 0.02-0.03, corresponding to 0.3—0.4 as computed 
from square-well eigenfunctions." If the single-particle 
widths to be obtained from Butler-Born approximation 
analysis of (n,d) are likewise assumed to be tenfold 
smaller than the square-well values, the experimental 
numbers mentioned one paragraph above imply experi- 
mental error factors of five and more. Since such errors 
are inconsistent with the most pessimistic accumulation 
of experimental uncertainties, the alternative conclu- 
sions seem to be established, viz., that (1) single-particle 
widths corresponding to experimental reduced widths 
extracted from these (v,d@) distributions by the Butler- 
Born approximation method are of the same order as 
those computed from simple eigenfunctions, and (2) the 
pickup reduced width for antimony is about the same 
as the single-particle width, that for rhodium less but 
comparable, and that for indium very much less than 
the single-particle width. 


APPENDIX (added in proof) 
Alternative Assignments for (n,d) Groups 


The assignments (Table I) discussed in the text rested 
on observed peak widths and an estimated range of 
reasonable magnitudes for radius ; groups were not com- 
pared in making the assignments, on the principle that 
distortion effect systematics is unknown for the (,d) 
process. An alternative guide is the consideration that 
the radius, regardless of its apparent magnitude, should 
be sensibly constant over the ranges in excitation and 
mass covered by the five (n,d) groups. A unique radius 
is defined by the latter assumption alone, the corre- 
sponding assignments differing from those of Table I 
for three of the five groups. These assignments appear 
in Table II together with the resulting final-state spin 
and parity, radius parameter and reduced width. 

In Table II the radii vary within +5% rather than 
+20% as before, and the (n,d) radius comes much 
closer to that for the (”,p) groups. The quality of fit 
is less uniform than before over the set of five distribu- 


TaBLe II. (m,d) group assignments for constant radius. 








width 
0.07 
0.18 
0.02 
0.03 
0.34 


Group lnin J final" To 


RhC 5,6- 
Rh B 0,1,2,3+ 
In C 0O,1-— 
In B : 0+ 
Sb B 3 6,7— 


2.00 
1.92 
1.93 
1.80 
1.888 





*® Assuming Sb'™ as target isotope; 0.7.8 — for Sb'”. 


| Reference 30, Fig. 60 and Eqs. VII. 6, 7. 
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tions, but follows a reasonably: systematic pattern. 
The low excitation group (B) gives a Butler curve 
narrower than the observed peak by 31%, 13%, and 
22% for Rh, In, and Sb, respectively, and the higher 
excitation group (C) a Butler curve wider than the 
experimental one by 43% and 1% for Rh and In. 

Populated proton states in the unfilled target shell 
are 1 go/2, 1 fs,2 and both 2p states. The unpaired proton 
appears to dominate the low-excitation group, as ex- 
pected, for both Rh and In reactions. It is difficult to 
understand why f protons should predominate over p in 
In C, but it should be noted that the angular distribu- 
tion of this group has a weakly indicated secondary 
peak which could represent the expected /=1 compo- 
nent. While a radius parameter of 1.5 is required 
to fit 7 = 1 to the small peak position, the poor defini- 
tion of the latter and the strong contribution from /=3 
preclude quantitative arguments. The strong contribu- 
tion of g protons to Rh C is quite reasonable. As for 
Sb B, while strong contributions from the 9, f, g shell are 
to be expected since there is only one valence proton, 
it is not clear why f protons should predominate. 

Final spins and parities are definitely known for 
levels occurring within the groups Rh B and In B, and 
agree with Table II (for Rh B, 0+ at 0.00 Mev and 2+ 
at 0.48 Mev; for In B, 0+ at 0.00 Mev). The fact that 
the prediction of /,,i, is unique for each of these groups 
and agrees with the observation establishes the uniform 
radius of Table II as the correct one. In the excitation 
span of Sb B a level is known which fits the assignment 
from this group (7- at 2.51 Mev in Sn”). In the excita- 
tion ranges of the two C groups are no known levels of 
the required spins and parities, although Rh C could be 
due to a level whose parameters have not been meas- 
ured (1.88 Mev in Ru’). It is not necessarily to be ex- 
pected, however, that the (m,d) product levels for these 
nuclei should be known from previous work. Knowledge 
of these level schemes derives from 8*-decay gammas, 
(d,p) and (a,a’) reactions, none of which is very likely 
to excite the hole states generated by proton pickup. 
The (n,d) levels should be visible in (d,He*) spectra, 
but none have been published for these nuclei. 

The systematic pattern of reduced widths is not 
changed by the new assignments. Neither the widths 
of Table II nor those of Table I are proportional to the 
populations of the single proton states in the target 
nuclei. For either set of assignments the two values of 
width per level for In are essentially the same, as are 
the two for Rh. The pattern 6s,7>>@R17>>61,” applies in 
either case. 

I am indebted to B. J. Raz for the suggestions and 
discussion incorporated in this Appendix. 
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3.1-Hour Y°°” 
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A 3.1-hr isomer, Y®™, has been produced by neutron capture in yttrium. The isomeric transition consists 
of two coincident gamma rays of nearly equal intensity and energies, 203 kev and 480 kev. Mass and atomic 
number assignment has heen made by cross bombardment and chemical separations. Modes of production 


were Y®(n,7~)Y®™" (thermal and epicadmium neutrons 


neutrons). 


INTRODUCTION 


HE 3.1-hr isomer of yttrium-90 first observed and 
reported by Lyon, Eldridge, and Bate! recently 
has been ascribed variously to Y”,? to Nb®™ or Nb®™,? 
an unassigned yttrium isotope,‘ and most recently to 
bart 
The original mass and atomic number assignment 
made by Lyon, Eldridge, and Bate was based on neu- 
tron activation of highly purified Y,O; in ORNL re- 
actors, chemical separation of yttrium activities, and 
beta- and gamma-ray measurement. Because of the 
studies reported in references 2 and 3 above it seemed 
worthwhile to establish that this activity produced by 
other methods and ascribed to other nuclides was in 
fact the 3.1-hr isomer, Y*®". Consequently, the work 
described below using 14-Mev neutrons was performed. 
The original studies reported in reference 1 are sum- 
marized briefly in Part A below. 


EXPERIMENTAL 
A. Neutron Activation of Yttrium Oxide 


Highly purified yttrium oxide samples were irradiated 
in the pneumatic tube of the ORNL Graphite Reactor 
for periods ranging from a few minutes to several hours. 
Examination of the irradiated yttrium by use of a 
Nal(Tl) gamma-ray spectrometer equipped with a 
multichannel analyzer indicated the presence of two 
gamma rays of energy 203 kev and 480 kev. Chemical 
separation of yttrium was performed using precipitation 
techniques and ion-exchange chromatography.® The 
activity observed followed yttrium chemistry. The ir- 
radiations were repeated a number of times using 
targets of yttrium oxide from different suppliers. In 


* Operated for the U. S. Atomic Energy Commission by Union 
Carbide Corporation. 

1W.S. Lyon, J. S. Eldridge, and L. C. Bate, Oak Ridge National 
Laboratory Report ORNL-28066, 1959 (unpublished), p. 41. 

2R. W. Fink, Annual Progress Report, Department of 
Chemistry, University of Arkansas, Fayetteville, January, 1960 
(unpublished), p. 7. 

3M. Bocciolini, G. di Caporiacco, L 
Nuovo cimento 16, 780 (1960). 

4D. R. Koehler, W. L. Alford, and C. E. Mandeville, Presented 
at the Southeastern Section of the American Physical Society 
Meeting, March, 1961 (unpublished). 

Haskin and R. Vandenbosch (private communication, 


Foa, and M. Mando, 


(1947). 


and Nb*(n,a)Y%™, and Zr®(n,p) Y*”" (14-Mev 


one series of irradiations electromagnetically-separated 
yttrium was used. The decay of the two gamma rays 
was followed and the half-life found to be 3.10.1 hr. 

The ratio of effective cross section for production of 
the 64-hr Y” to the effective cross section for production 
of the 3.1-hr Y®™ was calculated for a number of posi- 
tions and conditions in the ORNL Graphite Reactor 
and the ORNL Low Intensity Test Reactor (LITR). 
The activity of the 3.1-hr Y®™ was found by integration 
of the 480-kev gamma-ray photopeak and calculation 
of the total number of y rays by use of the method de- 
scribed by Lazar.? One gamma ray per transition was 
assumed. The activity of the 64-hr Y® was found by 
beta-counting and aluminum-absorption data by use of 
a Geiger-Muller counter. The ratio was 
calculated: 


03.1/ 764 


0 .693/3.1) t) 


03.1 Az, (1—é 


, (1) 
oon | =—Ags (1 —e 0-81) £) 
4 

where A;.;=activity of 3.1-hr isomer at end of irradia- 
tion time ¢, and Ags=activity of 64-hr isomer at end of 
irradiation time ¢. This ratio o3.1/o¢, was found to range 
from 9.1 10-* for Cd-shielded irradiations in the LITR 
to 1.4<10- for irradiations in a thermal area in the 
ORNL graphite reactor where the ratio of epithermal 
to thermal neutrons was ~10~-°. These cross section 
ratios for a particular position were independent of 
both irradiation time and source-Y2O; material. From 
these experiments the reaction (,2n) leading to an 
isomer of Y** and the possibility of successive neutron 
capture in Y” to give isomers of Y®* or Y® were elimi- 
nated. Y*’ has a 16-sec isomer; it is the known daughter 
of Zr®. Swann and Metzger® by neutron inelastic- 
scattering techniques found no excited state of energy 
below 910 kev in Y**. In studies of the Y*(n,y)Y 
reaction, however, Bartholomew, ef al.9 observed a 
203-kev level. From the neutron capture experiments 
in this work and the data reported in references 8 and 9, 
the assignment to Y®™ was made. 

Throughout these experiments, and those described 
in Part B, no evidence was found for the existence of 
any negatrons of 3.1-hr half-life. Beta-measurements 


7 N.H. Lazar, IRE Trans. Nuclear Sci. NS-5, No. 3, 138 (1958). 

8C, P. Swann and F. R. Metzger, Phys. Rev. 100, 1329 (1955). 

9G. A. Bartholomew, P. J. Campion, J. W. Knowles, and 
G. Manning, Nuclear Phys. 10, 590 (1959). 
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"+s 64hY” 
nx Zin, Nol (T 

rber, 2470 mg/cm~< Be 
Source distance, 8.4m 
Energy scale 3 10 kev / PHU 


‘ 


arbitrary units 


1ma-ray spectrum of Y*" produced by Y®(m,y)Y*” 
YO; target in ORNL graphite reactor. 
in all these experiments were complicated by the 
presence of the 2.26-Mev beta group from 64-hr Y” 
which was produced along with the Y*". Attempts to 
establish that the 3.1-hr activity decays to the 64-hr 
Y* 2- level by observation of the growth of the 64-hr 
Y®” were unsuccessful due to the large amount of 64-hr 
Y® produced which made it statistically unlikely to 
observe the slight growth due to the decay of Y%™, 
Gamma-gamma_ coincidence 
lished that the two 


measurements estab- 
gamma-rays are in coincidence. 
Their relative intensities were observed in these experi- 
ments to be approximately equal—an exact integration 
of the 203-kev y ray was difficult because of the great 
bremsstrahlung contribution from the 64-hr Y” (Fig. 1). 
The 683-kev photopeak in Fig. 1 is the coincidence-sum 
peak as indicated by calculation of the summing effect’ 
and measurement at extended 
detector. 


distances from the 


B. 14-Mev Neutron Experiments 


Workers at the University of Arkansas? reported 
finding an activity with a gamma-ray of 470 kev and 
~ 3.6-hr half-life which accompanied an yttrium sepa- 
ration from an irradiation of niobium using 14. 8-Mev 
neutrons. This they tentatively assigned to Y* 
lating the reaction Nb”(n,2p)Y". Bocciolini and 
di Caporiacco* observed both the 203-kev and the 
480-kev gamma rays from 14.8-Mev neutrons on 
niobium and measured the half-life as 3.18 hr. They 
he activity to either Nb” or Nb®™. In the 
present work 0.6 g of 99.99%, Nb metal was inadiased 
with ~14-Mev neutrons (~1.1X10° n/cm? sec) for 

hr. The ORNL Biology Division Cockcroft-Walton 
accelerator and the (d,f) reaction was used. Decay of 


- postu- 


assigned 1 


DRIDGE, 


AND BATI 


the y-emitting activities produced was followed by use 
of a 3 in.X3 in. NaI(TI) crystal and a Nuclear Data 
256-Channel analyzer. The 203-kev and 480-kev y rays 
from Y*™" were observed and identified by decay. In 
addition, the 10-day Nb® activity was identified 
through decay of its 930-kev y-ray photopeak. Nb® was 
produced by the reaction Nb*(,2”)Nb®. Integration 
of the two gamma photopeaks as described previously‘ 
indicated the two gamma rays in Y”™ are of nearly 
equal intensity (Fig. 2). The 64-hr Y” was identified 
by beta-counting and decay measurements 

These data support the conclusion that the reactions 
Nb*(n,a)Y® and Nb“ (n,a) Y®™ occurred, and that the 
activities observed by Fink? and Bocciolini ef al.* were 
in fact Y°™. 

Again no evidence for growth of the 64-hr Y® was 
observed. However the effect would be expected to be 
small maximum) ; 
~+3%. 

Koehler, Alford, and Mandeville* 
activity from 14-Mev irradiation of 
niobium and zirconium. They ascribe the 
unidentified yttrium isomer. 

In the work reported here, 0.8 g of zirconium metal 
enriched” in Zr™ to 98.6% was irradiated with 14-Mev 
neutrons for 30 min at a flux of ~1X10° n/cm? sec. 
Again the (d,t) reaction and the ORNL Physics Division 
Cockcroft-Walton accelerator were used. By use of the 
instrumentation and techniques described above the 


(~5% counting statistics were 


3.1-hr 
both 
activity to an 


observed the 
neutron 
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lic. 2. Gamma-ray spectrum of Y®" and Nb® 

by 14-Mev neutrons on Nb metal 


produced 


Enriched Zr® was obtained on loan from the ORNI 


Isotopes 
Division. 
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two gamma-ray photopeaks from Y"” were identified 
by energy and decay measurements. Seventy-nine hour 
Zr® was identified by gamma-ray energy and decay 
measurements. It was produced by Zr®(n,2n)Zr*. The 
Y*™" was produced by Zr®(n,p)¥®™ and is the activity 
observed by the workers in reference 4. 


DISCUSSION AND CONCLUSIONS 


The original assignment! of the 3.1-hr activity to 
Y*”™ has been confirmed through cross bombardment. 
The two gamma rays are in coincidence and of nearly 
equal intensity. 

No beta particles or electrons with 3.1-hr half-life 
were observed. This indicates the 3.1-hr activity is an 
isomeric transition in Y®. The data reported herein 
are inconclusive as to whether the 3.1-hr isomer feeds 
the 64-hr Y”. If it should, the 203-kev level would lie 
above the 2~ beta-emitting level in Y” and presumably 
would have the level assignment 3~- as determined by 
Bartholomew et al.2 The 203-kev y transition would 
thus be M1; the predicted A conversion coefficient as 
calculated using the tables of Sliv and Band!" is ~ 0.02 
which is in agreement with the observation reported 
above regarding no observed negatrons. Haskin and 
Vandenbosch® report that the growth of Y® from Y%™ 
was observed. They propose a decay scheme in which 
the 683-kev level is given a 7+ assignment. Thus, the 
483-kev gamma-transition would be M4; the predicted 
AK conversion coefficient ~0.06. The calculated 

uL. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57ICC K1, issued by 
Physics Department, University of Illinois, Urbana, Illinois 
unpublished) J. 
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lifetime 7,, where 


y? 


Ty= Ty (1+ att uw) In2 (2) 


(and atotai is small), is in agreement with the predicted 
value as discussed by Goldhaber and Sunyar.” 1, cal- 
culated from Eq. (2) is 1.6X10* sec; the theoretical 
value computed from normalized lifetime energy rela- 

for M4 transitions spin correction 
1.1 104"! 

An adventitious result of these later experiments has 
been the measurement of a number of 14-Mev neutron 
cross sections in this region of the periodic table. These 
data, which include cross sections for production of 
both Y® and Y®™, will be presented in a subsequent 
paper. 

Note. Cline et al.,’ by neutron irradiation of Y* have 
confirmed the experiments reported in part A above. 
On the basis of gamma-gamma directional correlation 
and internal conversion measurements, these workers 
propose spin and parity assignments for levels in Y%™ 
which are in agreement with those suggested by Haskin 
and Vandenbosch.°® 
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t 


Cu®, Rh, Ag, Sn, Ta, and Au. (p,2) contributions were calculated using the statistical model « 
for Rh, Ta, Ag, and Au. Charged-particle emission was assumed 1 
\pproximate proton reaction cross sections were obtait 


Coulomb penetrabilities 


p,2n) cross sections to (p,p’) and (p,a 


results were compared with volume absorption and surface absorption 


cross sections previously 


p,m) cross sections were measured at 9.85 Mev for self-supporting thin targets of Al, Ti, Fe, Co, Ni, Cu’ 


f the nucleus 
ligible in Ta and Au because of 

1 by adding (p,m) and 
reported by 


Meyer and Hintz. Thes« 


optical-model calculations of protot 


reaction cross sections. The parameters for both model calculations were obtained prior to this work by 


fitting proton elastic scattering and polarization data 


rather than a volume-absorption potential. 


N order to obtain approximate reaction cross sections 
for the nuclei, Al, Ti, Fe, Co, Ni, Cu®, Cu®, Rh, Ag, 
Sn, Ta, and Au, (p,7) cross sections were measured at 


* Work was performed under auspices of the U. S. Atomic 


Energy Commission. 


The results incidate a surface-absorption potential 


9.85 Mev and added to (p,p’) and (p,a) cross sections 
) 


previously measured.' The Rh, Ta, Ag, and Au reaction 
cross sections were corrected for (p,2n) contributions 


Letters 5, 207 (1960). 


V. Meyer and N. M. Hintz, Phys. Rev 
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Fic. 1. Proton reaction cross section at 10 Mev. 


using the statistical model of the nucleus.? Charged- 
particle emission was assumed to be negligible in the 
latter two heavy elements because of the large Coulomb 
barrier. 

The results were compared with predictions of the 
optical model of the nucleus for the volume absorption 
Woods-Saxon’® well and the surface absorption well of 
Bjorklund and Fernbach.‘ Reaction cross sections had 
been predicted previous to our measurements on the 
basis of both models,*:* 


6 


using parameters obtained from 
fitting elastic scattering and polarization data at 10 
Mev. It has been previously pointed out that reaction 
cross-section measurements obtained for several nuclei!” 
are larger than those predicted by the optical model with 
a uniform nuclear volume absorption. Results were 
previously obtained by us for the copper isotopes which 


2J. M. Blatt and V. F. Weisskoff, Theoretical Nuclear Physics 
John Wiley & Sons, Inc., New York, 1952), p. 379. 

7R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 

* F. Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958). 

§ A. E. Glassgold, W. B. Cheston, M. L. Stein, S. B. Schuldt, 
and G. W. Erikson, Phys. Rev. 106, 1207 (1957); and, J. S. Nodvik 
and D. S. Saxon, ibid. 117, 1939 (1960). 

°F. Bjorklund and S. Fernbach (private communication). 

7D. S. Saxon, Proceedings of the International Conference on 
Nuclear Structure, Kingston, edited by D. A. Bromley and E. W. 
Vogt (University_of Toronto Press, Toronto, 1960), p. 197. 
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agree within experimental error with surface absorption 
optical model calculations.* 

Our present results extended to other nuclei are 
plotted against atomic weight in Fig. 1 where they are 
compared with surface absorption reaction cross sec- 
tions previously calculated by Bjorklund and Fernbach® 
using parameters that fit elastic scattering and polariza- 
tion measurements obtained by others. The parameters 


are the following: 
jem l.2 b=1.2 f, 


a=0.65 3 


V = (444+Z/A!) Mev, 
W=11 Mev. 


The spin-orbit potential is 20 times the Thomas term. 
Also plotted are reaction cross sections obtained using 
the volume absorption model for a nuclear radius of 
1.2 f.5 Our results are much higher than those predicted 
by the volume absorption calculations, and show much 
better agreement with the surface absorption calcula- 
tions. 

Better agreement with the volume absorption model 
for copper could be obtained using a nuclear radius 
parameter of 1.33 f and would agree almost as well with 
elastic scattering and polarization data® due to the 
ambiguity between V and ro parameters. However, in 
the case of argon and tin this large a nuclear radius gives 
poor agreement with elastic scattering and polarization 
data.® 

Reaction measurements may be a 
crucial test of which model is correct, since the higher 
orbital partial waves localized at the nuclear surface 
are weighted by the (2/+1) factor in the reaction cross- 
section calculation. Thus one expects to get a larger 
reaction cross section from a surface absorption optical 
model calculation.® It has also been pointed out that an 
even larger value may be obtained by assuming a radius 
for the imaginary well larger than that of the real well.' 
It is felt that the precision of the present experimental 
results does not warrant investigation of the validity of 
this point. However, it appears that the present results 
do constitute strong support in favor of surface absorp- 
tion over volume absorption for the optical model of 
the nucleus. 


cross-section 


8 Richard D. Albert and Luisa F. Hansen, Phys. Rev. Letters 
6, 13 (1961). 
* A. E. Glassgold (private communication). 
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A time-to-pulse height converter, fast coincidence arrangement, and multichannel analyzer were used 
to measure half-lives of some nuclear states in the millimicrosecond range. The half-lives of the following 
nuclear states were measured: the 325-kev level in V*!, (2.80+0.04)10~™ sec; the 555-kev level in 
Mn®?, (1.85+0.07) X 10-® sec; the 1490-kev level in Co*’, (1.00+0.05) X 10~® sec; the 245-kev level in Se7’, 


(1.30+0.08) X10~° sec; 


the 155-kev level in Sb", (0.83+0.2)*10~° sec; the 123-kev 


level in Cs'*!, 


(4.15+0.08) X10~° sec; and the 103-kev level in Eu'’, (3.8+-0.02) K 10~° sec. The well-known level of Ta!*! 
at 48 kev gives (1.10+-0.02) X 10-8 sec and that of Gd'* at 122 kev, 1.15X10~® sec. A comparison with the 


results given by theory is made. 


INTRODUCTION 


T is well known that transition probabilities of elec- 
tromagnetic radiations resulting from the transition 
of a nucleus from one excited level to another depends 
strongly on the multipole character and the energy of 
excitation of the levels concerned. The multipole 
character, in turn, depends on the characters of the 
levels involved in the transition, namely their spins and 
parities. Expressions for the transition probability have 
been derived in terms of the amount of angular mo- 
mentum carried away by the electromagnetic radia- 
tion, and the energy difference between the levels. These 
expressions depend on the wave functions ascribed to 
the states, and hence are dependent on the nuclear 
model chosen. The single particle model has been used 
by Weisskopf! and Moszkowski.? Such formulas are 
limited in their range of applicability, due to the limita- 
tions of the model. Bohr and Mottelson* have applied 
the collective model of the nucleus to the calculation of 
transition probabilities in the region of intermediate 
and heavy elements. It is the purpose of this paper to 
describe a few measurements of half-lives of excited 
states which lie in the millimicrosecond region and to 
compare them with the predictions of the theories cited 
above. Some of the half-lives have been measured by 
other workers using techniques other than that de- 
scribed herein. Some others are of interest on account 
of the fact that the isotopes themselves have been in- 
vestigated entirely in this laboratory. The remaining 
are expected to have half-lives in the range of interest 
of the present experiment. 


EXPERIMENTAL ARRANGEMENTS 


The measurements were made with a time-to-pulse 
height converter similar in practically all respects to the 


one described by Green and Bell.‘ In measuring the 


* Supported by the Joint Program of the Office of Naval Re 
search and the U. S. Atomic Energy Commission. 

'V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 

2S. A. Moszkowski, Beta- and Gamma-ray Spectroscopy, edited 
by K. Siegbahn (North-Holland Publishing Company, Amster 
dam, 1955), Chap. 13, p. 391. 

3A. Bohr and B. Mottelson, Kgl 
Mat.-fys. Medd. 27, No. 16 (1953). 

*R. E. Green and R. E. Bell, Nuclear Instruments 3, 127 (1958). 
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half-life of a given nuclear level, two radiations, A and 
Bb, are chosen, one of which terminates on the level in 
question and the other proceeds from it. The source is 
placed symmetrically between two NalI(Tl) crystals 
used in conjunction with 14-element RCA 6810 A 
photomultipliers. A block diagram of the apparatus is 
shown in Fig. 1. 

Pulses from the anode of each photomultiplier pass 
through a limiter and are then fed to the time-to-pulse 
height converter and to a fast coincidence circuit. The 
anode pulse from the photomultiplier cuts off the 
steady plate current maintained in a Western Electric 
404 A pentode (see Fig. 2). The load in the plate circuit 
of the tube is a branched 125-ohm coaxial cable type 
RG 63/U, whose length can be suitably adjusted to 
give a pulse of the required duration and delay. 

The delay between such clipped pulses is measured 
by the time-to-pulse height converter. It uses a 6BN6 
gated beam tube (see Fig. 2) whose two control grids 
are biased to just cut off the anode current. Positive 
pulses from the two scintillation counters A and B are 
applied to the two grids and the plate current flows 
during the interval in which the pulses overlap. An 
integrating circuit converts this into a pulse height 
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iG. 1. Block diagram of apparatus for measuring half-lives. 
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proportional to the delay between A and B. The fast 
coincidence circuit shown in Figs. 1 and 2 acts as a 
supervisory circuit and insures that radiation A precedes 
B. The action of this circuit is discussed in detail by 
Green and Bell* and will not be further elucidated here. 

The energy selection of the radiations concerned is 
accomplished by taking the out-put at the tenth dynode 
of the photomultiplier. The pulse so obtained is ampli- 
fied, and the energy chosen at the out-put of a single- 
channel pulse-height analyzer. The out-puts of the two 
pulse-height analyzers, and that of a fast coincidence 
circuit which operates on the limited pulses from the 
404-A pentodes are fed to a slow triple coincidence 





annihilatior 


Na®™ 
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circuit. The out-put from the triple coincidence circuit 
opens the gate in a 100-channel pulse-height analyzer 
to which the pulses from the time-to-pulse height con- 
verter are fed. The 100 channel analyzer, therefore, 
records the number of events A — B as a function of 
the pulse height, which in turn is proportional to the 
delay between A and B. 

The apparatus is calibrated with the help of prompt 
coincidences between the positron annihilation quanta 
of a Na® source. Known delays are inserted in branch B, 
and the “prompt” peaks are recorded. The displacement 
of the prompt peaks on the analyzer is found to be pro- 
portional to the delays up to 30X 10~° sec. In addition, 
the slope of the prompt curve corresponding to 
0.14 10-° sec half-life gives a lower limit to the half- 
life measurable by this device (see Fig. 3 


MEASUREMENTS 


The method extensively used for measuring half-lives 
has been the delayed coincidence technique. Since not 
many measurements have been made by the present 
e results of 
$82-kev 


‘are well-known 


method, it was felt necessary to compare t] 
the two methods for well-known cases. The 
level in Ta!™, and 123-kev level in Gd 
cases and could be used as suitable check points. The 
and 1.2 10° 


values quoted are 1.10 10~-* sec® for Ta" 


TOTAL COUNTS 
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Decay irve 


*T. C. Engelder, Phys. Rev. 90, 259 (1953 





HALF-LIVES OF 
sec® for Gd'**, We have measured these half-lives using, 
in the former case, the 133-kev and 482-kev gamma 
rays, and in the latter, the 875-kev and 123-kev transi- 
tions. The values obtained are (1.10+0.02) 10-5 sec, 
and (1.15+0.03) x 10~ sec. 


LIFETIMES OF OTHER STATES 
The 323-kev Level in V*' 


The 28-day Cr®! decays entirely by electron capture 
to V*'. Most of the transitions are to the ground state 
and only about 9% to the first excited 323-kev state and 
approximately 1.5 10~°% to the 650-kev excited state. 
Hence, there are two gamma rays of approximately 
equal energies. The half-life has been measured pre- 
viously by Schopper’ using the resonance fluorescence 
capture technique obtaining a value 1.0X10~" sec, 
and Sunyar, using the delayed coincidence technique, 
who obtained a value of 2.8X10~" sec. 

The present measurement gives a value (2.8+0.4) 
<10-" sec, a typical curve being shown in Fig. 4, in 
agreement with Sunyar. 


The 555-kev Excited Level in Mn” 


Mn* is formed by orbital electron-capture and posi- 
tron decay in Fe® with a half-life of 8 hours. The decay 
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bic. 5. Decay curve for 555-kev level in Mn® 


\. W. Sunyar, Phys. Rev. 98, 653 (1955). 
H. Schopper, Z. Physik 114, 476 (1956). 


SOME NU 


CLEAR STATES 1753 


scheme as established by Juliano ef al.* is shown in 
Fig. 5. 

The half-life of the 555-kev level was measured using 
the 511-kev gamma radiation produced by the annihi- 
lation of positrons and the 165-kev transition to the 
390-kev level. The delay curve shown in Fig. 5 corre- 
sponds to a half-life of (1.85--0.07) K 10~° sec. 


The 1490-kev Level in Co” 


Co*’ is the daughter of the 36 hr Ni*?. The Ni®*’ source 
was prepared by bombarding chemically pure iron with 
22-Mev alpha particles from the Indiana University 
Cyclotron. The iron was soldered to a copper probe and 
bombarded for 60-ua hr. Nickel was separated chemi- 
cally from’a bombarded target. 

Ni*’ is a positron emitter, and 14% of the positron 
decay is to the level of interest. The measurement of 
the half-life could, therefore, be achieved by measuring 
the delay between the annihilation gamma rays and the 
127-kev transition to the 1363-kev level. The curve so 
obtained is shown in Fig. 6. It corresponds to a half-life 
(1.00+0.05) XK 10~° sec. Since the gamma ray following 
the state to be measured is of low energy (127 kev), the 
time variation in the collection of the electron in the 
photomultiplier may make this half-life appear too 
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Fic. 6. Decay curve for 1490-kev level in Co. 


§ J. O. Juliano, C. W. Kocher, T. D. 
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7 
long. The value stated must be considered an upper 
limit. 


The 246-kev Level in Se”’ 


Se”? is the product of electron-capture from Br’’. A 
decay scheme for this isotope has been proposed by 
Temmer and Heydenburg,’ which is in agreement with 
another given by Way ef al.” 

In a recent investigation by Girgis ef a/." in addition 
to discovering one more high-energy level, a 576-kev 
820-kev level to the 245-kev level 


« 


transition from the 


with an intensity ratio 0.22 to that of the 245-kev 
radiation is reported. In earlier investigations," such a 
radiation, if any, was believed to be of low intensity. If 


such a radiation exists, it would be ideally suited for 
the present measurement of the half-life of the 245-kev 
level. With certain modifications, part of the apparatus 
was used to verify this. The output of the linear ampli- 
fier in branch A was fed directly to the 100 channel 
analyzer, and calibrated from 0-700 kev. The bias in 
he triple coincidence circuit was reduced so that it 
acted asa simple coincidence circuit. Into this were fed 
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Decay curve for 246-kev level in Se7’. 


*G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
1956). 

Nuclear Level Schemes, A=40-A =92, compiled by K. Way, 
R. W. King, C. L. McGinnis, and R. van Lieshout, Atomik 
Energy Commission Report TID-5300 (U. S. Government 
Printing Office, Washington, D. C., 1955 

'R. K. Girgis, E. Ricci, and R. Van Lieshout, Nuclear Physics 
13, 485 (1959). 
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the output of the fast coincidence and that of the single 
channel analyzer in branch B, which was adjusted to 
give pulses corresponding to a 245-kev gamma ray. The 
output opened the gate of the 100 channel analyzer, 
which now recorded all radiations that were in co- 
incidence with the 245-kev gamma radiation. The 
intensity of the 576-kev radiation was thus confirmed. 

A target of chemically pure arsenic powder was bom- 
barded with alpha-particles for seven hours and the 
Br7” was chemically separated in the form of AgBr. 
The result of the measurement is shown in Fig. 7. The 
insert shows the decay scheme due to Girgis ef al."' The 
half-life obtained is (1.30+0.08) X 10~ sec. 


) 


The 153-kev Level in Sb 


Sb!’ is the daughter of Te" which decays with two 
half-lives, viz., 4.9 days and 16 hours. This isotope has 
been investigated and a decay scheme for it has been 
established by Kocher ef al." The decay scheme of the 
4.9-day component so established is shown in Fig. 8 
(insert). The most intense transition to 153-kev level is 
the 1.22-Mev gamma ray proceeding from the 1.37-Mev 
level. Using these two radiations, the half-life is found 
to be (0.830.02)X10~* sec. One of the runs is shown 


in Fig. 8. 
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The 124-kev Level in Cs'*! 


Cs" is the daughter of the 12-day Ba™ which decays 
entirely by electron capture. Vartapetian ef al.™ and 
Coleman“ have measured the half-life by the delayed 
coincidence method and have found it to be (4.0++0.3) 
x 10~ sec and (4.1+0.6) X 10~° sec, respectively. 

The present measurement used a pure Ba"! source 
obtained from the Oak Ridge National Laboratory. The 
delay between the 496-kev gamma ray due to the transi- 
tion from the 620-kev level to the 124-kev level, and 
the 124-kev gamma ray was measured and the half-life 
obtained was (4.15++0.08) K 10~° sec. One of the several 
runs is shown in Fig. 9, where the number of counts is 
plotted against channel number calibrated in terms of 
delay. 


The 103-kev Level in Eu'*” 


Eu'* is the daughter of the 47-hour Sm’. The half- 
life of the 103-kev level has been measured by Graham 
and Walker'® and by Vergnes and Marty.!® They have 
both obtained a value 4.0X10~® sec. McGowan" has 
measured the half-life to be 3.4 10-° sec. 
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18H. Vartapetian, L. Dick, R. Foucher, and N. Perrin, Comptes 
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4 C, F. Coleman, Phil. Mag. 46, 1135 (1955). 

'©R. L. Graham and J. Walker, Phys. Rev. 94, 794(A) (1954). 

16 M. Vergnes et N. Marty, J. phys. radium 17, 908 (1958). 

17 F. K. McGowan, Phys. Rev. 93, 163 (1954). 
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Previous results Present measurement 
(sec (sec) 


1.0 10°" 2.8 +0.04) x 107" 
2.8X 10- 
(1.85+0.07) x i0~ 
(1.00+0.05) x 10°? 
1.30+0.08) x 10°? 
0.83+0.02) «107° 
4.0+0.3) «10° 
4.1+0.6) X10 
40x10? 
3.4X 10°% 


(4.15+0.08) x 10° 


3.80+0.02) x 10° 


The present experiment was done on a pure sample 
of Sm!** obtained from the Oak Ridge National Labo- 
ratory. The 70-kev transition from the 173-kev level 
and 103-kev transition to the ground state were the 
gamma rays used. The result of five runs yielded a mean 
value (3.80+0.02)X10~° sec. A typical curve is shown 
in Fig. 10. 

The results are collected in Table I. 


DISCUSSION 


It is difficult to compare the experimental results with 
theoretical expectations since theory, especially as 
applied to the single-particle model, may give results 
which may be off by several orders of magnitude. In 
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those cases in which missing states are known, or ap- 
proximately so, it is interesting, nevertheless, to com- 
pare them with the appropriate theory. In comparing 
the experiments with theory it is convenient to divide 
the nuclei into three groups: (a) those which lie near 
closed shell and for which the single particle model, 
modified by seniority considerations (several particles 
outside a closed shell), is expected to hold (V", Mn®, 
Co5’, Se77); (b) those in which the transition is thought 
to be /-forbidden (Sb"’, Cs"); and (c) those in the 
collective region (Eu). 

(a) For nuclei near closed shells, the single particle 
transition probabilities are taken to be those proposed 
by Moszkowski? and modified for the fact that there 
may be several particles outside a closed shell by the 
seniority statistical factor.'* The transitions to be con- 
sidered here are of the E2 or M1 type. 

V*_ This nuclide has 28 neutrons and 23 protons. 
Estulin and Moiseeva® have measured the internal 
conversion coefficient for the transition, and find that 
the transition is mostly £2. 

The seniority statistical factor is calculated by as- 
cribing an initial state 


51 


and final state 


$0 7,=0, S,;=0)(#, I.=4, S2=1), 


for which one obtains a value S=?. The theoretical 
half-lives are then found to be 


T,(E2)=2.12XK10 sec, 


3 


T (M1) =0.68 X10-® sec. 


Comparing with the measured half-life (2.8X10-” 
sec), and assuming a mixture of M1 and £2 radiations, 
one obtains the mixing ratio to be 99.8% E2. 

Mn®™. The 555-kev level in Mn® was assigned a 0+ 
state on the basis of the allowed character of the 804- 
kev positron transition from Fe*. The 390-kev gamma- 
radiation going to the ground state in Mn® is well 
known to be an £4 transition. The ground state of Mn® 
is known to have the character 6+. Thus, the 390-kev 
level could be assigned a 2+ 
165-kev 
angular 
Mn® is 
neutrons. In the ground state the protons and neutrons 
are both in the f,, subshell, and one can ascribe a con- 
figuration to the 390-kev (2+) state and the 550-kev 
state. We take it to be (f;)'(f,,)* protons, 
(fy'(f,,)® neutrons for the 555-kev level, and (f,,,)° 
protons, (f;)'(f,,,)® neutrons for the 390-kev level. This 
gives a statistical factor S=}. The expected half-life 


character, and hence the 
gamma-radiation carries away two units of 
momentum and involves no parity change. 
an odd-odd nucleus with 25 protons and 27 


0+) 


18S. Goldhaber and J. Weneser, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Palo Alto, 1955), Vol. 5, p. 1 
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corrected for internal conversion would be T;(E2 
= 1.71107 sec. 

Co*’. Konijn et al.” have studied the gamma-ray 
spectrum in the decay of Ni*’, and from the conversion 
coefficients and angular correlation studies, have con- 
cluded that the radiation is predominantly M1, the E2 
mixing ratio being 0.05+0.05. Konijn ef al.2' have found, 
from the measurements of the positron spectra, that the 
1363- and 1490-kev levels have characters $- and }-, 
respectively. The 1490-kev transition to the } ground 
state is of type M3, and has negligible probability com- 
pared to the 127-kev transition involving a spin chang: 
of 1 unit. The Moszkowski formula gives a value 
1.18 10-" sec for an 4/1 type radiation. This is nearly 
100 times smaller than the observed value, taken as an 
upper limit. Since the radiation is known to be almost 
entirely M1, there is no possibility of correc ting this by 
an £2 admixture. The single particle model calculation 
being a rough estimate, one cannot expect its predictions 
to hold accurately. Similar instances of retarded M1 
transitions are quite frequent. 

Se. The 245-kev level is the second excited state of 
Se7’, above the isomeric state of 160 kev, whose half-life 
is well known to be 17.5 sec. stablished that 
that transition is of type £3. The ground state is known 
to be 4- from atomic spectral data. Thus, one would 
assume that the 160-kev level has the character 3+. 
Temmer and Heydenburg’® have shown, from Coulomb 
excitation measurements, that the 245-kev 
excited by an £2 transition. They have concluded, on 
the basis of the anisotropy of angular correlation meas 
urements, that the 245-kev level is de-excited by an 
M1i+E£2 mixture of radiations. Of the two possible 
modes of de-excitation of the 245-kev level, viz., to the 
160-kev level or to the ground state, the former is of 
negligible probability, being of the M2 type. The transi- 
tion to the ground state would have a half-life 1.5 10° 
sec, if it were completely £2, and 1.7 10-" sec if M1, 
using the statistical factor S=}. The observed value 
corresponds to 99°), £2 for this transition. 

Cs! and Sb". The 123-kev transition in Cs"! with 55 
protons and 76 neutrons has a A-conversion coefficient 
ax=0.39. Two values of K/L ratios have been re- 
ported, viz., 3.6% and 6.0.% Rose’s*® tables give a 
K-conversion coefficient 0.56 for E2 type and 0.43 for 
M1 type radiations and K/L ratios 3.0 and 8.0, re- 
spectively. Thus, an E2+M1 mixture is indicated. 
Lindqvist and Karlsson®® have, on the basis of the 


It is well « 


] 1 je 
ievei 1S 


* J. Konijn, B. Van Nooijen, P. Mostert, and P. M. Endt, 
Physica 22, 887 (1956). 

1 J. Konijn, H. L. Hagedorn, and B. Van Nooijen, Physica 24, 
129 (1958). 

2H. Vartapetian, Compt. rend. 243, 1512 (1953). 

J. M. Cork, J. M. LeBlanc, W. H. Nester, and M. K. Brice, 
Phys. Rev. 91, 76 (1953). 

*M.W. Elliott, L. S. Cheng, J. R. Haskins, and J. D. Kurbatov, 
Phys. Rev. 88, 263 (1952). 

78M. E. Rose Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 

*6 T. Lindqvist and E. Karlsson, Arkiv Fysik 12, 519 (1957). 
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496—123-kev cascade anisotropy, shown that the 
transition is 97+1% M1+3+1% E2. The 123 kev 
radiation is a transition from a g,, state to a d; and is 
l-forbidden. The 153-kev radiation in Sb"* (51 protons, 
68 neutrons) is also a transition from a g,, state to a ds 
state and should have similar characteristics. 

Arima ef al.*’ have derived for the transition probabil- 
ity for /-forbidden M1 transition: 


h=0.414X 10°W*Lm?/(27+1)] sec, 
where the square of the matrix element is given by 
m= {(j"| Lvl jy. 


Here j and j’ are the total angular momenta of initial 
and final state, and }-w the summation of the magnetic 
moment operators of all the nucleons in the nucleus. 
Thus 

2j7+1 


0.596 X10°W7,(M1) 


T (obs) ( 1+6°+6°a.+ 8); 


[6°=)(E2)/A(M1) ]. 
Here Qe and 0, are the total £2 and M1 conversion co- 
efficients, obtained from Rose’s tables. Table II gives 
a comparison between the single-particle model matrix 
element, that of Arima ef al., and the experimental 
matrix-element for an M1 transition. 

It is seen that the experiments are more in agreement 
with the calculation of Arima ef al. than the single- 
particle model. 

Eu'*, Mihelich®> measured the A/L ratio for the 103- 
kev transition to be 6.51.0, which is slightly less than 
the expected value 7.6 for M1, but larger than 1.25 
expected for £2 transition. Lee and Katz™® have ob- 
tained a value ax=0.62+0.15, while Marty® gives 
ax=1.2+0.1, and both these authors report a A, L 
ratio in agreement with Mihelich. McGowan" reports 
a K-conversion coefficient ax = 1.14+0.02. From these 
results, the mixing ratio E2/M1=2.0. 

Two decay schemes have been proposed so far for 

27 A. Arima, H. Horie and M. Sano, Progr. Theoret. Phys. 
(Kyoto) 17, 567 (1957). 

28 J. W. Mihelich, Phys. Rev. 87, 646 (1952). 

*%M.R. Lee and R. Katz, Phys. Rev. 93, 155 (1954). 

* N. Marty, J. phys. radium 16, 458 (1955). 
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TABLE II. Transition matrix elements for Sb'* and Cs™!, 


Single-particle 
Experimental model 
atrix element 

for M1 
transition 


Matrix element 
by formula 
of Arima 

et al. 


0.115 
0.056 


0.373 
0.091 


the decay of the 47-hr Sm!*, one by Cork ef al.*! and the 
other, among others, by McCutchen.” Both of these 
decay schemes are shown in the insert of Fig. 10. If we 
assume the former decay scheme, the the 1.03-kev level 
is the first excited state. One could then apply the col- 
lective model formula due to Bohr and Mottelson,’ and 
the values are 
E2: T;= 4.20 10-5 sec; 


M1: T,=8.0X10-" 


sec. 


Comparison with the experimental value gives E2 
M1=2. 

Bernstein and Graetzer®* have measured the internal 
conversion electrons following Coulomb excitation of 
Eu'®, and they have calculated the reduced transition 
probability B(£2) for the excitation of the 103-kev 
state to be 0.14_0.96*°*. This may be compared with the 
excitation transition probability formula cn the basis 
of the collective model given by Huus, Bjerregard, and 
Elbek,** and which gives B(£2)=0.29. Thus, a large 
admixture of £2 transition is suggested by their results 
in agreement with the present measurement. 
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fo obtain more data on the levels in even-even 
nuclei, a number of such nuclei (150<A <184) were studied with 
electron-capturing sources in permanent magnet spectrorgaphs. 
with scintillation counters. Data 
Pb'56, 
been obtained. It was found that Eu!® has two 
T,=14 hr and >5 yr). Levels at 740.7 (0+) and 
kev in Sm'™ are proposed. A study of the two isomeric 
I'b'* indicated the existence of levels in Gd!™ which 
ay be described as a gamma-vibrational band (at 997.3 kev) 
and a beta-vibrational band (at 680.6 kev). The new data for 
[m6 (7.7 hr) are consistent with levels in Er'®* at 2137.3 and 
2164.6 kev, both of which are probably 3 states and which exhibit 
considerabl ifferent branching ratios of the de-exciting transi 


system of 


Some measurements were made 
confirming recently reported results on the decay of Tb'®, 
and Ho!™ have 
isomeric states 
773.3 (44 

activities o 


} 


1. INTRODUCTION 


ATA on the excited levels of even-even nuclei are 
accumulating rapidly. Particularly in the region 

of the deformed nuclei, the nuclei possess a very com- 
plicated set of levels. Singular success in predicting and 
describing these excitations has been achieved by the 
use of the unified model based on the work of Bohr and 
Mottelson.! In this model, a large number of levels may 
be explained by means of vibrational excitations of 
various order A, where the parity of the vibrational 
—1)', and vis the pre jEC tion of the vibrational 
momentum on the 
For example, 


State 1s 


angular symmetry axis (v=0, 


t1-- ++) there are the quadrupole 


bands of two the gamma vibration where A 


? 
2, hh K,»t2 , and the beta vibration where \=2, 
0, K=K,+0=0. K,j is 


the A quantum number for 
he ground state. At roughly 


types: 


\ twice this excitation 
energy, one may find a two-phonon beta-vibrational 
band with A=0, 7=0+, 2+, 44, and 2 two-phonon 
gamma-vibrational bands with A=0, 7=04+, 24, 
$+--- and A=4, 7=4+4+, 54+, 6+---. In addition, 


pair excitations are possible when two decoupled nu- 
cleons are lifted to an excited state. 


Each of the bands may possess rotational excitation 
des ribable by tt i 


‘lationship 


h?/29)T( [+1 


e tamil 


E;= Eot+ + BP I[+1 


where Ey is the energy of the base of the band, ¢ is the 
moment of inertia, and B is a measure of the deviation 
from the strong coupling limit (rotation-vibration inter- 
* Operated for U. S. Atomic Er Union 
Carbide Corporation 
+ Oak Ridge National Laboratory temporary employee, summer 
1957 to 1960. 


Commission by 


ergy 


yported in part by U. S. Atomic Energy Commission. 
and B. R. Mottelson, Kgl. Danske Videnskab. Selskab. 


Mat.-fys. Medd. 27, No. 16 (1953). 


tions. 


lhe decay of Lu!” appears to populate a large number of 
2 


even-parity levels in Yb! which may be arranged in rotational 
bands corresponding to primary or base states at 1174.0 kev 
(1=3+-), 1467.5 kev (J=2+), 1664.3 kev (J=3+), 1702.1 kev 
({=3+), 2075.0 kev (J=4+), and 2287.3 kev (J=4+). The 
very complex decay of the two isomers of Re!® excite many 
odd-parity levels which may be arranged in seven or more bands. 
In addition, even-parity beta- and gamma-vibrational bands may 
be populated. Electron-capture decay of Re'™ populates a gamma 
vibrational band in W'™ of spins 2, 3, and 4. Data relevant to the 
rotational energy parameters and ratios of gamma-ray transition 
probabilities from the various states are presented. As a corollary, 
data on the decay of Eu" are presented since this activity was 
present in some of our composite sources 


action). Some care must be taken in the evaluation of 
the energy parameters since, in general, two levels of the 
same spin and parity will repel each other. The amount 
of interaction is dependent on the energy difference 
between the interacting levels. Some evidence for such 
an interaction is presented below. 

Considerable success has been achieved by Griffin 
and Rich? in the computation of moments of inertia for 
ground-state bands of a number of rare each nuclei 
This calculation was based on the work of Belyaev,’ 
who applied the formalism of the superconductor theory 
to the problem of nuclear matter, and on the Nilsson 
model‘ to describe the self-consistent field. 

Another important facet of the unified model is the 
prediction® of the ratios of gamma-ray (and beta-decay) 
transition probabilities. In fact, one of the important 
criteria in constructing a decay scheme is 
that decay-branchings to a given band are describable 
as ratios of the squares of vector angular momentum 
coefficients. It has become clear that, although exact 
agreement with the theory is not obtained, there is 
great consistency in the branching ratios for similar sets 
of transitions in different nuclei. 

A considerable amount of data has accumulated for 
the so-called gamma-vibrational bands (K=2, /=2-+-, 
3+---). The presence of beta-vibrational levels is now 
firmly established. These levels (A =0, 7=0+, 2+---) 
have been, in general, established by angular correlation 
measurements. Marklund ef al.® the 

2 J. J. Griffin and M. Rich, Phys. Rev. 118, 850 

3S. T. Belyaev, Kgl. Danske Videnskab. Selskab, 
Medd. 31, No. 11 (1959) 

*S. G. Nilsson, Kgl 
Medd. 29, No. 16 (1955). 

5G. Alaga, K. Alder, A. Bohr, and B. R. Mottelson, Kgl. 
Danske Videnskab. Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 


*I. Marklund, B. Van Nooijen, and Z. Grabowski, Nuclear 
Phys. 15, 533 (1960), 


the premise 


have tabulated 


1960). 
Mat.-fy 


Danske Videnskab. Selskab, Mat.-fys 


1758 





LEVELS EN Ni 


TABLE I. Conversion electron data for Re'™ (38 day) 


Transition 
energy (kev) K Ly Li 


331.2 >29 900 ° 
252.8 d 
539.8 

642.5 

770.5 

783.1¢ 

793.4 

896.0 

899.2 

904.4 

995.0 
1002.7° 
1011.0 
1023.8 
1106.0 


46 760 
3708 


* Intensity data are normalized to 1000 units for the 793.4 kev K-electr« 

+ Multipole assignments are based on K,Z. and J. ratios. 

© Conversion line not completely resolved. 

4 Conversion line is a composite of two different lines. 

* Not assigned in decay scheme. 
available data on such levels, and Sheline’ has recently 
published a review article on the subject of vibrational 
states. 

Data on negative parity states are much more sparse. 
The four expected octupole bands are those with 
AK =0, 1, 2, 3 with a monotonic sequence of spins except 
for the A=0 band where only odd-spin values are 
permitted. Sheline has reviewed this matter, and it is 
clear that the number of well-established odd-parity 
states in rare earth nuclei is small. 

An alternate approach to the problem of excitation in 
even-even nuclei is that of Davydov and Filippov® who 
calculated the energy states and gamma-ray transition 
probabilities for rotations of an axially asymmetric 
nucleus without changes in its internal state. Van 
Patter’ has published a review of the experimental data 
(up to July, 1959) and a comparison of these data with 
the Davydov-Filippov restricted asymmetric rotor 
theory. More recently Davydov ef al." have considered 
an adiabatic general asymmetric rotor theory with no 
restrictions on the moments of inertia, and they con- 
cluded that agreement with experiment is not markedly 
improved. They suggested that a vibration-rotation 
interaction might improve the agreement. Using this 
model, Mallman" has just completed such a calculation, 
finding good agreement with experimental results for 
nuclei with 40 <A <250. In particular, he has analyzed 
30 nuclei, of which only 14 have more than four levels 
known (the requisite number to determine the param- 
eters of the model). 

There is no question that the asymmetric rotor 
approach is an interesting one. Unfortunately, it does 

7R. K. Sheline, Revs. Modern Phys. 32, 1 (1960). 

8A. S. Davydov and C. F. Filippov, Nuclear Phys. 8, 237 
(1958). 

§T). M. Van Patter, Nuclear Phys. 14, 42 (1960). 

© A. S. Davydov, N. S. Rabotnov, and A. A. Chaban, Nucleat 
Phys. 17, 169 (1960). 

uC. A. Mallman, Nuclear Phys 
thank the author for the preprint. 


24, 535 (1961). We wish to 
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M N Remarks*:> 


23 520 F2(24+ 40+) 
180 F2(44+ 2-4) 


" indicates weak line. 


not explain the negative parity levels, of which a large 
number are postulated in this work. 

The experimental decay schemes proposed are subject, 
of course, to the uncertainties which must always be 
considered. The energies, spins, and parities of levels, 
properly determined, will be independent of the model 
attempting to explain them. Our analysis, in the main, 
consists of the postulation of existence of rotational 
bands, along with the relevant energy parameters, and 
decay branching ratio considerations. 

The experimental procedure has been described in 
detail previously." Separated isotopes’ (20 to 50 mg 
of the oxide) were irradiated in the ORNL 86-inch 
cyclotron with proton beams of 70 wa and varying in 
energy from 12 to 22 Mev. Ion exchange columns were 
used to isolate the carrier-free activity which were elec- 
trodeposited onto a 10-mil Pt wire, 2 cm long. With this 
method of preparing sources for the permanent-magnet, 
conversion-electron spectrographs, it has been possible 
to record electron lines up to energies of 3 Mev. The 
relative transition energies of the conversion lines are 
measured precisely. The isotope assignment is based on 
relative activation with enriched isotopes and on the 
decay rate of the lines observed in a series of exposures. 

The photographic detectors were Eastman “AA” 
x-ray film. The electron lines which cover a wide range 
of energy and intensity are read on a series of spec- 
trograms which must be normalized to each other. Only 
peak heights (corrected for radius of orbit and film 
response ) of the photometrically determined intensities 
were measured. The errors which should be assigned to 
our energy and intensity measurements have been 
discussed previously.” For electron energies of <50 kev. 
the uncertainties become greater, depending on the 
quality of the source. Gamma-ray intensities have been 

2 B. Harmatz, T. H. Handley, and J. W. Mihelich, Phys. Rev. 
114, 1082 (1959). 


'8 Enriched isotopes were made available by 


the Isotopes 
Division of ORNL. 
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TABLE II. Branching ratios in de-excitation of gamma-vibrational levels of W!*, Er’®*, and Er'® (assuming pure £2 radiation). 


Initial state Final states Reduced transition* 
Ix (kev (K, Im) probability ratios 


787.1 (0, 0+), (0, 2+), (0, 44+) 0.56/1/w» 
822.4 (0, 0+-), (0, 2+), (0, 4+) 0.58/1/w' 
904.4 0, 0+), (0, 2+), (0, 44 0.53/1/0.04' 
904.4 0, 0+), (0, 2+), (0, 44 0.58/1/0.054 


> 


Nucleus 
Er'66 
Er'6 
W ls 
wis 


NN Nh 


Er 

Er'6s 
wis 
wis 


860.4 (0, 
897.0 0, 
1006.8 (0, 
1006.8 (0, 


+ 


, (0, 44 
(O, 44 
), (0, 44 
(0, 4+) 


Nm INN he 
NM hh 
Ps 


957.3 
996.3 
1134.7 


(O, 4+ 
, (0, 4+) 
, (0, 44 


Er'66 
Er'6s 


thm bh 
hmm rhM 


+ 


ity is obtained by dividing the K-electron intensity by the theoretical K-conversion coefficient and 


natz, and T. H. Handley, Phys. Rev. 117, 1102 (1960 


, and J. P. Unik, Phys. Rev. 110, 725 (1958), 
n by the square of the ratio of Clebsch-Gordan coefficients compiled by A. H. Wa 
‘orth-Holland Publishing Company, Amsterdam, 1959) 


obtained for the less complex spectra, and in other cases In general, what we are trying to determine are the 
data available in the literature and compiled in Nuclear position and movements of the base or primary levels! 
Data Sheets’ have been used. of possible vibrational bands, the details of the electro- 
magnetic de-excitation of these levels, and the quanti- 
tative description of any rotational excitation of these 
levels, with the view in mind of detecting any rotational- 
vibrational interaction, level repulsions, and possible 
Coriolis force effects.'® 

One is faced with the difficulty of establishing the 
nature or character of these high-lying states. The main 
criteria for such assignments are the effects of collective 
excitation (level half-life or Coulomb excitation cross 
section, and of course rotational energies) as well as the 
effects on the ratios of electromagnetic transitions pro- 
ceeding to or from members of a rotational family. 

In the cases where no photon data were available, 
photon intensities were calculated using the measured 
conversion line intensities and the theoretical internal 











conversion coefficients.'? Here again, an important con- 





sideration is the balance between the intensities of 
populating and depopulating transitions. Multipole 
assignments (other than M1) are indicated for the more 
intense transitions in the range of 20 to 350 kev based 
on K/L ratios and L and M subshell ratios. 








Il. EXPERIMENTAL RESULTS 
Fic. 1. Levels in W'* populated by electron-capture decay of A. Re‘ (38 day) — W'** 


Re'™, Rotational sequences are aligned vertically. Level and ree — see pee 
transition energies are given in kev, including estimates of available Phe electron-capture dec ay of Re'* has been inves- 
decay energy (Qgc) taken either from Nuclear Data Sheets or tigated by Gallagher ef al.'* They proposed a level 
A. G. W. Cameron, Atomic Energy of Canada, Limited, Report = 
AECL-433, 1957 (unpublished). Electron-capture branches to 18 Tn the following discussion, the term “primary level” refers 
various levels are shown by dashed arrows with relative intensities to a state of intrinsic or vibrational nature, as contrasted to the 
in percent and log( ft) values underlined. The enclosing of any states above it which are due to rotational excitation of the 
number in parentheses implies that this quantity is tentative “primary” state. 

—— 146A. Kerman, Kgl. Danske Videnskab. Selskab, Mat.-fys 

1§ Nuclear Data Sheets, compiled by K. Way, F. Everling,G.H. Medd. 30, No. 15 (1955). 

Fuller, N. B. Gove, J. B. Marion, R. Nakasima, and C. L. 17M. E. Rose, Internal Conversion Coefficients (North-Holland 
McGinnis, National Academy of Sciences, National Research Publishing Company, Amsterdam, 1958 
Council (U. S. Government Printing Office, Washington, D. ( 18 C. G. Gallagher, D. Strominger, and J. P. Unik, Phys. Rev 
1958 to 1961). 110, 725 (1958) 





NUCLEAR LEVELS 
scheme which included a ground-state rotational band 
(A=0+) and a possible gamma-vibrational band 
(K=2+) based at 904 kev. In addition, they made 
tentative assignments for negative parity levels at 1150 
and 1230 kev based on coincidence measurements. 
The 


sources of Re! 


internal 
84 


conversion electron spectrum with 
which contained some Re!* has been 
studied. Table I shows the transition energy and inten- 
sity measurements. Figure 1 presents a decay scheme 
based on these determinations. The data indicate the 
populating of a 44 state (at 1134.7 kev) of the postu- 
lated A=2+ band for which the rotational energy 
constants 3h?/ 9 and B are, respectively, 105 and —0.077 
kev. The 44+ assignment is supported by experimental 
branching ratios for the gamma rays to the members of 
the K=0+ band (see Table II). 

Bodenstedt ef al.'!* have redetermined the half-life of 
St as 38+1 days and have performed directional 
correlation measurements on the gamma-ray depopula- 
tion of the vibrational band. The results are consistent 
with spin of 2 and 3 for the levels of 904 and 1006 kev 
and the assignment of pure /2 character to the transi- 
tions of 793 and 896 kev. All the available data are 
consistent, therefore, with the designation of these levels 
as members of a K 
Table II 
extreme theoretical 
although there appears to be a systematic difference 
between the experimental values for a number of nuclei 
consistent and the theoretical 
value. The previously reported value'* for the de-exci- 
tation of the 1006.8-kev (3+) state was considerably 
different from experimental results for other nuclei; the 
value we obtain is quite consistent with other observed 


”) 


transitions between similar states: e.g., Er'®® and Er'®’,? 


2 band. The branching ratios of 
for the de-exciting transitions are not in 


disagreement with the values, 


among themselves 


In the proposed decay scheme (Fig. 1),a good inten- 
sity balance between excitation and de-excitation for 
the low-lying 2+ and 4+ levels was obtained. No 
evidence was obtained for the previously reported levels 
at 1150 and 1230 kev. A pair of levels at 1010.7 and 
1106.1 kev are possible, feeding the low-spin states of 
the ground-state band. Virtually all the electron capture 
proceeds to the levels of the gamma-vibrational band. 
Assuming an available decay energy'® of 1320 kev, the 
log( ft) values shown on the diagram are obtained. A 
spin assignment of either 2— or 3— for Re'™ would be 
acceptable. The coupling rule of Gallagher and Mosz- 
kowski*! predicts that the proton orbital” 5/2+ [402] 
will couple with the neutron orbits 1/2— [510] to form 


a 3— state. 


9 E. Bodenstedt, E. Matthias, H. J. Korner, E. Gerdau, IF. 
Frisius, and D. Hovestadt, Nuclear Phys. 15, 239 (1960). 

” K.P. Jacob, J. W. Mihelich, B. Harmatz, and T. H. Handley, 
Phys. Rev. 117, 1102 (1960). 

21, J. Gallagher and S. A. Moszkowski, Phys. Rev. 111, 1282 
(1958). 

2B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 1, No. 8 (1959). 
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No attempt was made to resolve those transitions 
following the 165-day isomer of Re'™*.” 


B. Re? > W'® 


One of the most interesting disintegration schemes is 
that leading to levels in W'™ by 6 and 
the electron-capture decay of the two isomers of Re'!™ 
(half-lives of 60 hr and 13 hr). We should like to report 
at this time on some of our results of the conversion 
electron study of the two Re isomers. The activities 
were produced by proton irradiation of enriched W 
targets. The sources were composite, and the lines were 


decay of Ta'™ 


classified by means of such criteria as decay rate and 
yields with different activation procedures. The spectra 
were too complex to undertake any scintillation counter 
analysis. 

Previous studies employing high-resolution spectro- 
graphs were conducted by Gallagher ef al.4 on the 
13-hr Re! activity and by Gallagher and Rasmussen” 


on the 60-hr Re!™ activity. Certain features are obvious 
at first glance. The Re'™® isomers are able to populate 
higher-lying levels in W'™ than is Ta'™ in its 8~ decay.** 


* (13 hr) populates all of the levels fed by Ta'™® and 
presumably is the isomeric state with lower spin. (The 


Re! 


parallel and antiparallel arrangements of the 
and neutron orbitals for this odd-odd nucleus 


proton 
would 
give rise to spins of 7 and 2.)?!" The 60-hr Re'* which 
has the higher spin populates a large number of states 
with relatively large spins, several of which exhibit a 


possible rotationa! CX itation. 
I. Re'®™ (13 hr) > 


Our transition data up to 2-Mev energy for 13-hr Re!” 
are compiled in Table ILI. This listing includes all 
radiation previously reported by Gallagher ef al.” 
Several transitions which are not common to either 
60-hr Re! or to 8 are indicated in 
Table III. Most of these transitions originate at nuclear 


decay of Ta'® 


The main feature of 13-hr Re 
structure identical to that observed in Ta! decay up to 
kev. In addition to the well-known A=2+ 
gamma-vibrational band based at 1221.8 kev and the 
spin sequence of 2, 3, and 4 of the A=2— band based 

1289.7 kev, there are some other interesting levels. 


decay is the level 


1553.7 


The level at 1258.0 kev is rather well fixed having a 
total of five transitions beginning or ending with it. 
The nature of the state is not yet certain; the 2+ state 
of a A=0 beta-vibrational excitation is a good possi- 
bility. There is evidence in the decay of the 60-hr 
isomer for the existence of highe r members of the band. 


73 N. R. Johnson, Bull. Am. Phys. Soc. 6, 73 

4 C.J. Gallagher, J. O. Newton 
113, 1298 (1959). 

25 C, J. Gallagher and J. O. Rasmussen, Phys. Rev. 112, 1730 
(1958). 

26 J. J. Murray, F. Boehm, P. Marmier, 
Phys. Rev. 97, 1007 (1955). 


1961) 
and V. S. Shirlev, Phys. Rev. 


and J. W. DuMond, 
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laBLe ILI. Conversion electron data for decay of Re'® (13 hr) 


Transition" 
energy (kev) 


31.7 
42.0 
42.7 
65.8 
67.85 
84.7 
100.1 
113.7 
116.4 
152.5 
156.4 
179.4 
198.4 
222.0 
229.25 
264.0 
470.0¢ 
514.3¢! 
536.1¢ 
598. 5¢.! 
649.5 
734.5¢ 
780.0° 
$10.3 
836.2 
894.9¢ 
900.7¢ 
928.0 
960.4 


nergy (kev 


1002.2 
1044.7 
1121.7 
1158.2 
1189.5 
1221.8 
1231.4 


1257.2 


HANDLEY, 


AND 


Lin 


12.5 


0.5 
<0.64 


4 


a 


Energy (kev 


1273.8 
1289.2 
1373.8 
1386.8 
1437.8 
1954.7¢ 
2013.6° 
2023.5 
2054.3¢ 


MIHELICH 


> Wi, 


Remarks? 


El 


W1/E2~70 
El 
M1//:2=9 
k2 
M1/E2=7 


Fl 


A 


~A(),22 
~1.44 
~0).15 
w 
0.055 
0.18 
0.21 
W 
0.21 


recise transition energy measurements for Ta!® decay (reference 26 
[ tios and JZ subshell ratios. Intensity data are normalized to 1000 uni 


A 31.7-kev transition, of £1 multipolarity on the basis 
of L1/Ly/ Lin ratios, apparently proceeds to the 1258- 
kev (2+) state from the 1289-kev (2—) level which 
confirms a change in parity. Relative transition prob- 
abilities (RTP) for de-excitation of the 1258-kev level 
to the ground-state band are in fair agreement with the 
theoretical ratios listed in Table IV. Both the 2+ —0+ 
— 2+ transitions (1257 and 1158 kev) are E2 
according to available conversion coefficient data." 
There probably is an EO admixture to the 1158-kev 
gamma ray proceeding between the two 2+ (K=0) 


and 2+ 


states. 

The rotational nature of the 1374-kev 
1488-kev (4—) states in the K =2-— series is established 
in part on the basis of the /(/+1) energy spacing, and 
in part on the nature and intensity of the de-exciting 
radiation. The existence of the £2 admixture to M1 
radiation (M1/£2=8 and 9) was observed in intraband 


3—) and 


transitions where AJ=1. Within the band, £2 branches 
from the 1488-kev (4—) state yield 


B(E2:4 — 2): B(E2:4 — 3)=0.8. 


The calculated ratio is 0.5. Intensities of low-energy 
f:1 radiation branches from this K=2— band to the 
1258 kev K=0, J=2+ state are very small or zero, 
but relatively intense £1 transitions are found to de- 
excite to the K=2+ band. K-selection rules are prob- 
ably impeding the forbidden F1 transitions to the A =0 
band. As for the K=2, J=4— state, Gallagher and 
Rasmussen*® prefer the level of 1553.7 kev. Our study 
does not support this but agrees with the interpretation 
of Alaga et al.> The RTP ratio for transitions from the 
K=2-— state at 1289 kev to the K=0+ ground-state 
series is in satisfactory agreement with that expected 
(see Table IV). 


With the placing of the A=2— band at energies of 
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Fic. 2. Partial decay scheme of Re'® (13 hr) based on studies of 8~ decay of Ta'® (reference 26) and on this work. 








7qw'8? 


1289, 1374, and 1488 kev, certain features of the higher tained (see Table IV). The level of 2023.9 kev is 
excitation become clear. Beta decay of Ta! populates depopulated by four transitions to the three levels of 
the level at 1553 kev which is given a K=J=4— the K=2— band and to the aforementioned 1553.7-kev 
assignment.® This level is also established in Re! decay, (4—) level. The intensity of the electron lines are con- 
and £2 branching ratios to the K=2— band are ob- | sistent with M1 (+ £2) assignments. Transitions in- 
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TaBLE IV. Ratios of reduced transition probabilities in de-excitation of levels of W'™. 


Initial state Final states 
ie K, In 


(0, 2+), 


1443.0 
1488.0 


1553.7 


1060.8 


Assumed 
multipolarity 


Reduced transition® 
probability ratios 


E2 0.57/1/1.2 
0.7/1/1.8 

F2 0.69/1 

V2 0.26/1/0.13 


theor 


y dividing the K-electron intensity by the theoretical K 


» of Clebsch-Gordon coefficients compiled b 


pany, An 


volving a parity change would be too intense to preserve 
an intensity balance in the proposed decay scheme. The 
photon intensities are obtained by dividing the K-con- 
version line intensity by the theoretical conversion 
coefficient.’ A tentative assignment for the 2023.9-kev 
level, then, is 3— (K=3 

OK tupole excitation. 


which indicates a possible 


The levels at 2184.6 and 2274.5 kev may have nega- 
tive parity and spins of 2 and 3, respectively. This 
premise is based on the intensity of (M1) transitions 
to the K=2— band (see Table IV). The energy dif- 
ference of these two levels is not inconsistent with that 
expected for a rotation sequence. Two rather prominent 
transitions of 1954 and 2054 kev imply the existence of 
a 2054-kev state of low K quantum number. 

A check on the internal consistency of the level 
scheme may be made by comparing the photon inten- 
sities predicted above with those few peaks whict 
Gallagher et al.4 were able to resolve. They report 
intensities for the photope aks corresponding to energies 
of K x-rays and 470, 900,27 and 2000°7 kev. Normalizing 
he photon data to the 470-kev K-conversion ling 

taking the transition as M1), one obtains satisfactory 

agreement with the premise that the transitions of 
1954.7 and 2054.3 kev are of M2 multipolarity. The 
intensity of the composite 900-kev photopeak is con- 
sistent with the M1 multipolarities assumed above. In 
addition, the intensity of the K x-rays required for this 
level scheme is within 10°7 of the measured value. 


+} + 


27 These photopeaks are composite. 


sterdam, 1959), 


2. Re® 


OU Ar > 


Since the spins of the two isomeric stat 

are presumably quite different, one should expect a 
dissimilar spectrum of transitions 
capture since a different set 
populated. 


Rasmussen*’ reported on the decay scheme. They, too, 


following electron 
of level in W'™ would be 
\s mentioned previously, Gallagher and 


used high-resolution, permanent-magnet 
Their data, in general, are 
see Table V). Our 


spectrographs. 
in agreement with this work 


somewhat data, 


more complete 
however, in some Cases lead to somewhat di 


fferent con- 
clusions. Figure 3 shows our proposed level scheme, and 
the relevant transition data are listed in Table VI. One 
feature which is worth pointing out at this time is that 
there appears to be a relatively large number of levels 
possessing a possible rotational excitation 

Let us discuss the evidence for some of thes« “bands.” 
rhe 2+ and 3+ levels of the gamma band at 1221.8 kev 
Directional corre- 
lation measurements by Hickman and Wiedenbeck** 
confirmed the spin assignments and established the 
mixing ratios for the transitions between the A 2+ 
and K=0+ bands. The (2,2+ — 0, 24 transition 
is 94 990% quadrupole or 89-979 dipole on the basis of 
the correlation function. A somewhat surprising result 
is the indication from the angular correlation that the 
(2, 3+ —0, 2+) transition is 2+0.5% 

28G. D. Hickman and M. L 
1960). 

* The symbolism used here is 


needs no further elaboration here. 


quadrupole. 
Wiedenbeck, Phys. Rev. 118, 1049 


Kil; > Kyl;). 
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One may note that Bodenstedt’® concluded that the 
interband transitions in W!™ were pure quadrupole. 
Theoretically, of course, dipole radiation is forbidden. 
In agreement with Gallagher and Rasmussen, a rota- 
tional (K=2—) sequence up to /=6 based on the 2— 
state of 1289.7 kev is assigned; however there is 
disagreement as to the positions of the 4—, 5—, and 
6— levels. Their energies for these levels are 1553, 
1060, and 1830 kev, respectively. The energies we 
assign are 1488.0, 1621.7, and 1811.3 kev, respectively. 
Table VII presents the comparison of the experimental! 
data with the predicted energies. One may note that 
the 5— level is lowered by 10 kev while the 6— level 
is raised by 6.5 kev from predicted values. Of course, if 
levels are being elevated or depressed due to the mutual 
repulsion of two levels of the same spin and parity, 
then it is difficult, indeed, to say what the true moments 
of inertia are. Intraband branching ratios (see Table IV) 
and M1/£2 ratios for rotational (A7J=1) transitions 
help place the 1621-kev state in the A=2— band. 
Another level of considerable interest is that at 
1258.0 kev. Gallagher and Rasmussen have assigned it 


rasie V. Conversion electron data for decay of Re'® (60 hr 


lransition* 
energy (kev 


18.05% 
19.85! 
23.1 
31.7 
39.1! 
42.0 
42.7 
44.7 
60.65! 
65.8 
67.85 
79.5! 
84.7 >740 
100.1 > 1000 
107.1! 225 
108.6f 180 
113.7 1000 
116.4 d 
130.8! 1000 
131.4! Ww 
133.8! 350 
145.35! 12 
147.7! 100 
148.9! 200 
149.3! ~50¢° 
149.5! ~85 
151.2! ~50 
152.5 90 
156.4 75 
160.0 35 
169.1! ~11004 
172.8! 430 
178.4! 25 
179.4 235 
188.4! w 
189.6! 60 
191.35! ~7304 
198.4 120 
203.3! 12 
208.2! 45 
209.45! 50 


> 30 


IN NUMBER OF 


EVEN-EVEN EARTHS 1765 
asa K=1, J=1-— state of a possible octupole excitation. 
It is quite possible that this is actually the 2+ state 
of a K=0 beta-vibrational band. The possible existence 
of the 4+ and 6+ levels at 1443.3 and 1757.5 kev help 
to strengthen this assignment. The (0,0+-) state ap- 
parently is not populated, a point which is not too 
surprising. Theoretically, the 2+ level of the beta-band 
should decay primarily to the 4+ level of the ground- 
state band, which is the case. The K assignment for the 
1443-kev state is reasonable in view of the fact that 
there is negligible feeding to levels other than those of 
the A=0 band. The experimental branching ratio for 
the transitions de-exciting the state (assuming pure £2) 
is 0.2/1 as compared with the theoretical value of 1.1/1. 
This deviation is explainable if one admits the possibility 
of £0 or K admixtures. A similar situation exists for the 
transitions between the 6+ level of the beta band and 
the ground-state band. 

The energy constants for the three excited levels of 
the beta band are 3h°/9=77 kev and B=+0.029 kev. 
Based on these values, the unobserved 0+ level is 
expected to be at 1180 kev. It is possible that the rota- 


» W 182 


Remarks? 


Lin 


Vin 8:1:0.2 1 


~45¢ 


M1i+(E2 


15 d F1 
d 5 <274 M1 


< 104 


W1/E2~15 


M1/E2=2 





HARMATZ, HANDLEY, AND MIHELICH 


TABLE V (continued). 


Transition* 
energy (kev) A Li Lin ] Remarks> 


214.3! &3 5.5 ~4.5 M1/E2~1.2 
217.5! ' 

221.65! 

222.0 

226.2! 
229.25 
247.4! 

256.4 

264.0 

276.25! 
281.35! 
286.4! 

299. 9f 
300.4! 

323.35 
339.05 
342.0! 

351.0! 


Al? 
ee se 


Kite NM 


‘ 


Energy \ ; Energy (kev) 


928.0 75 231.4 
257.2 


1273.8 
1289.2 
1342.7! 
1373.8 
1386.8 
1427.5! 
1437.8 


MmHmy~1 Ww 


recise transit ergy measurements for Ta!®™ dec: 
and L and ul poe shell ratios. Intensity data are normalizec 


tain at these lov hergies 
iferent lis les 


tional agnosis for the beta-vibrational band may The next possible band of interest is a sequence of 
not be the correct values since there is present a 2+ three levels at 1437.8, 1660.8, and 1983.7 kev which 
level at “1221.8 kev. The repulsion between the two have negative parity. The energies of the excited levels 
2+) levels would tend to decrease the moments of obey almost exactly if /(7+1) interval rule for spin 
inertia of the lower (gamma) band and increase it for sequence 3, 5, and 7. It is worth remarking here that 
the upper (beta) band. The relatively small energy there are other possible bands interspersed with the 
separation between these two levels would be consistent band under discussion. These sequences consist of the 
with the rather marked effect. It has been remarked following sets of levels (energies in kev): (1) 1553.7(4—) 
previously that inertial parameter for the gamma band and 1829.9 (6—); (2) 1769.4 (6—) and 1960.7 (7—); 
was 10% larger than that for the ground state. and (3) 1810.1 (5—) and 1978.8 (6—). Very tentative 

It is interesting to note that if one uses a value for levels are at 1961.3 kev (S5—) and 1633.3 kev (5— 
B of —9.015 kev, which is the value for the ground- Table VII lists the rotational energy parameters for 
state band, then this would place the unperturbed 2+ these bands. The values of 3h?/9 for the proposed 
level 22 kev lower than 1258 kev. This would place the odd-parity bands are observed to be 15 to 25% less 
unperturbed 0+ level at 1146 kev, and establish the than for ground-state band. In constructing the odd- 
inertial constant (3h?/9) as 90 kev. parity bands, comparison was made of reduced gamma 

By substituting the experimental values of the beta- rays which go between states of the same spin and 
and gamma-vibrational state energies in the expression! _ parity to observe the effects of AA. 

Returning to the negative-parity band based at 
1437.8 kev, one may postulate that 3—, 5—, 7- 
one obtains a value of B= —0.053 for the ground-state Sequence is a A= 3 octupole vibration with »=0 (where 
band, which is to be compared with the experimental ” is the projection of the vibrational angular momentum 
value of —0.015 kev. This is a rather large discrepancy, on the symmetry axis). In this mode, the axial sym- 
and the correction factor b= 2.12 suggested by Sheline? metry of the nuclear shape is preserved. A v=0 vibra- 


h?/9)°3/Eg+1/E,2] 


does not seem sufficient to account for it. tion represents a nucleus with a paired nucleonic con- 
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l'1G. 3. Proposed decay 
scheme of Re'® (60 hr) 
to W'®. All observed 
transitions are placed in 
the scheme. 
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l'as_e VI. Intensity and multipolarity assigned to transitions Sepapulating levels shown in decay 
pe a of Re'® (60 hr) > W!® (Fig. 3). 
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1€ rotational sequence 


appear (the most usual ex: _ e of this, of course, being 
1). 


the K=0, 1 
TABLE VII 
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Y hle 
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al energy formula 
rotational bands 


rotational states 
kev) 


Higher 
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Experiment 


0.015 680.4 
+0029 
+0.007 1621.7 
1811.3 
+0001 
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excited states 
Ix (kev) 


1437.8 
1660.8 


1983.7 


1829.9 


1769.4 


1960.7 


1810.1 


1978.8 


> Esti 


De-exciting 
transitions 


(kev) 


1437.8 
39.1 
107.1 
172.8 
217.5 
286. 
23. 
214.; 


226 


65.8 
179.4 
264.0 

19.85 

60.65 
169.1 
208.2 
276.3 


342.0 


108.6 
147.7 
281.4 
130.8 
149.5 
191.35 
203.3 
299.9 
339.05 


149.3 
188.4 
256.4 
18.05 
148.9 
169.14 
209.45 


131.4 
151.2 
300.4 
160.0 
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this band: (1) The 
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Calculated rela- 


Multipole* 
assignment NV, 


136 
380 
580 
1100 
637 
1715 
Ww 
285 
6600 


1300 
730 
906 

~420 
52 

2660 
145 

2145 
115 


290 
210 
1390 
2105 
~170 
~ 2000 
~255 
~ Ohh) 


1670 


~ 100 
\ 
2610 

~1120 
420 
160 
\ 

~ 100 
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tive intensities 


+ Nee 


1585 
~40 


1930 
~15 
160 
100 
W 

~ 4) 

~190 


35 


gamma-ray 


proposed I A 


3- primary state-at 1437.8 kev is observed to de- 


excite only to ground. 
state is not known. (2) The value of A 


kev 


(5—) 


State 


is indicated 


when one 


The mode of population of this 
3 for the 


1660 
the 


compares 
RTP ratios to the A=2— band. The experimental 
ratio B(E2:5— — 3-) B(E2:5-— —4-—) is 
1:0.27 as compared to the theoretical ratio for K;=3 
of 1:0.16. Theoretical values for K;=2 or 4+ show much 
greater deviation. 

impurity in A number is seen in the observation that 
both levels of 1660 and 1983 kev (K=3) 
rather intense transitions to levels of the A 


of to 


(3) Some possible evidence for an 


decay with 
0 beta 


vibrational band. 


With regard to the levels at 1553.7 and 1829.9 kev, 


of spin assignments 4— and 6-—, it is not clear how 
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valid the designation of a rotational sequence is. The 
intraband transition of 276.3 kev is £2 and corresponds 
to a value of 3f°/9 of 75.4 kev. As can be seen by 
reference to Table IV, the ratio of RTP’s are not 
inconsistent with the K =4 assignment. Another obser- 
vation is that these levels de-excite preferentially to 
levels of K number one less than A;=4. (The rotational 
transition is intense, as well.) The gamma-gamma direc- 
tional correlation measurements®> are consistent with a 
spin of 3, 4, or 5 for the 1553.7-kev level. 

The possible rotational level sequence based at 
1769.4 kev ((=6—, 7—) would have a value of 3h?/¢ 

82 kev. Here, de-excitation to levels of K;=2, 3, 4, 
as well as rotations appear to be favored, except that 


TABLE VIII. Conversion electron data for decay of Lu'” (6.7 day) 


lransition 
energy (kev q } Lit 


78.7 1100 
90.6 225 
112.7 5. 24 
134.3 ¢ 0.83 
145.9° 
155.7' 
163.0 
181.4 
196.7 
199.8 
203.3 
210.3 
228.9° 
247.0 
264.9¢ 
269.9 
279.7 


os bo 


8 
a) 
5 
5 


Energy Energy 
kev J (kev) 
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HS 1769 
there is a not inappreciable amount of radiation pro- 
ceeding to the A=0 beta-band. A pair of levels at 
1810.1 and 1978.8 kev have been tentatively assigned 
as the 5— and 6— members of a K=5 band. 

In Fig. 3 are indicated the relative percentages of 
electron-capture dec ay from Re'™ to the various levels. 
It appears that this decay proceeds mainly to the 6— 
and 7— states of the A=3, 4, 5, and 6 bands. 

It is clear that the density of levels in W'™ in the 
region of excitation just under 2 Mev is quite high. It 
is also clear that these are high-spin states, and that 
negative parity is most reasonable. In fact, the only 
two positive bands are the beta- and gamma-vibrational 
bands (except for the ground state, of course). 


>» Yb!? 


Lint N Remarks*:» 


1100 7 : + —+ (4 
220 12/M 3 
21 12/M1 
0.55 


Energy 


(kev 


319.08 


594.3¢ 
607.1¢ 
622.4 


1194.4¢ 
1290.2 
1324.4 


W 
0.03 
W 


630.6 
682.0 
685.2¢ 
697.8 
709.0¢ 
715.0° 
722.8 
810.6 
816.9 
901.4 
913.4 
930.0 
9O8.8° 
1004.4 
1023.7 
1042.4 
1082.3¢ 
1095.3 
1114.2 
1117.3 
1126.6° 
1150.4¢ 
1161.8° 
1176.3¢ 
1186.0 


Multipole assignments are based on K,’L. and L-subshell ratios. 


Intensity data are normalized to 1100 units for the most prominent line 


© Conversion line is partially resolved. 
1 Conversion line is a composite of two different lines 
* Not placed in decay scheme. 


1388.7 0.05 
1399 W 
1404 0.048 
1433.8* Ww 
1441 0.042 
0.04 
0.04 
W 
0.08 
0.07 Ww 
0.145 0.02 
0.025 
0.11 
<0.0344 
0.04 
Ww 
1786.9¢ “ 
1814.0 ~0.013 
1851.3¢ W 
1869.2* 0.015 
1915.8 0.05 
1995.7 ~0.01 
g 


<0,0344 


2025 Ww 
2083 ~0.01 
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C. Lu'” (6.7 day) — Yb'” 


2083 kev. In a previous publication," the internally 
Lu'? (6.7d . ly bv el converted gamma rays of this activity were reported, 
wu'™ (6.7 day) decays (primarily by electron capture) . . ae cas 
eg mga ey 7 al ~ noting the existence of five intense #2 transitions otf 
to levels in Yb'”. Although empirical mass tables® : - ) - Table VIIT li he 
1j lativel 1 ‘labl 2500 k energies between 79 and 203 kev. Table ists the 
wredict a relatively small available energy (2500 kev), : ; ees 
nal HE cs ; 98 complete internal-conversion electron data. Meanwhile 
an extremely compiex de-excitation spectru ol Yo ar ° : 
: rie iS I re I eae es some scintillation-counter and gamma-gamma coin- 
transitions is observed ranging in energy from 79 to 
»A. G. W. Cameron, Atomic Energy 


rgy of Canada Limited 31 J. W. Mihelich, B. Harmatz, and T. H. Handley, Phys. Rev. 
Report AECL-433, 1957 (unpublished 108, 989 (1957), 
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TABLE IX. Intensity and multipolarity assigned to transitions depopulating levels 


shown in decay scheme of Lu!” (6.7 day) 


Relative photon 
intensities 
Calcu- Experi 


Proposed 
excited states 


(I,r) (kev) 


De-exciting 
transitions 
(kev) 


Multipole* 
assignment 
78.7 440 373 
181.4 ) 970 970 
279.7 : 70 <1844 


913.4 945 415 
1095.3 E 2920 2305 
90.6 w2/: ‘ 235 ~138 
1004.4 v2 340 
1186.6 V2) 20 
112.7 22/1 a 46 
203.3 2 237 
1117.3 Ww 
134.3 
247.1 


1467.6 
1388.7 
1290.2 
1471.3 
1399.6 


78.7 
260.1 
539.8 

1174.0 


1264.6 


1377.. <46 


> 230 


ep! 
N 
ts 


Neh 


2 
3. 
31 


27 
30 
16 
27.! 
W 


NRWNONN 


196.7 (M1) 

399.5 (M1) 31 

490.2 (M1) 98 46 
1404.1 E2) 30 <9Q2e 
1585.7 (E2) 114 138 
199.8f (M11) 0.7 

373.3 M1) 6.8 

486.0 (V1) 28.5 

576.4 (M1) 13.2 
1490.2 (E2) 56 
1672.0 (£2) <30 

482.1! (1) 23 

594.3 (M11) 17.4 

685.2 (E2) w 


1750.6 


* Multipolarities are assigned either from conversion electron ratios of 
Table VIII or from consistency with angular momentum selection rules: 
latter assignments are in parentheses and are shown unmixed since we have 
no way of estimating mixing ratios 

b Estimates of photon intensity are obtained from internal conversion 
electron data and theoretical conversion coefficients. 


cidence measurements” have become available. These 
data lead to the postulation of the level scheme shown 
in Fig. 4. Complementary data are now available from 
the studies of the 6~ decay of Tm'”.™ 

The rather complete internal-conversion electron 
data allows one to expand the scheme based on coin- 
cidence measurements and to postulate levels consistent 
with the energies, intensities, and multipolarities of the 
newly included transitions (see Table IX). It is felt 
that the resulting scheme is almost unique. The exact 
interpretation of the levels may be somewhat in doubt, 
of course. Checks have been made on the validity of 
the proposed scheme employing the rotational energy 
criteria as well as the ratio of intensities of de-exciting 
transitions. 

In addition to the ground-state rotational band 


*K. P. Jacob, thesis, University of Notre Dame, 1958 (un- 
published). 

% R. G. Wilson and M. L. Pool, Phys. Rev. 118, 1067 (1960). 

* R. G. Helmer and J. B. Burson, Bull. Am. Phys. Soc. 5, 425 
1960), Argonne National Laboratory Report ANL-6270, 1961 
(unpublished). 
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» Yb!” (Fig. 4). 


Relative photon 
Pro} osed intensities 
excited states 


(J,r) = (kev) 
3+ 1702.1 


De-exciting 
transitions 
(kev) 


437.3 
528.1 
1441.7 
1623.5 
337.4 
427.0 
540.5 
630.6 
1544.5 
1726.0 
163.0 
199.8! 
1324.4 
1604.2 


210.3 
269.9 
323.8 
372.3 
410.1 
697.8 
810.6 
901.4 
1814.0 
1995.7 
682.0 
816.9 
930.0 


Multipole* Calcu- Experi- 


assignment lated» mental* 


(M1) 12.6 
(M1) 197 138 
(E2) 27.5 
(£2) 91 
(£2) ~5 
(M1) §. 
W1) 

(M1) 

(E2) 

(£2) 

(M1) 

(M1) 

(E2) 

(£2) 


(M1) 

(M1) 

(M1) 

(M1) 

(M1) 

(M1) 

(M1) 

(M1) 

(£2) 

(£2) 

(M1) z 
(M1) 66 
(M1) 159 


(M1) 23 
(M1) ~19 
(M1) 14 
(M1) 9 
(M1) 81 
(M1) 88 


4+ 1804.7 


482.1! 
535.9 
584.5 
622.4 
1023.7 
1114.2 


© Photon data of R. G. Wilson and M. L. 
malized to the 181.4-kev transition. 
* Composite photon peak of 279- and 269-kev transitions 
* Composite photon peak of 1404-, 1388-, and 1399-kev transitions 
f Recurring vice 


Pool (reference 35) are nor- 


transition is listed tw 


(1=0, 2, 4, 6+), five primary states, each exhibiting 
rotational excitation levels are possible. One additional 
state at 2287.3 kev (J=4-4 
regards the 6+ 


is shown in Fig. 4+. As 
»4+ transition of the ground-state 
band, the 279.7-kev gamma ray appears to be of E2 
multipolarity on the basis of the ratio of intensities of 
conversion lines and therefore seems to be the correct 


TABLE X. Empirical constants for rotational energy formula 
E= (h?/29)(1 1+) ]+BP(/+1)? for possible rotational bands in 
Yb!” and predicted next levels. 


Higher rotational states 
(kev) 


Bxev Predicted 


dase state 
Tor — (kev) Experiment 
| 0 ~ 0.008 539.8 
+ 1467.5 0.007 
t 1174.0 0.003 


538.9(7)+6) 
1796.5 (I9+3) 
1511.7 (1)4+3) 
1667.4 (79+4) 
1990.2 (J»+3) 
1933.0(7)+2) 
2337.2(Io+-2) 


1511.6 


1664.3 
1702.1 
2075.0 


+0.003 





1772 HARMATZ, 
one. The 18 levels above 1 
firm, each being fixed by a number of accurately 
measured transition energies. Table X lists the ob- 
served and predicted energies for the rotational exci- 
tation of each of the several primary states along with 
the inertial constant of 3/° 9 and B (the coefficient 
appropriate for the rotation-vibration correction). It is 
clear that the excitation energies indeed do follow the 
/(7+1) interval rule, and it is unlikely that this is 
merely fortuitous. The spins of the various states are 
fairly well determined in this fashion. (Of course, the 
spins are also highly consistent with the observed 
population and depopulation of the levels in question.) 
The value of quantum number A is also then very 
likely the value of 7) (the spin of the base state). The 
checks on the A-number a 
shortly. 


he ground state are quite 


ssignments will be discussed 


Che band based at 1174.0 kev displays the proper 
energy intervals for a spin sequence of 3, 4, 5, and 6. 
The parity designation is more difficult. The decay 
scheme, displayed as Fig. 4, was constructed with the 
following restriction: the parity of the 1174-kev state 
is positive, and the multipolarity of the 
in Table [X. This the most reasonable 
scheme; any negative parity bands would require some 


transitions is 


as listed is 


ase XI. Ratios 


Initial state Final states 


(K, Ix 


0, 2+ 


kev 


1467.5 


rs 


+ 


1174.0 
1550.2 
1664.3 
1702.1 


++ 


ho bh bb 


1. 


1264.6 
1659.7 
1750.6 
1804.7 


2075.0 


ry 


hhh hh 
t t 


va 


1377.3 
1664.3 
1702.1 
1750.6 
1804.7 
2075.0 
2287.3 


2287.3 


anu 
+--+ 


+ 


2194.2 


1377.3 
1511.6 


reduced gamma-ra 
square of the rati 
nd Publishing Company, 
¢ Transition unobserved 
¢ Associated with the 1664-kev base-state band 
* Associated with the 1174-kev base-state band 
anching ratios are for the E2 cascade transitior 


HANDLEY, 


2 


s obtained by dividing the K-electron intensity by the theoretic 


AND MIHELICH 
unexpected multipole mixtures and branching ratios to 
make the intensities of transitions feeding and depopu- 
lating various levels correct. 

The rotational sequence based at 1174 kev, for which 
a level of spin as high as 6 is observed, has an inertial 
term 14% lower than that for the ground-state band. 
Another striking feature of the band is the presence of 
intense intraband transitions. These level spacings are 
determined to within 0.1 kev. For 
proceeding between levels of spin difference one, the 
multipolarities are E2+M1 (£2/M1~3), and all pos- 
sible E2 crossovers are present, thus indicating the 
rotational character of the levels. Table XI displays 
the experimental ratio of the value B(/2) for the 
cascade transition to the value of B( £2) for the cross- 
over transition de-exciting the 1377-kev (5 
1511-kev (6+) rotational states. Better agreement with 
the theoretical value is obtained by assuming quantum 
number A=3 rather than A= 2; also the £2 intraband 
transitions are much more probable than the £2 
band transitions to K 
parity. This is probably due to A-forbiddenness. 

Two other possible bands based on J=3+ (A=3 
states at 1664 and 1702 kev are indicated in Fig. 4. The 


The 


those transitions 


and 


= } 


inter- 
=(0+ states of the same spin and 


base states de-excite to states of spin 2, 3, and 4 


of reduced transition probabilities in de-excitation of levels in Y! 


Reduced transition* 
probability ratios 


Assumed 
multipolarity 


F2 0.68/1 


ba fy & > 


NNN Nw 


~ NNmNNN 


» 


90 ht W& ip te Ww > 0 


— 


1, 
3.9/1/0.22 
1/0.6/0.6 
1/0.6/0.24 
2.9/1 

1.7/1 (theor 
1.8/1 

0.5/1 (theor.) K; 


theor.) A, 


K,;=3' 


al K-conver 


of Clebsch-Gordan coefficients compiled by A. H. Wapstra, G 
Amsterdam, 1959). 


to the E2 crossover transition in the rotational band. 
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rotational levels are shown feeding lower states of spin 
3, 4, and 5; however intraband transitions were not 
observed. The experimental reduced transition prob- 
abilities of the 1664-kev base-state band to the 1174-kev 
sequence are in essential agreement with theoretical 
prediction as shown in Table XI. In both cases, the 
stated ratios are between K;=Ays=3 bands, and pure 
dipole radiation is assumed. Similar determinations for 
the 1702-kev base-state band show rougher agreement. 

With the assumption of rotational excitation, one 
obtains 3h?/49=65 and 77 kev, respectively, for the 
1664- and 1702-kev bands. These values are to be 
compared with a value of 68 kev for the 1174-kev base 
band; however the interaction term ‘‘B” appears in 
Table X as slightly positive only for the 1664-kev band. 
Perhaps this is due to repulsion of the 1664-kev (3+) 
and 1750-kev (4+) levels by nearby (40-kev separa- 
tion) states of the same spin and parity. Quantitatively, 
the deviation of the 1859-kev (5+) state from the 
/(I+1) energy law is +0.6 kev compared to —0.6 kev 
for the 1377-kev (5+) state in the 1174-kev band. 

There is some evidence for a gamma-vibrational 
band (K=2+) in Yb!” beginning at 1467.5 kev. The 
ratios of branching to the ground-state band (see 
Table XI) are consistent with the postulated existence 
of a gamma-vibrational structure. The inertial constant 
for this band, which is 5% greater than the ground-state 
band, may be influenced by interaction with close-lying 
3+ states. 

\dditional evidence for the parity of the postulated 
states at 1174.0 and 1467.5 kev is now available from 
the study of the beta decay of Tm'” by Helmer and 
Burson.** Tm!” is most likely in a 2— state since the 
3~- spectrum to the ground state of even-even Yb!” is 
unique first-forbidden. The log(/t) values for the transi- 
tions to the two states in question are 7.6 and 6.7, 
respectively. It is certainly reasonable to assign positive 
parities to these states, an assignment we have arrived 
at independently using as a criterion the intensity 
balance of the various gamma-ray transitions. On the 
basis of their energies, it would appear that, in addition 
to the ground-state band, the Tm!” decay populates the 
levels assigned at 1174 (3+), 1467.5 (2+-), 1550.2 (3+), 
and possibly 1664.3 (3+) kev. 

The transition intensities indicate that most, if 
indeed not all, of the electron-capture decay of Lu'” 
proceeds to states above 2 Mev in Yb!”. A consistent 
level scheme is indicated if one takes the predicted total 
decay energy (2.5 Mev) and a spin of 4 or 5 for Lu'®. 
The appropriate Nilsson orbitals here are 1/2— [521] 
for the neutron and either 9/2— [514] or 7/24 [404] 
for the proton. 

The 2075-kev 


lower-lying states of spin assignments 


state is shown in Fig. 4 feeding 9 

2. 3,-%. and 5. 
Conversion coefficient data which are available for a 
number of these transitions (see Table IX) are most 
consistent with a spin and parity of 44+. A 2194-kev 


state populates the 7=4, 5, and 6 members of the 
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cRTHS 1773 
with the 1174-kev state. 
Possibly the 2194-kev level is a rotational excitation 
(5+) of the primary state of 2075 kev. The relevant 
inertial parameter, 3/?/d=71.5 kev, is close to values 
for other bands listed in Table X. The branching ratio 
of the 2194-kev level to the members of the 1174-kev 
band yields B(M1:5 —4)/B(M1:5 — 5)/B(M1:5-— 6) 
1/0.6/0.6, assuming pure M1 radiation and A,;=4, 
K;= 3. The corresponding theoretical ratio is 1/0.6/0.24. 
A 2287-kev level may decay to 6 different states of 
spins 3 and 4. This level is designated as J= A=4+. 
Both of the postulated (4, 44+) states at 2075 and 2287 
kev are found to exhibit similar RTP ratios to J=K 
3+ states at 1702, 1664, and 1174 kev. The experi- 
mental ratios, assuming pure M1 radiation, are: 


rotational band associated 


E.,= 2075 kev: 37 2y /410y /901y = 0.9/0.6/1, 


and 


F;=2287 kev: 584 y/622y/1114y=1.1/0.6/1. 


Branching ratios for dipole radiation between the (4, +) 
states and J=4, K=3+ rotational levels at 1804, 
1750, and 1264 kev are: 


E;=2075 kev: 269y/3237/810y 


1.6/1, 
and 


E;= 2287 kev: 482y/535y7/1023y=2.7/1.6/1. 
There is a surprising consistency in the above ratios. 

It is interesting to note that the de-excitation of the 
high-energy states of K>2 proceeds mainly through the 
1174 (3+) state; this is probably due to A-selection 
rules. 

D. Tm'* 


7.7 hr) — Er'® 


Certain features of the level scheme of Er'®® as 
populated by the decay of Tm'*® (7.7 hr) are now quite 
clear. The existence of a ground-state rotational series 
up to a 6+ level at 545.3 kev and a gamma-vibrational 
sequence with states of 787.1 (2+), 860.4 (3+), and 
957.3 (4+) kev have been discussed previously.” Other 
workers***® have reported on studies of Tm!® with 
internal conversion, scintillation counter, and gamma- 
gamma coincidence techniques which contirm the above 
states and their assignments. 

More data were obtained on the internal-conversion 
electron spectrum of this activity (see Table XID). 
Attempts were made to obtain multipole order data by 
comparing the internal-conversion electron intensities 
of Table XII with the relative photon intensities, nor- 
malizing to the £2 conversion coefficient of the 184-kev 
transition. The low-energy photon data (<1 Mev) of 
Gromov ef al.*® which are more detailed and the high- 
energy Wilson ef al.*° which appear more 
reliable are employed. Table XIII summarizes the 


values of 


35 R. G. Wilson and M. L. Pool, Phys. Rev. 119, 262 (1960). 
36K. Ya. Gromov, B. S. Dzhelepov ~and V. N. Pokrovskii, Bull. 
Acad. Sci. USSR 23, 821 (1959). 
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laBLe XII. Conversion electron data for decay of Tm!'®* (7.7 hr) — Er'®*, 


lransition 
energy (kev 


73.4 
80.6 
84.1 
90.7" 
90.6 

131.0 

147.2¢ 

154.34 

170.1 

184.4 

194.8 

215.1 

269.84 

280.2 

320.04 

345.54 

403.8) 

429.04 

459 3a 

521.3 

595.0 

599.2 

672.9 

675 

692 

706.. 

712 

729 74 

759.0 

780.0 

787.1 

812.14 


877.0 


0.1 


Energy 


Energy 
(kev) 


1304.3 
1308.74 
1350.4 
1377.6 
1434.3 
1451.2 


KeV 


1060.14 ~0.05 
1074.14 W 
1081.6 0.05 
1155.14 0.21 
1180.0 1.05 
1194.5 w 


1207.1 
1239.1 
1266.7 


~).09 
~0.06 
Ww 


1461.24 
1498.24 
1508.5 


1276.8 1.4 1603.14 


re based on K/L and L-subshell ratios. 


ally w"’ indicate weak line 


character and intensity of transitions incorporated in 
the decay scheme presented in Fig. 5. 

Two states are clearly established at 2137 and 2164 
kev which populate all proposed levels of spins 2, 3, and 
4 in the ground-state and gamma-vibrational bands. 
Results of gamma-gamma coincidence studies®* also 
indicate a level at 2137 kev. This state is assigned a 
spin of 3 and odd parity, since gamma rays of 1873 and 
2057 kev which de-excite to the 2+ and 4+ levels 
have internal conversion coefficients which are most 
consistent with £1 assignments for these transitions. 
The 2164-kev level is assigned 7=3 and odd parity. If 
the spin were 2, then the ground-state transition prob- 
ably would have been observed. The electron-capture 


Lin Remarks®*:> 
ow £2+(M1) 
1100 5 E2(2+ — 0+) 


E2+ (M1) 


Energy 
(kev) 


1636.2 
1829.34 
1843.44 
1873.0 
1899.4 


2057.3 


2068.14 
2083.0 
2095.74 


decay of Tm, of measured spin 2—,* proceeds primarily 
to the two levels in question with log(/t) values which 
are indicative of allowed transitions. 

The nature of the 3— states may be investigated by 
comparing reduced transition probability ratios with 
Alaga® intensity rules. The experimental branching 
ratio from the 2164 kev (3—) level to the gamma- 
vibrational band (K=2+) is: 

B(E1:3 — 2)/B(E1:3 — 3)/B(E1:3 — 4) =3/1/0.7, 
assuming pure F1 radiation. The predicted ratio cal- 
culated for K;=3 is 2.9/1/0.14. The theoretical ratio 


37 J. C. Walker and D. L. Harris, Phys. Rev. Letters 5, 453 
(1960). 
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for A;<3 is quite different, predicting relatively weak 
feeding of the 7=2 members of the J=2, 3, 4 series. 
Hence K;=3 is favored. 

In the case of the 2137-kev state, the transitions 
proceeding to the K=2+ gamma-vibrational band are 
probably of M2 character, otherwise the calculated 
photon intensity is too large. The observation that 
transitions between the 2137-kev state and the K=2+ 
band (AJ=0, 1) appear to be mainly of M2 type may 
be interpreted as evidence of A-forbiddenness for F1 
radiation. The branching ratio of the 2137-kev level to 
the gamma-band gives 


B(M2:3-32)/B(M2:3-3)/B(M2:3-—4) =0.05/1/0.9, 


TABLE XIII. Intensity and multipoiarity assigned to transitions 
depopulating levels shown in decay scheme of Er'® (Fig. 5). 


Photon 
intensities 
Experi 
mental* 


De-exciting 
transitions 
(kev) 


80.6 
184.4 
280.2 
521.3 
706.3 
787.1 
780.0 
595.0 

73.4 

96.6 
170.1 
692.4 
877.0 

1081.6 
1180.0 
1276.8 
1350.4 
1873.0 
2057.3 
2083.0 
1207.1 (F1) 
1304.3 (F1) 
1377.6 (F1) 
1899.4 (E1) 
194.8 Fl i 190 
403.8 (M1) a 
599.2 El 50 
672.9 (F1) = 600 
1194.5 (F1) 
759.0 Fl 450 
1451.2 (F1) 
1636.2 (E1) 
131.0 (F1) 
1239.1 (F1) 
1434.3 (M1) 
1508.5 (M1) 

84.1 (M1) 

215.1 Fl 270 


Proposed 
excited states 
Ix (kev) 


Calcu- 
lated> 


5804 645 
8254 825 
17 21 
Ww 
405 600 
390 410 
6070 900 
130 


Multipole* 
assignment 


80.6 
265.1 
545.3 


787.1 


860.4 


NWNNNN BONN 


—rie ro— 
++i 


957.3 


— = eS 
Ss 
— 


SN, 


~ 


~ 


SNe NS 


= 
7 
tor 


— te 


1290 


* Multipolarities are consistent with angular momentum selection rules 
and with conversion coefficients where photon intensity measurements are 
available. Multipolarities are shown unmixed since we have no way of 
estimating mixing ratios. 

+ Estimates of photons intensity are based on internal conversion 
K-electron data (Table XII) and theoretical conversion coefficients of 
Rose." 

© Photon data are taken from reference 36 for transitions of <1-Mev 
energy and from reference 35 for transitions >1 Mev. All photon data are 
normalized to the 184-kev (/:2) radiation 

! Total intensity of the 80.6- and 184-kev transitions are, 
3050 and 1080 units 


respectively, 


IN NUMBER OF 


EVEN-EVEN EARTHS 

to be compared with the theoretical ratio of 0.2/1/1.3 
for K,=0. The theoretical ratio for K;=3 would favor 
branching to the 7=2 rather than 7=4 level of the 
K=2-+ band. Hence, there is some evidence that K;=0 
may be the proper assignment. 

The 2137-kev (K<3) state is observed to de-excite 
more strongly to members of the K=0-+ series than to 
corresponding spin states of the A=2+ band. In the 
case of the 2164-kev (K=3) state, the converse is true. 
This is consistent with the assigned AK values; however, 
the radiation to the K=0+ band from the 2164-kev 
level is apparently £1. Admittedly, this involves a AK 
of 3 or a K-forbiddenness of order 2. The possibility of 
admixtures of K numbers must be considered. 

One may note that states of spin 3— were proposed 
in the isotope Er'®* at 1095.4 and 1543.1 kev. Both 
states are probably fed by allowed electron-capture 
transitions which are consistent with a 3— or 4— 
assignment for Tm!®, The log( ft) values are 7.7 and 
6.2, respectively, for branching to the 1095 and 1543-kev 
states, using a decay energy” of 1630 kev. It would 
appear that branching to the latter level is preferred 
due to operation of the K-selection rule. 

The experimental £1 branching ratio from the 1543- 
kev (3—) level to the members of the A 
yields 


2+ sequence 


B(E£1:3— 2): B(E1:3 — 3): B(E1:3 > 4) =4.3/1/2, 
to be compared with the theoretical ratio of 2.9/1/0.14 
for K;=3. The analogous branching from the 1095 kev 
(3—) level to states of the K=2-+ band yields an experi- 
mental ratio 


B(E1:3— 2): B(E1:3— 3): B(E1:3 > 4)=0.02/1/0.4. 


The theoretical ratio for K;=1 is 0.1/1/1.3. Again, 
there is no question but that the reduced transition 
probabilities from the two 3— levels are strikingly 
different. Hence, K=3 is preferred for 1543-kev state 
and K <3 for the 1095-kev state. 

The intraband transitions, both cascade and cross- 
over, have been observed among the members of the 
K=2+ gamma-vibrational bands of Er'®® and Er'®, 
The cascade transitions are observed to convert in the 
K, Lyr, and Lyz7 shells indicating £2+ (M1) multipole 
order. At present, no reliable intensity data are avail- 
able. The energy measurements of these transitions 
determine the rotational level spacing of the K=2+ 
sequence with a precision comparable to that of the 
K=0+ ground-state band. The experimental value of 
the rotational perturbation term B is —0.0124 kev for 
both the K=0+ and K=2+ bands in Er'. Similar de- 
terminations for the rotational series in Er'® yield 
B= —0.0064 kev for the K=0+ band and B= —0.0041 
kev for the K=2+ band. The larger value of B for the 
ground-state band in Er'® is consistent with the lower 
energy of the A=2+ sequence as compared to Er'®, 

A number of other features of the decay scheme of 
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certain. A level is present at 1459.7 
yut this is probably not the same level as the 04 
state populated in the 3~ decay of Ho'**.* An odd parity 
ssignment for this level and two others at 1055.4 and 


1716.3 kev is probable There are two tentative states 
at 2295.3 and 2379.3 kev for which even parity 1s 


indicated. The energy spacing suggests a rotational 


sequence of J=2 and 3, but t 


his is very tentative. 
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TABLE XIV. Conversion electron data for decay of Ho!” (67 min) and Ho!® — Dy'®. 


Transition 
_energy (kev) K , Lin d N Remarks®:» 


Conversion in Ho 

38.3 J 8 S 60° 
57.8 38 ~15 
‘onversion in Dy 

80.7 > 540 5 1000 
89.9 12 
95.2 ‘ 

185.2 ‘ ' ; 65 
188.8 

265.5 

276.0 

283.2 d 2: 1 3.8 


Energy (kev) 4 Energy (kev) K Energy (kev 


303.7 55 940. 4 1.4 12: 
386.9 17 999.8 W 1 
393.2 i 1023.2 ~0.2 12° 
425.4 5 1034.7 Ww 1 
446.0 2 1114.8 ~0.2 Ke 
558.8 r 1133.6 W 1. 
798.7 \ 1223.8 1.44 


RCo eee 


* Intensity data are internally consistent for lines of the same activity. ‘‘w"’ indicates a weak line 
b Multipole assignments are made on the basis of K/L and L-subshell ratios 

Film sensitivity and source effects are uncertain at these low energies. 

Conversion line is a composite of two different lines 

E. Ho'® (67 min) — Dy'” The low-energy states of the odd-odd nuclide 

Lu'™ (Z=71) were recently studied,** and an apparent 
similarity to Ho'® (Z=67) is observed. In the former 
case, M1 transitions of 44.1 and 67.1 kev may be 
arranged in cascade terminating at the ground state 


Earlier work on this nuclide* has shown intense £2 
transitions in cascade decaying through rotational states 
J=2+,4+, 6+) based on the ground state. In addi- 


tion, two low-energy transitions of 38.3 and 57.8 kev UI 
- 0- 


=1). The energy spacing obeys the /(7+1) interval 


were remeasured, and the energy difference of the con- : ; A : : 
z : rule exactly for a rotational spin sequence of 1, 2, and 3. 


version lines are uniquely those of Ho, as was reported 
in a previous paper.** A check of the decay rate of the 
isomeric transitions was made. In a number of spec- 
trograms taken at various elapsed times, the ratio of 
the intensity of these transitions in Ho compared to the 
intensity of the £2 transitions in Dy (following electron 
capture) is constant. 

More complete internal-conversion electron data (see 
Table XIV) and gamma-ray scintillation spectra (see 
Fig. 6) were obtained. Table XV lists the gamma-ray 
intensities and multipolarities for the more prominent 
radiation in Dy. The internal-conversion coefficients for 
the transitions of 940.4 and 1223.8 kev are consistent 
only with £1 multipolarity. Since these transitions 
on the basis of energy fit) proceed to the 4+ and 6+ 
levels of the postulated ground-state sequence, an 
assignment of 5— for the level at 1489.6 kev is indicated. 
The calculated partial half-life for the electron-capture 
decay to this level, using the energy prediction of 
Cameron (Ogc=1.9 Mev),® is consistent with an 
allowed electron-capture transition [log(ft)~4.1]. A 
spin of 6— for Ho!" may be obtained by employing 
the coupling rules*' if the odd-neutron orbital 5/2- 
[523] is used rather than the very close 5/2+ [642]. Oo 40 
\ spin of 14 is predicted in this manner for Ho!™’. PULSE HEIGHT (volts) 
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38 B. Harmatz, T. H. Handley, and J. W. Mihelich, Phys. Rev Fic. 6. Scintillation counter spectrum of gamma rays in the 
119, 1345 (1960). Ho'® decay to Dy'® taken with a 3X3-in. Nal (TI) crystal. 
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ante XV. Gamma-ray intensities and multipolarities for 
transitions in Dy!®. 


Relative photon intensities 
Calculated® Experimental* 


Transition 
energy (kev 


(Assigned 
multipolarity* 


80.7 
185.2 
283.2 
940.4 


1223.8 


625 575 
1700 1700 
860 840 
1165 1170 
1945 1820 


— ety hy ho 


the basis of K, L ratio, L-subshell 
from conversion electron data 


rence 17). 


alized relative to the 185-kev 


An M3 
observed in Lu. In Ho, the 38.3- and 57.8-kev radiation 
are likewise of M1 character. By placing the two 
transitions in sequence above the 14+ state, the energy 
spacing appears rotational (J=1, 2, and 3). The energy 
constants for the rotational sequence: 3h?/9 and B, are 
59 and —0.0058 kev, respectively. The corresponding 
values obtained for Lu'™ are 67 and —0.0013 kev. The 
level scheme of Ho! may be made self-consistent if one 
10 kev) £3 transition de- 
populating the 67-min 6— state. Although the partial! 
half-life against gamma-ray decay is enormous, the 
experime ntal half-life could be reduced to the observed 
value since the internal conversion coefficient for an E3 
transition of very low energy should be quite large. 

The intensities of the observed AK x-ray peak and of 
the 80.7-kev transition (2+ -—+0+) are sufficiently 
large to indicate some electron capture to the 0+ and 
the ground-state band. The log ft is in 
he allowed range. A sizable 8* branch is indicated by 
he 510-kev annihilation peak, but a portion of this 
may be attributed to impurities (the decay rate is 
somewhat more rapid than for the other peaks). 

It should be noted that the Ho decay spectrum is 
very complex, and only the most intense transitions 
can be placed in the decay scheme. There is possibly an 
excited state in Dy'® at 1115 kev 


transition of 59 kev (6— i ) was also 


postulates a low-energy 


2+- levels of 


hich proceeds to 


the 6+ and 2+ levels ‘of the ground-state band. This 
level is in the region of the expected J=K=2+ 
although 


State 
such an assignment is at best speculative. 
Jérgensen, Nielsen, and Skilbreid® reported recently 
on this activity. Their interpretations of results are in 
accord with ours. As they point out, the rather small 
log( ft) values for the 3 decay (or electron capture) are 
indicative of allowed unhindered transitions where the 
protons and neutrons involved in the decay have the 
same asymptotic quantum number, and thus reduce 
the degree of uncertainty as to which odd partic le 
orbitals for the two unpaired nucleons are relevant. 
We have made among 
odd-odd rare earths for additional low-energy transitions 


a systematic search other 


d O. Skilbreid, Nuclear Phys 


9M. Jérger O. B. Nielsen, at 
re ebted to Dr. Nielsen for a preprint 


24, 443 (1961 Wea ime 


their paper 


HANDLEY, 


AND MIHELICH 

which may occur between isomeric states. Activities of 
Eu'®, Eu'®, Tb', Re'®, and Re'™ failed to disclose 
such radiation. There is evidence for assignment of two 
transitions (61 and 76 kev) to Pm'**™, decaying to levels 
in Pm"’ with a half-life of about 46 days. The differences 
in energy of the Z and M subshell conversion lines of 
the 61.5-kev transition are those of Pm. This transition 
is interpreted as probably £3 from the conversion 
line ratio K/Ly/Liy=w/ 100/100. A second transition 
of 75.7 kev is assigned to Pm on the basis of the K and 
Ly energy difference. This radiation is probably mag- 
netic dipole since K/L;~6 and Lyi was unobserved. 
The conversion line intensity ratio of 61—/1;/75—Ly 
is 3.6; thus the total intensities of the proposed /3 
and M1 transitions are very similar. Probably, the 
two radiations are in cascade proceeding from Pm'*s 
46 day) to Pm"® (5 day). 


F. Tb’ (5.6 day) — Gd 


The 
Tbh!56™ 
and a rotational series at 89 kev (2+ 
and 585 kev (6+ 
was proposed. A number of subsequent studies have 
Both Ofer® and 
gamma-ray and 
and performed 
Ofer performed 
The well-estab- 


low-energy transitions of the decay chain 
> Tb'5* — Gd!** were reported on previously,” 
, 288 kev (4+ 


based on the ground state of Gd!*' 


extended the level scheme of Gd!°®. 
Hansen e¢ al.’ have made extensive 
conversion coefficient measurements 
coincidence experiments. In addition, 
gamma-gamma angular correlations. 
lished features of their scheme include a gamma-vibra- 
tional band based at 1156.9 kev (2+-), a possible band 
based at 1513.6 kev (4+), and states at 1938.3 kev 
(3—), and 2048.4 kev (4—). Level energies quoted here 
are those determined in the present internal-conversion 
electron study. Table XVI lists the internal conversion 
data (2.3-Mev maximum energy). Seventeen of these 
transitions were not previously observed, for reasons 
of either intensity or resolution. Close agreement is 
obtained between the conversion intensities of 
Table XVI and those obtained with a beta-ray spec- 
trometer by Hansen ef al.*' wherever comparison may 
be made. 

Our more complete data indicate the possible exist 
ence of a 1358.4-kev (4+) rotational state in the 
gamma-vibrational band (K=2). This state may be 
fed by transitions of 155.6 kev (M1) and 266.9 kev 
(M1) from the 1513.6-kev (4+) and 1625.6-kev 
levels. The decay mode is mainly between two 4+ 
levels via a 1070.4-kev (£2) transition to the 288-kev 
state. The excitation and de-excitation intensity about 
the 1358.4-kev state are then essentially equal. The 
energies of the states in the K =2 band have been fitted 
to the rotational energy formula. The value obtained 
for 3h?/9 is 99.5 kev and for B i 0.16 kev. For the 


line 


35+-) 


”S. Ofer, Phys. Rev. 115, 412 (1959 
4! P. G. Hansen, O. B. Nielsen, and R 
12, 389 (1959), 


K. Sheline, Nuclear Phys 
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TABLE XVI. Conversion electron data for decay of Tb'** (5.6 day) 


Transition 


energy (kev) } Li Lin Remarks* 


89.0> ; t E2 
111.95» 2 1 M1 
115.65 
155.2» 
170.8 
199.3 
262.5» 
266.9 
296.3» 
356.4> 


Energy 
kev) K 


Energy 
(kev) 


Energy 


(kev) K 


1424.7> 
1649.4! 0.085 
1848.6 0.078 
1950.7 W 
2014.0 0.023 
2090.0 

2105.0 

2140.6 

2268.6 

2281.3 

2310.2 


Ww 962.6> 0.33 
0.9 ‘ 1012.1 Ww 
2.9 1040.4» 0,22 
13 8 1042.8» 0.42 
Ww Cd Qb 3 
0.24 1067. ae 
1070.4 ~0.26 
py 1156.9» 0.92 0.12 
<0.15 — 7 . 
0.55 1162.0 0.66 0.11 
1225.3» 2.6 0.4 


~().1 
0.14 1337.6" 0.17 


0.68 


0.06 
0.15 


* Multipole assignments are based on K/L and L-subshell ratios. Intensity data are internally consistent. ‘“‘w"' indicates 


> Transition reported previously in references 40 and 41. 
© Conversion line is partially resolved. 
4 Conversion line is a composite of two different lines. 


ground-state band, 3f7/9=90 and B=—0.03 kev. 
There is possibly some perturbation of the A=2+ 
band due to interaction with the nearby states. 

Our transition data indicates a tentative assignment 
of 3+ for a level at 1131.9 kev and a possible odd-parity 
level at 2302.2 kev. The dominant electron capture 


proposed levels at 89.0 (2+), 288.2 (4+-), 1154.0 (2+), 
1168.5 (1, 2), 1242.2 (1—), 1319.8 (2—), 1366.1 (1—), 
1966.0 (1, 2+), 2026.0 (1, 2+), and 2186.7 (1, 2+) kev. 
Only the 89, 288, and 1154-kev states appear in common 
with the electron-capture decay of Tb'®®. (Our energy 
measurements are slightly higher than the more precise 


consists of an 80% branch to the level at 2048.4-kev 
(4—), and an 11% branch to the 1938.3-kev (3—) 
state, in addition to other weak branches. Both high- 
energy states are probably fed by allowed electron- 
capture transitions which are consistent with a 3— or 
4— assignment for Tb'®®. The log(/t) values are 5.9 
and 7.0, respectively, for branching to the 2048 and 
1938-kev states, using a decay energy of 2.5 Mev for 
Tb'®®. It would appear that branching to the former 
level is preferred on the basis of A selection rules. The 
branching ratio of transitions from the 1938-kev (3—) 
to the ground-state band yields 


B(E1:3 — 2)/B(E1:3 — 4)=0.79, 


to be compared with the theoretical value 0.75 for 
K;=0 and 1.3 for K;=1. The branching ratio of the 
transitions from the 2048-kev (4—) level to the 1513-kev 
(4+-) and 1625-kev (5+-) states gives 


B(E1:4— 4)/B(E1:4—- 5)=3.8. 


The theoretical ratio is 1.9, where A,;= A,s=4. 
Experiments have been carried out on the disin- 
tegration scheme of Eu!®® by Ewan et al.” They have 


42 G. T. Ewan, R. L. 
Soc. 5, 21 (1960). 


Graham, and J. S. Geiger, Bull. Am. Phys. 


ones of Ewan et al.) This lack of common levels in the 
two modes of decay is to be expected since Eu'®® should 
possess a low spin (0, 1), while Tb!** should be in a high 
spin state (3, 4). 


G. Tb'**" and Tb'*4 — Gd'*4 


Our previous experiments” with Tb’ produced by 
the Gd'®>(p,2n)Tb!* reaction indicated a complex decay 
from two isomeric states of half-lives of 8 hr and 22 hr. 
Conversion electron (ce) measurements suggested three 
k2 transitions of 123, 248, and 347-kev energy. The 
postulated rotational levels of 123 kev (2+) and 371 
kev (4+) were verified by the coincidence studies of 
Henry ef al. The absence of coincidences between the 
347-kev gamma ray and the ground-state rotational 
transitions ruled out a possible 6+ level at 718 kev. 
The ground-state band (AK =0) is also populated by 6- 
decay of Eu'** which was investigated by Juliano and 
Stephens.“ 

Using more intense sources, transitions up to 2.5-Mev 
energy have been measured and an attempt made to 
classify the data according to the decay rate of the 

SR. W. Henry, L. T. Dillman, N. B. Gove, and R. A. Becker, 


Phys. Rev. 113, 1090 (1959). 
J. O. Juliano and F. S. Stephens, Phys. Rev. 108, 341 (1957). 
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transitions (see Table XVII). It was observed that 
some of the levels were populated by either the 8-hr 
or the 22-hr activity but some are common to both 
activities. The two half-lives were not sufficiently dif- 
ferent to permit a complete analysis of the activities by 
aging the source. Both 5.6-day Tb’ and Tb'*® were 
present as impurities. No differentiation as to the 
half-lives of the weaker transitions, which however do 
belong to this activity, could be made. In constructing 


the decay scheme (see Fig. use was made of the 


fact that transitions originating at the same level in 
Gd'* should exhibit an intensity ratio independent of 
elapsed time irregardless of the mode of population of 
the level. The fact that the two isomeric states of Tb! 
would be expected to have considerably different spins 
was also of aid in constructing the decay scheme. 


* activity* indicated levels in Gd'™ 


Studies with Eu!® j 
at 998 kev (2+) and 1129 kev (3+) which could be 
described as a gamma-vibrational band (K=2). Iden- 
tical states are populated in the Tb'* decay, in addition 
to a probable 4+ rotational level at 1265.3 kev. Rota- 
tional constants associated with the K=2+ bands, 
3h*/ 9 and B are, respectively, 143 kev and —0.34 kev 
as compared with 128 kev and —0.14 kev for the 
ground-state band. The branching ratio of the 997.3-kev 
2+) level to the ground-state band yields 


— 0, 0)/B(E2:2, 2-0, 2)=0.44, 




















ho ——F— £166 —f— 





Fic. 7. Partial decay scheme for Tb'™ (8 hr and 22 hr). 
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TaBLE XVII. Conversion electron data for decay of 
Tb!" and Tb!* to Gd! 


Transition 
energy (kev) <A Ly Li Lint WV 


Tb'* (8 hr) — Gd! 
123.1> 5000 
124.4 ~75 
232.1 21 5.5 1.5 
248.1> 450 ‘ Oo) 4) 
255.6 2.4 


Remarks* 


~420 1610 1510 


Energy (kev) Energy (kev 
329.7 
382.0 
415.8 
444.3 
461.0 
506.0 
517.7 
540.1 
598.3 
625.9 
642.8 
649.3 
676.7 


692.5» 


' 1 ' 
WUT Wh se Om Ww 


Transition 
energy (kev) K ; A 11 Mf 


Tb! (22 hr) — Gd!* 

123.1> 7700 ~640° 
124.4 ~115 i 
141.4 190 32 
226.0 30 Ww 
248.1> 570 

265.9 12 

346.9 100 . 18° } 


Remarks* 


2490 2330 


1170 F2 


~ 


Energy (kev) K 


426.9 
444.3 
557.3 
602.6 
680.8 
692.5> 
815.8 
874.1> 
997.3> 


Energy (kev 


1124.5 
1.8 1276.5> 


_ 


wa) 


i. 


eOONM MUU OS Ww 


13 
10 


“uN 
—mNmMNNM wn! 


~ 


\ 


W 
6 0.65 


Energy (kev)® 
1129 

1190.. 

1243 

1259.8 

1575 


1735.4 


Energy (kev)® 
337.7 
534.3 
830.9 
850.9 

1062.5 
1086.0 


Energy (kev)' 


1759.4 
1905.4 
1930.5 
2004 
2017 
2977 


eet 


* Electron intensity data are 
activity. “‘w"’ indicates a weak | 
K,L and L-subshell ratios. 
> Conversion lines are observed also in 
* Conversion line is partially resolve 
4 Conversion line is a composite of tv 
¢ Associated with 8- and,or 22-hr decay 


assuming pure £2 radiation where A;=2 and A;=0. 
The theoretical ratio is 0.7. The £2 branching ratio of 
the 1128.5-kev (3 +-) level to the 123-kev (2+) and 
371-kev (4+) states gives 0.8, to be compared with the 
theoretical value of 2.5. Branching from the postulated 
1265-kev (4+) level yields 


B(E2:2,4— 0, 2)/B(E£2:2,4-—0, 0.09, 
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The calculated ratio is 0.34. Experimental branching 
ratio data above are consistently smaller than the 
calculated values but are consistent with experimental 
results for other nuclei as shown in Table IL. 

The fact that the 8-hr state feeds the 1265-kev (4+) 
state and that both the 8-hr and the 22-hr states 
populate the 997-kev (2+) level are consistent with 
assignment of high spin for short-lived Tb! and low 
spin for long-lived Tb’. The assignments of Nilsson 
orbitals” are not very definitive for Tb! which is in 
the region of sharp change in nuclear deformation. If 
the proton and neutron orbitals are taken as 3/ 2+ [411] 
and 3/2+ [651], respectively, then the coupling rules?! 
would predict spins of 3 and 0 for Tb' isomers. The 
data are not yet good enough to exclude a weak popu- 
lation of the 1128.5-kev state by the 22-hr 
activity. 

The level scheme indicates a rotational band based 
at 680.6 kev. These states which may be interpreted as 
members of a beta-vibrational band (K=O) are at 
680.6 kev (0+), 815.7 kev (2+), and 1048.1 kev (4+). 
In the few cases where energies of beta- and gamma- 
vibrational states are known, the beta bands are con- 
sistently of lower energy than the gamma bands. For 
this rotational excitation, the parameters are 3h?/9 
=146 kev and B=—0.30 kev. Similar values are 
obtained for the K=2+ band. An alternate value of 
—0.29 kev for B for the ground-state sequence pre- 
dicted by substituting the energies of the beta- and 


(3+) 


gamma-vibrational excitations in the expression 


B= —4(08/9)[3/E¢+1/E,) 


The postulated 680.6-kev (0+) state is excited by 
the electron-capture decay of Tb! (22 hr) which has 
a possible spin assignment of 0. Both low- and high-spin 
states of Tb! may feed the 815.7-kev (2+-) level while 
the 1048.1-kev (4+) level is excited only by 8-hr Tb! 
decay. Reduced transition probabilities for transitions 
(assumed pure £2) between bands A;=A,s=0+ and 
I,;=0, 2, 4 states are compared as follows: experimental 
0.023/1/0.42 ; theoretical 0.7/1/1.8 for the 815-kev (2+) 
state; and experimental 0.008/1; theoretical 1.1/1 for 
the 1048-kev (4+) state. This lack of agreement may be 
due to the presence of £0 admixture to the £2 (AJ=0) 
transitions. The cex,/y branching ratio for transitions 
from the 680-kev (0+) level to 7=0 and 2+ (K=0) 
states is 0.016 as compared with 0.013 for the 685-kev 
(O+-) state in Sm'**, The 680.8-kev radiation (0+—90-+ ) 
is expected to be pure £0. 

Tb'™ (8 hr) populates a pair of states at 1646.5 and 
1771.0 kev which suggest a spin sequence of 2, 3, or 
perhaps 3, 4. The different decay rate for transitions 
originating at the tentative 2186-kev level suggest that 
perhaps there are two close-lying levels at about this 
energy. 


H. Tb'” (18 hr) — Gd'” 


Excited states of Gd'® have been studied using 
sources of Eu'®? (9 hr) and Eu'® (13 yr). Marklund 
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aspire XVIII. Conversion electron data for decay of 
Tb!® (18 hr) — Gd!®. 


Transition 


energy (kev i Ly Lit Lin W Remarks*:> 


1048.4! 


® Multipole assignments are based on K/L and L-subshell ratios 

b Intensity data are internally consistent. ‘‘w'’ indicates weak line 
Conversion line is partially resolved. 

1 Internal conversion transitions reported prev 


47). 


iously (references 46 and 


et al.*® discussed the prominent levels in Gd'® fed by 
Eu' (9 hr), and presented data relevant to the 1315-kev 
(1—) level and the 0+, 2+, 0+ sequence of levels at 
0, 344, and 615 kev. Eu'® (13 yr)" populates high-spin 
states in Gd!® at 755 kev (2 or 4+) and 1122 kev (3—) 
as well as possible higher levels. The level scheme pub- 
lished by Toth et al.** indicates that all of the above 
levels, both low and high spin, are excited in Tb'™® 
decay. In the course of that work, other levels at 1047- 
kev (0+) and 929-kev (1 or 2+) were observed. 

In this study of Tb'®?, enriched Gd'* was irradiated 
with 12-Mev protons. Analysis of the conversion elec- 
tron spectrum of the Tb!® fraction indicated a number 
of weaker transitions which were not previously recorded 
by Basina* and Toth ef al.‘® Table XVIII presents the 
conversion line energy and intensity data, which are in 
good agreement with the latter measurements where 
comparison may be made. 

Our conversion investigations of Tb! 
confirm the above level structure and indicate a possible 
additional level at 966.7 kev. 


electron 


I. Eu'® and Eu!" — Sm’ 


Some data have been available regarding the levels 
of Sm'®° which are populated by the 8~ decay of Pm!” 
(2.7 hr)** the decay of Eu'®® (14 hr), and the capture 
gamma rays® following the formation of the compound 


45]. Marklund, O. Nathan, and O. B. 
15, 199 (1960). 

46K. S$. Toth, O. B. Nielsen, and O. Skilbreid, Nuclear Phys. 
19, 389 (1960). 

47 A. C. Basina, Izvest. Akad. Nauk S.S.S.R 
(1960). 

48V. K. Fischer and E. A. Remler, Bull. Am. Phys. Soc. 3, 63 
(1958). 

4 L. Rosler and C. A. Fenstermacher, Bull. Am. Phys. Soc. 2, 
268 (1957). 


Nielsen, Nuclear Phys. 


Ser. Fiz. 24, 813 
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Fic. 8. Scintillation counter spectrum of gamma rays in the 
Eu'® (14 hr) decay to Sm’. 


nucleus Sm!** resulting from neutron capture of Sm’. 
No consistent level scheme, however, could be con- 
structed.'* Sm! has 88 neutrons and would be expected 
to exhibit the properties of a spherical nucleus in 
contrast to Sm'*? which has 90 neutrons and has the 
distinct properties of a deformed nucleus. 

The decay of Eu'®® (14 hr) which was produced by 
the (p,m) reaction on enriched Sm'® was studied. Eu'®*™ 
(9-hr) was present as an impurity to the extent of 2%. 
Due to the intense 8~ background blackening the films, 
the obtaining of any conversion electron data was 
difficult. The internal-conversion electron data and the 
photon intensities as obtained with a scintillation spec- 
trometer (see Fig. 8) are listed in Table XIX. These 
sets of data were normalized to the 334.1-kev transition 
which is of £2 character as indicated by K/L ratio*® 
and conversion coefficient data.*! The energies and 
intensities of the transitions are consistent with levels 
at 334.1, 740.7, and possibly at 1153.1, and 1256.1 kev, 
as shown in Fig. 9. A relatively intense K-conversion 
line for a transition of 741.3 kev is seen; an upper limit 
for the unobserved photon peak is consistent with the 
conclusion that either the 741.3-kev transition is of very 
high multipole order or else is an EO transition. The 
latter choice seems more realistic, and accordingly the 


®C. T. Hibdon and C. O. Muehlhause, Phys. Rev. 88, 943 
1952). 

51K. Alder, A. Bohr, T. Huus, B. Mottelson, and A. Winther, 
Revs. Modern Phys. 28, 432 (1956). 
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TaBLe XIX. Experimental data for decay of Eu!” and 


Eu! to Sm'®© (Fig. 9). 


Relative intensity 
K-electron* Photon” 


Transition 
energy (kev) 


Assigned 
multipole 


Eu!” (14 hr) — Sm! 


334.1¢ 100 
406.3¢ 46 
515.3 ~21 
700 tee 
741.0¢ ~40 
819.0 Ww 
922.3 Ww 
1160 . 
1660 
Eu'®™ (>5 yr) 

334.1 

439.2 

590 

740 


3120 
2300 
< 5304 
140 
100 
315 
240 
250 
60 


3120 
2440 
1530 

340 


* Electron intensity data are inte 
activity. ‘“‘w"’ indicates weak and dz 

> Gamma-ray intensities are norma 
which aX =0.032 (reference 17). 

© Conversion lines are observed also in d 

@ May be partly due to annihilation rad 


741-kev level has been designated as 0+. It follows 
that the Eu'® (14 hr) has a low spin (perhaps 0— in 
analogy with 9-hr Eu'®*™). It is interesting to note that 
the 6~ decay of Pm" also feeds the 740.7-kev level, 
implying that Pm’ has a small spin. The higher energy 
spectrum appears similar for both modes of decay to 
Sm!™. Tentative states are shown at 1153 and 1256 kev 
based on energy differences of two gamma rays in each 
case. The partial decay scheme of Fig. 9 shows that 
14-hr Eu’ decay proceeds to states at 1256, 1153, and 
740 kev with approximate log(/t) values of between 
6.2 and 6.5, using a disintegration energy of 2.6 Mev." 

A study of aged Eu sources (produced by protons on 
Sm!) indicated a composite decay curve for the 334-kev 
transition. This is due to the fact that there exists a 
long-lived Eu!® activity with a half-life of not less than 
5 years, as determined by a comparison of decay rates 
of transitions due to Eu’ (120 day). Two internally 
converted transitions of 334.1 and 439.2 kev were 
observed (see Table XIX). Gamma-ray spectra of 
Eu!® (>5 years) taken with a Nal spectrometer showed 
additional photopeaks at 590 and 740 kev. No appre- 
ciable annihilation radiation was observed. Only the 
334-kev radiation is common to both short- and long- 
decay activities. The 334- and 439-kev transitions ar¢ 
the two most intense ones observed in the capture 
gamma-ray spectrum of Sm'®’, and coincidence studies 
indicate that these are in 
originating at a level of 773 kev. It is logical that the 
spin of this level is fairly large, perhaps 4. The long- 
lived Eu'® may possess a large spin (13-yr Eu!®*¢ is in 
a 3— state, for example). It is worth noting that the 
observed 590 and 740-kev gamma rays are also present 
in the capture gamma-ray spectrum. 

Figure 9 shows only a partial decay scheme of long- 
lived Eu'®. The two close-lying ([=0+, 4+) states 


two transitions cascade, 
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at about 750-kev excitation may be the expected two- 
phonon vibration of this spherical nucleus. The cex/y 
branching ratio for the 741-kev (0+) level to the 
ground state and first excited 2+ state is 0.017 in 
Sm'* as compared with 0,013 for the analogous ratio 
for the 685-kev (0+) state in Sm'*?.% 

Note added in proof. Experiments now in progress at 
Notre Dame by Guttman ef al. have established the 
presence of beta-decay to Gd'®. Therefore the log ft 
values in Fig. 9 are lower limits. Furthermore, the pos- 
tulated spins of the 740.7- and 773.3-kev levels have 
been confirmed by directional correlation measurements, 
as has the spin (0) of the 1256.1-kev level. 


J. Eu'** (120 day) — Sm'* 


In the previous section, the decay of the two isomers 
of Eu'® was discussed. Since the analysis of a composite 
source containing a considerable amount of Eu’ was 
required, we present here the data on this activity. 

The radiations of Eu'® (120 days) observed in con- 
version electron and gamma-ray spectra were analyzed. 
The experimental information is summarized in Tables 
XX and XXI. Radiations which belong to long-lived 
Eu'®® (e.g., 334 and 439 kev) were also present in the 
spectra. It was possible to normalize gamma-ray inten- 
sities to the internal-conversion electron intensities in 
Table XXI by using the theoretical -2 conversion 
coefficient of the 439-kev transition. These data are 
consistent with the level scheme shown in Fig. 10 in 
which upper states of negative parity are depopulated 
mainly by M1 radiation to the 22-kev and ground 
states. One may note that the levels of Sm"® as popu- 
lated in electron capture appear to be arranged in 
doublets with small energy spacings. 

The spin of Sm"™*° is measured as 7/2; the parity is 
probably odd since an f7,2 orbit is predicted by the 
shell model. The most intense electron-capture branches 
proceed to the levels at 22.5, 277.2, and 350.2 kev. 
Considerably weaker branches terminate at the levels 


rasLeE XX. Internal conversion electron data for 
decay of Eu (120 days) — Sm", 


Transition 
energy 
(kev) ¢ Ln Lin M 
580 640 840 
e Ww 0.6 


Remarks*: 


M1/E2=9 
M1+E2 
V1 


cor ov 
a7) 


* Multipole assignments are based on K.‘L and L-subshell ratios 
Intensity data are normalized to 1350 units for the most prominent line 
w"' indicates weak line. 
Conversion line is partially resolved 
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TABLE XXI. Intensity and multipolarity assigned to transitions 
depopulating levels shown in decay scheme of Eu'® (120 day) — 


Sm" (Fig. 10). 


Photon intensities 
Experi- 
mental® 


Proposed De-exciting 
excited states transitions 
(kev) 


Calcu- 
lated> 


Multipole* 
assignment 


M1/E2=90 150 
(M1) 210 
M1 1190 
M1+ £2 4 
V1 1296 

M1 74 
528.6 78. M1 7 
506.1 (M1) 122 

528.7 (M1) 98 


22: 
77. 


2 


mNU 


350.2 


© 


mn 


® Multipolarities are consistent with conversion-electron ratios and 
available conversion coefficients. Assignments in parentheses are uncertain. 

b Estimates of photon intensity are based on conversion-electron data 
and theoretical conversion coefficients. 

¢ Relative gamma-ray intensity data are normalized to agree with the 
E2 conversion coefficient of the 439-kev gamma ray belonging to Eu'®, 


of 528.6 and 558.3 kev. No data are available as to any 
ground state decay. Assuming a disintegration energy“ 
of ~800 kev for Eu'’, one may obtain log(ft) values 
for the various branches which range from 7.6 to 7.9. 
Eu" is in a d5/2 state according to the shell model, and 
the electron-capture decay is probably first-forbidden 
in most cases. 

An interesting comparison may be made with the 


Ey 50 Eyt50 
i4hr = = >S5yr 
Qec ~ 2600 


























O+ 
e2Sm'50 ’ 


Fic. 9. A fragmentary decay scheme for Eu!® (14 hr and >5 yr). 
Electron-capture branches for the two isomers are shown inde- 
pendently. Note added in proof. The branching ratios are approxi- 
mate and are meant to serve only as a guide. The branching to 
the 740.7-kev state should be 60%. The decay of the long-lived 
Eu! proceeds to higher lying states also. 
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es €u'** (1204) 


Q¢¢ ~800 




















1-capture decay of 
ions are placed in the scheme 


bv electror 


lata as to the existence 
state was obtained 


results of Schmid and Burson® who studied the 8~ decay 
of Pm'* which also proceeds to levels in Sm'™*, Appar- 
there aré no levels common to both decays. 

nuclear alignment experiments by Chapman 
indicate that the spin of the 285-kev state in 
Sm!’ (observed only in the 8 decay) is either 5/2— or 
9 2—. The recently reported results of Lindgren et al.*4 
indicate that the Pm'® 
f 7 2. It is clear that the 8~ decay of Pm'® populates 


s of fairly high spin ; therefore the 


49 
ently 
Recent 


ai al. 


in the ground state has a spin 
levels in Sm!” 

h are populated by the electron capture of Eu'” 
must be of relatively low spin (J <7/2) unless some 
very unexpected beta-decay selection rules are oper- 


ating. 
III. SUMMARY AND DISCUSSION 


New and more precise data are presented in this 
survey of 14 activities. The precision of the energy and 
intensity determinations has been discussed previously. 
It is these data which were used, in the main, in the 
construction of the level schemes, inc orporating as well 
any other measurements available in the literature. 


Phys. Rev. 120, 161 (1960 
Grace, J. M. Gregory, and C. \ 
4259, 377 (1960 
Marrus, and M. Ruber 
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Many level assignments are not unique, and certainly 
further experiments are needed to confirm the decay 
schemes and to extend their meaning. An assumption is 
made that pure multipole transitions proceed between 
different possible bands. In the absence of hindrance 
factors, dipole radiation which is allowed under angular 
momentum selection rules should be dominant. On the 
other hand, there is mounting evidence that in the case 
of transitions between the gamma (A =2+) bands and 
the ground-state (A =0+ ) bands, M1 radiation is quite 
weak. 

Analyses of the dec ay schemes are based to some 
extent on the level structure predicted by the unified 
model.' The experimental data indicate levels which 
are describable by that model. It would be interesting 
to see what the improved asymmetric rotor model can 
do as far as describing the higher-lying states which 
are being established. 

In summary, the trends in the positi 
levels may be examined; first, the 0+ 


ms of nuclear 
level energies 
are compared. In one of the two near-spherical nuclei 
discussed here, Sm!’ (V=88 
three expected states of the two-phonon triplet (0+, 


, evidence for two of the 
2+, 4+) was obtained. The energy of the 0+ state i 
741 kev. There is also a well-established 04 
Gd'*? (V = 88) at 615 kev. The deformed nucleus Sm 
(.V=90) has a 0+ level at 685 kev which is possibly a 
beta-vibrational excitation with a rotational state at 
811 kev (2+). In the case of Gd'™* (V=90), there is a 
possible beta vibration based at 680 kev (0+) with two 
indicated rotational excitations. No other 0+ 
the rare-earth region have been reported, except the 
level at 1460 kev in Er'® (see Table XXII). As noted 
previously, this level and its associated band are not 
seen in the decay of Tm'®* (J=2—). A previous /=0+ 
assignment*®*.** to. a 1321-kev state in Yb'™ has been 
found to be incorrect.** There is evidence 
vibrational band in W'™, where the position of the band 
base ([=0+-) is somewhat uncertain due to perturba- 
tions of the level positions, but on the basis of the data 
is predicted to be at 1180 kev. 

Very recent work by Gallagher e/ al.’ 
of Ta'7§ (9.3 min) indicated the possible existence of a 
beta-vibrational band at 1197 kev (0+) in Hf!’*. The 
2+ rotational state is given as 80 kev above the 0+ 
state, as compared with 93.7 kev for the 2+ level of 
the ground-state band. These new data on the possible 
existence of the beta bands help to confirm the specu- 
lations made previously’ as to the relative “ 
the nuclei in this region to various types of vibrational 
excitation. 

Some new data on the proposed beta 
vibrational bands are presented in Table XXII 


state 


states in 


for a beta- 


on the decay 


softness”’ of 


and gamma- 
Many 


* W. G. Wilson and M. L. Pool, Phy g 117, 517 (1960 

* H. J. Prask, E. G. Funk, and J ch (to be pul 
lished). 

7C. J. Gallagher, H. L. Nielsen, and O. B. Nielsen, Phys. Res 
122, 1590 (1961). We are indebted to the authors for a preprint 
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TABLE XXII. Empirical constants for quadrupole vibrational bands in even-even nuclei in the rare earth region 


Gamma vibrational band (kev 
Nucleus Ey 3h? / 3 B 


Sm! 
Gd'* 
Gd'56 
Gadi 
Dy" 
Eer'66 
Er'68 
Ybi7 
Yb!” 
Hf!7* 
wis 1221 
Ww's 904 


1086 147 
997.3 143.4 
1156.9 

1182 

965.8 

787.0 

822.4 

1231.6 
1467.5 


— 0.340 
—0.157 


—0.031 
—0.013 
0.004 


0.007 
8 

t 

Snihdiiaatiniien 

of these bands have been reported previously by 
Marklund ef al.6; however, the improved energy data 
made it possible to check more carefully the positions 
of these bands, as well as the empirical constants in the 
rotational energy formula. 

Knowles e/ al.°* recently proposed a gamma-vibra- 
tional state at 1182 kev (2+) in Gd!®’, based on studies 
of the neutron-capture gamma-ray spectra. A level at 
984 kev in Yb'® has been proposed by Wilson and 
Pool,** based on energy sums of transitions to the 0+ 
and 2+ states of the ground-state band. It is possible, 
on the basis of systematics of energy levels in this region 
and experimental branching ratios, that the 984-kev 
state may be the 2+ state of the A=2+ band. Such 
an assignment, however, is quite speculative. 

It is evident that the position of the 2+ level of the 
proposed gamma-vibrational bands is rising sharply 
from Er'**.!6 (Z7=68) to Yb'?'@ (Z=70). (This was 
predicted by Sheline’ on the basis of the observed values 
of *B” for these nuclei.) It should be pointed out that 
the gamma-vibrational assignment*®® in Yb!” is not 
certain, although the branching ratios de-exciting the 
postulated band are consistent with the vibrational 
interpretation. The next heavier nuclei for which the 
data are very reliable are W'*'* (Z=74), where the 
energy of the band base decreases. For these nuclei 
where energies of both beta- and gamma-vibrational 
states are listed, the beta-bands are of lower energy 
than the gamma-bands except for the case of Er'®, 

It is clear that in this region of the periodic table, a 
considerable number of levels may be grouped together 
into rotational structures, some of which are the now 
familiar quadrupole vibrational excitations. A number 
of other positive-parity bands do not seem to fall into 
this quadrupole category ; examples of such excitations 
are those postulated in Gd'§*: 1513 kev (44+), 1 yyv'™: 1696 


® J. W. Knowles, G. Manning, G. A. Bartholomew, and P. J 
Campion, Proceedings of the International Conference on Nuclear 
Kingston, edited by D. A. Bromley and E. W. Vogt 
University of Toronto Press, Toronto, 1960), p. 576. 


+R. G. Wilson and M. L. Pool, Phys. Rev. 118, 227 


Structure, 


1960 


Beta vibrational band (kev 
E 3h?/4 B Reference 
685.0 126 
680.6 146 


5 
his work 
‘his work 


4 
0.30 I 
1 
5 


14 
This work, 
20 
38 
This work 
57 
This work, 
| his work 


+-() 029 


kev (4+), and Yb!'”:1174 (3-4 
and 2075 kev (4+ 

Numerous negative-parity bands have been reported, 
and it is likely that at 
octupole vibrations. A=2— bands have been assigned 
in Dy'® at 1264 kev, and in W'™ at 1289 kev. Negative- 
parity bands which may be characterized by J»=A=3 
have been proposed in Er'®§ (2164 kev Er'® (1543 
W' (1437 kev). Other possible 


excitations, not clearly defined as to A number 
56 


1702 4 1664 (3 4.) 


least part of these are due to 


kev ‘ and possibly 
[=3 
but apparently of A<3, have been mentioned in Gd! 
(1938 kev), Er'® (2137 kev Er'® (1095 kev). 
Other possible negative parity excitations are those in 
Dy'® at 1489 kev (5—) as well as several in W'®. With 
to possible octupole vibrations, J=1— and 
K =0, levels at 963 kev in Sm'*?,* 1663 kev in Er'®*,® and 


1590 kev in Yb!” have been assigned as such. 


and 


regard 


In the tables of data, multipolarities are indicated 
which are based on experimental results (L or A/L 
ratios, or internal conversion coefficients). Some of the 
other multipolarities are deduced, consistent with the 
decay scheme and selection rules. Tabulated ratios of 
reduced gamma-ray transition probabilities were based 
on relative A-conversion line intensities and the appro- 
pure multi- 
polarity is assumed in the absence of a statement on 


priate internal conversion coefficients; 


mixing ratios. The possibility of multipole mixing, as 
well as the likelihood of mixing of K quantum numbers, 
Never- 
theless, the branching ratios, both intraband and inter- 


would have considerable effect on these ratios. 


band, are evaluated in the manner specified. To observe 
the effect of A 
intensities for transitions which proceed between states 


selection rules, reduced gamma ray 
of the same spin and parity were compared. Any con- 
sistency in the various ratios may point out systematics 
which would not be obvious otherwise. Many experi- 
ments are needed to obtain accurate internal conversion 
coetlicients and angular correlation functions. 

For a number of low-energy transitions, the indicated 


V1 / 
L. ratios, 


2 mixing ratios were obtained from the measured 


In some cases, the existence of an appreciable 
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amount of £2 admixture to M1 radiation is related to 
the collective excitations described by the unified model. 
Rotational (AJ=1) transitions in cascade appear to 
have similar M1/E2 mixing ratios, as have been 
observed in odd-A nuclei.** In other cases, admixtures 
of E2 were interpreted as evidence of K-forbiddenness 
for M1 radiation. 

Several examples of the mutual repulsion of two 
levels of the same spin and parity were noted in the 
region of the higher excitation of these nuclei, and were 
mentioned in the text. 

To summarize, then, additional data were presented 
for the decay of FQ, THe sees eee. 
Pm!** Lu'?, Re!?!"154 and asa corollary, dataon Eu'® 
and Pm'*s", These new data help to extend some of the 
decay schemes. The assignments are not certain in all 
the nuclei, but are consistent with energy fits and 
intensities, as well as with feeding and decay branching 
ratios. Furthermore, certain regularities appear in the 


HANDLE 
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properties of the rotational spectra of the even-even 
nuclei. For example, the inertial parameters, 3/?/J, for 
the various postulated bonds in Yb'” and W'®™ are 
7145 and 80+5 kev, respectively, except for the 
K=0+ and 2+ bands where the value is appreciably 
larger. In fact, the inertial parameters for the neigh- 
boring odd-neutron nuclei are of the same magnitude as 


for the bands for which K#0+ or 2+. 


ACKNOWLEDGMENTS 


We should like to extend our thanks to R. S 


Livingston for his continued interest in this work. The 


ORNL Isotopes Division supplied the enriched samples. 
We are also indebted to the operating crew of the 
ORNL 86-inch cyclotron for a large number of successful 
irradiations, and to the Y-12 Analytical Chemical 
Development Group for use of their Leeds and Northrup 
Microphotometer. 





PHYSICAL REVIEW 


Test of the :-Approximation in Some First-Forbidden 2 


VOLUME 123 


NUMBER 5 *TEMBER 1 


* 


+ 2* 6 Transitions 


R. M. STEFFENT 
Depariment of Physics, Purdue University, Lafayette, Indiana 


(Received April 11, 1961) 


The 8-y directional correlations of the first-forbidden nonunique 
2- — 2* 8 transitions of K*, Sb’, and Au!® were investigated 
and compared with the predictions of the £ approximation, whose 
range of applicability is discussed. Upper limits for the contribu 
tion of the tensor-type matrix element /B;; to the 8 transitions 
were estimated on the basis of the modified B;; approximation. 

The anisotropy coefficient 42(W) in the 8-y directional correla 
tion involving the 1.98-Mev @ transition of K*® varies from 
12(1.66) = —0.009+0.002 to A2(4.60) = —0.049+0.002, where W 
is in units of mc. The energy dependence of A2(W) deviates 
from the predictions of the approximation by about 40% over 
the measured energy range. A rough estimate of the upper limit 
for the contribution from the B;; component is: |Caf Bj; 
0.3(|Vo!+|¥i!|) (in the notation of Kotani). 


1. INTRODUCTION 


HE recent theoretical and experimental develop- 
ments in beta decay have led to some clarification 
of the laws of the beta interaction. The results of 8-v 
directional correlation experiments showed conclusively 
that the vector (V) and axial vector (4) couplings give 
the main contributions (>90%) to 8 decay.!? Experi- 
ments on the 8 decay of the neutron* lead to an accurate 
determination of the ratio of the axial vector coupling 
constant Cy to the vector coupling constant Cy: 
C4/Cy=pe'®, with p?=1.46+0.06 and ¢=7+0.14, so 
that C4=— (1.2140.03)Cy. From measurements of the 
ft values of 0 — 0 transitions* one obtains for the ab- 
solute value of Cy: Cy = g= (1.41+0.01) x 10-4 erg cm* 
or Cy=g=2.97X10-" in units #=m=c=1. All avail- 
able experimental facts point to the validity of the two- 
component neutrino theory, which implies that the odd 
coupling constants Cy’ and C4’ are equal to the even 
coupling constants Cy and C4, respectively. The actual 
results extracted from parity experiments’ are 
C4’= (1.0+0:2)C 4 and Cy’ = (1.0_9.6+!*)Cy. 

We must recognize, however, that the values of the 
coupling constants given above are obtained on the 
basis of experiments designed to determine one or two 
of a total of 35 independent coupling constants. In 
evaluating those experiments many of the remaining 


* Work supported by the U. S. 
under contract. 

t The analysis of the experimental data described in this paper 
was done while the author was a National Science Foundation 
Senior Postdoctoral Fellow at the Swiss Federal Institute of 
Technology, Zurich, Switzerland. 
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The anisotropy factor 42(W) of the 8-y directional correlation 
involving the 1.40-Mev 8 transition of Sb™ varies from 
A2(1.96) = +0.035+0.003 to A2(3.5)=+0.081+0.004. The en- 
ergy dependence of A2(W) is well represented by the factor 
\2(Z,W) (W?—1)/W as predicted by the ¢ approximation. The 
upper limit of the #B;; contribution to this 8 transition is esti 
mated as: |CafB,;| <0.15| ¥i| or [Ca fBij| <0.2| Vo!. 

The anisotropy factor A42(W) of the Au’*$ 8-y directional cor 
relation involving the 0.96-Mev 8 transition varies between 
A2(1.39) = +0.0076+0.0010 and A (2.78) = +0.0286+0.0010, and 
its energy dependence agrees very well with the predictions of 
the £ approximation. The upper limit for the #B;; matrix element 
is estimated as: |Ca fB,;| <0.1/ Y;| 


coupling constants are set equal to zero although ex- 
perimental evidence only indicated that they are con- 
siderably smaller than the ‘“‘main”’ coupling constants. 
An attempt to deduce the values of the 35 independent 
coupling constants from a simultaneous least-squares 
fit of all the experimental results (similar to the methods 
employed by Dumond and co-workers® to determine the 
atomic constants) gives a determination of the £6- 
coupling constants which is far from satisfactory. Thus 
the errors quoted above from the literature seem to 
be rather unrealistic. 
follow the accepted custom and assume C4’=Ca, 
Cy'=Cy, Cr=Cs=Cp=Cr'=Cs'=0. 

After the “clarification” of the interaction laws of 
8 decay, it seems desirable now to study the matrix 
elements involved in beta transitions. Experimental 
data of the 8-transition matrix elements may then be 


In the following, however, we 


compared ,with calculations based on some specific 


nuclear models. Calculations of this kind require exact 
knowledge of the wave functions of the nuclear states 
involved, and only in a few selected cases is it possible, 
at present, to perform such 8 matrix element calcula- 
tions with some degree of confidence. Nevertheless, an 
accumulation of experimental data concerning 8 matrix 
elements may provide a useful table of information for 
nuclear theorists. 

In allowed 8 transitions the matrix elements are solely 
determined by their ft values, if the 8 transitions are 
either pure Fermi transitions (0—> 0, matrix element 
J), or pure (AJ=+1, 
matrix element fo). Mixed transitions (A/=0, not 


Gamow-Teller transitions 
()—0) require, in addition, the determination of the 
mixing ratio y= (Cy f'1)/ (C4 fe) of Fermi to Gamow- 
Teller component. Measurements of the 6-y circular 
polarization correlation or of the angular distribution 


6 FE. R. Cohen, J. W. M. Dumond, T. W. Layton, and J. S. 
Rollett, Revs. Modern Phys. 27, 363 (1955) 
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of the radiation emitted from polarized nuclei allow us 
to determine this ratio.°7" 

The situation is more complex for first-forbidden 
transitions. Six matrix elements (fiys, fo-r, fr, fia, 
JSieXr, Bi) may, in general, contribute to a 8 
transition without spin change (A7J=0), whereas four 
Sr, Sia, fieXr, / B;;) may contribute toa AJ=+1 
transition. Only the AJ= +2 transition is unique, i.e., 
J B;,) is involved, which may be 
ft value of the transition. The 
determination of matrix elements for first-forbidden 
transitions of the types AJ=0 and AJ=+1 requires 
the combined evaluation of experimental data of dif- 
ferent kinds, such as shape measurements, @-y7 
, and is practically 
in cases where the so-called £ approximation fails. A 


one matrix element 
determined from the 


angular 
correlation studies, etc. only possible 
few cases of this kind have been investigated, e.g., 
RaE,’ Sb™*,°" and Eu'®." The great majority of first 
forbidden transitions is well represented by the 
approximation and 


the different 
] 


g 
only certain relationships between 
matrix established. A 
matrix 


elements can be 


determination of the individual elements in 


these cases would require measurements of very hig 


h 
precision in order to extract the information from higher 
order effects. 

The purpose of this paper is to test the v alidity of the 
£ approximation in some 2~ — 27 
different Z (K®, Sb™, Au’®), 


measurements of the 


3 transitions of widely 
by means of careful 
energy dependence of the 3-7 
directional correlation. The results of the measurements 
indicate excellent agreement with the ¢ approximation 
for Sb'™ and Au; the case of K# 
is less satisfactory. From t} tl 


agreement in the 


e degree of agreement with 


the ¢ 
C¢ 


approximation upper limits of possible contribu- 


i 
ns from the /B;; matrix element component may be 


Il. THE § APPROXIMATION FOR NONUNIQUE 
FIRST-FORBIDDEN 3 TRANSITIONS 


It is an experimental fact most nonunique first- 


forbidden 8 transitions exhibit 


within experimental 


percent), a statistical shape just as do 


error (a few 


the allowed 8 transitions. This was first explained by 


Konopit ski and | hlenbeck, 
transition 
p and q are th 
respectively, and r is the 


who expanded the bet: 
probability in powers of p-r and q-r, where 
electron and neutrino momentum, 

Actually this 


¢ xpansion ol the 


ae 


radius 


nvoives al 


vector. 
multipole) expansion 
F. Boehm and H 
* E. Ambler, R. W. Haywa 
Phys. Rev. 108, 503 (1957 
* A. I. Alikhanow, G. P. Eliseyev, and V. A. Luit 
Phys. 13, 541 (1959 
10 R. M. Steffen ys v. Letters 4, 
G. Hartwig a chopp Phys 
1960 
2] W Sunier, ru! r. d P 
19. 62 (1960 
E. J. Konopinski and hlenbeck 
1941 


Wapstr hys. Rev. 109, 456 (1958 


Hoppes, and R. P. Hudson, 
Nuclear 


AmMOoOV, 


290, (1960 
Re v Letters 1, 293 
Scherrer, Nuclear Phys 


Rev. 60, 308 
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relativistic lepton wave functions in the Coulomb field 
of a nucleus of charge Ze. The various terms obtained 
in this expansion can be grouped such that their orders 
of magnitude form a series of descending powers of 
the parameter £=aZ/2R (a= e/hc= 1/137, R=nuclear 
radius). If Z>20, and if the maximum energy Hp of the 
3 transition is reasonably small: €>H')—1, the term of 
highest power in & predominates over all other terms. 
Retaining only this term leads to the so-called & ap- 
proximation, which corresponds to the physical situation 
where the Coulomb energy 2§=aZ, R of the electron at 
the nuclear surface is larger than kinetic 
energy Wo—1 of electron. In the 
amount of distortion of the electron wave function by 
the Coulomb field of the nucleus is significant 
than the next higher terms in the pr expansion. The 
error introduced by the € approximation is obviously 


of the order (Wo—1)/é 


é. 
The terms in the expansion whi 


eter &come from the j= 3 


much the 


the other words, 


morte 


h contain the param- 
electron wave functions whose 
prL1+3¢(W—1) p* | 

The amplitudes of the ; are of the 
g;"'= pr and do not contain &. The radial parts of the 
neutrino wave functions are of the form f;’=1/v2 or /; 
[1 (18)! ]gr for 7=4, and f,’=[1/(18)! ]gr for j= 3. 
Thus the component of the lepton field, which 
away 


radial parts are of the form g;' 


waves form 


carries 
two units of angular momentum, and whose 
amplitude is proportional to the tensor matrix element 
SB 


neutrino waves 


is described by combinations of electron and 


(e.g.. gat'f g f >0) which do not 


"es SJ 2° &3 a 
contain & Consequently, the contribution of the (7B 
matrix element 

This implies that the validity of the & 


is neglected in the & approximation. 


bs approximation 
also requires that the matrix element /B;; of 
rank X=2 must be 
“normal” first-forbidden matrix elements of tensor rank 
\=1 and A=0. 

On 
shape 


of the 


tensor 


much smaller than & times the 


the basis of the € approximation the 
factor C(W 


energy of the 3 particles and may be expressed as 


spec trum 


correction becomes independent 


He 1 


ition of the 
tenser rank 


where the parameter Vo is a linear combin 
first-forbidden nuclear matrix elements of 


\=0 (selection rules: AJ=0, Ar= yi 


| FS Ca fintesforr 


The parameter Y, is a linear combination of the nuclear 


matrix elements of tensor rank A\=1 (selection rules: 


Al=0, +1, Ar=yes 


Vim e(—a'cy f ie 


The numbers A and A’ which indicate the relative contri- 





FIRST 


butions of the relativistic matrix elements as compared 
to the moment-type matrix elements, are of order unity. 
Theoretical predictions of A=1 and A=2 have been 
made." After the introduction of the parameters 
V» and Y, the requirements for the validity of the & 
approximation may be summarized as: §>W o-—1, 
CaS Bi K() Voi +) ¥1)).'® Generally, it can be shown 
that the expressions for all the observables (e.g., 6-y 
circular polarization correlation, longitudinal polariza- 
tion of the 8 particles, etc.) known from allowed 8 
transitions are, within the validity of the — approxima- 
tion, the same for first-forbidden transitions, if one 
replaces in the formulas for allowed transitions the 
Fermi to Gamow-Teller ratios y=Cy f'1/Ca fo by" 


y’ Vi Fs }) 


The g-y directional correlation is isotropic for allowed 
transitions, if higher order terms (e.g., cross terms of 
allowed matrix elements with second-forbidden matrix 
elements, Gell-Mann terms, etc.) are neglected. Thus 
the above-mentioned substitution is not applicable for 
8-y directional correlations. In fact, the computation 
of the B-y directional correlation of first-forbidden tran- 
sitions requires consideration of terms in the pr expan- 
sion which are of higher order (in pr), than the leading 
terms used in the £ approximation of the shape and of 
the 6-y circular polarization correlation. As a result, 
the first-forbidden 8-y directional correlation depends 
not only on y’= V»/V, but also on the matrix element 


r crf V1, 


ratios!® 


which are of the order 1 5. 

The directional correlation between a particle 
emitted in a first-forbidden 8 transition and the fol- 
lowing y ray according to the decay scheme J) (8)/1(¥)/», 
is given by 

1+ A.(W)P2(cos@), 6 


where 


‘T. Ahrens and E. Feenberg, Phys. Rev. 86, 64 (1952 

> D. L. Pursey, Phil. Mag. 42, 1193 (1951). 

‘6 The form of this expression does not imply that Vy and }, 
appear in the form | Vo|+ |¥1!. It merely indicates that Ca /B,, 
must be much smaller than the larger of the two parameters 

Vo| and | ¥;,}. 

17 T. Kotani and M. Ross, Phys. Rev. 113, 622 (1959). 

8 T. Kotani and M. Ross, Progr. Theoret. Phys. (Kyoto) 20, 
643 (1958) 

9M. Morita and R. S. Morita, Phys. Rev. 109, 2048 (1958 

”K. Alder, B. Stech, and A. Winther, Phys. Rev. 107, 728 
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The factor 1.7 characterizes the y transition. For a 
y transition of pure multipolarity L, the factor A»7 is 
identical with the F coefficient defined by Rose and 
Biedenharn*! 


Ast?=F,(LLII,). (8) 


The F coetficients Fo(LL’7s/,) are tabulated in reference 
20. The factor 
the B-y 
form!’: 


A? (W) characterizes the 8 transition of 
cascade. It may be expressed in the following 
LPC 


A2(Z,W) (p?/ IW) M (To,71). (9) 


The factor Ao(Z,W) which takes into account effects 
of the Coulomb field of the order aZH p is prac tically 
energy independent and close to unity. Values of 
\2(Z,W) are tabulated elsewhere.'’ The factor M (/y,J;) 
depends on the nuclear matrix elements involved in the 
8 transition, and, in general, on the energy of the 8 
partic les. If the & approximation is applic able, M (Io,J1) 
is independent of the 8 energy and contains the matrix 
element parameters y’, 7, s, and /: 


M (,7;) 
(10) 


The factors gy/(7) contain the “geometrical” part of 
the 6 transition; they describe the rotational invariant 


part of the system nucleus plus radiation field: 


n)=(—1)P- POW (TDN; nT) (24,4+1)%. (11) 


Orr 
The number W (/y/,AN: nl 
is noteworthy that, 
approximation, the anisotropy factor 


portional to A(Z,W) p? W. The 


is a Racah coefficient. I 
framework of 
AP(W) is | 


coefficients gy,’ (7) are 


within the 


roughly of order of magnitude 1 and it is easily seen from 


the definitions of r, s, and ¢, that the order of magnitude 


of M(1o,J;) is 1/€. 


III. DEVIATIONS FROM THE ~ APPROXIMATION 


The & approximation as discussed above applies to 
a first-forbidden nonunique beta transition (AJ=0, +1) 
in which the nuclear matrix elements are of “normal” 
relative magnitude such that |C4/B;;|<«(| Vol +] ¥!). 
be used if the normally 
dominant terms in the pr expansion are reduced such 
that the next higher order terms must be taken into 
account. Three 
reduction of 


The & approximation cannot 


reasons may be responsible for the 


the main term: (a) In @ transitions of 
low-Z nuclei and large maximum @ energy the condition 
E>Wy—1 does not hold. (b) The matrix elements of 
tensor rank A=0 and A= 1 are greatly reduced by virtue 


of selection rule effects (j selection rule,” K forbidden- 


21L. C. Biedenharn and M. E 
729 (1953). 
R. W. King and D. C 
ind C. E 
1959) 


Rose, Revs. Modern Phys. 25, 


94, 1284 (1954) 
Phys Soc 4, 58 


Phys. Rey 


King, Bull. Am 


Peaslee, 


Johnson and R. W 
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ness,2* etc.). (c) Mutual cancellation of the A=0 
and \=1 matrix elements causes the usually dominant 
terms to vanish, e.g., RaE. The contribution of the 
JS By; matrix element (A=2), which may be little or 
not at all affected by these selection rules and cancella- 
tions, may then become more important or may even 
predominate. First-forbidden 8 transitions of this kind 
are characterized by their large ft values (log ft~9— 12). 
In these cases higher order terms in the pr expansion 
must be considered. The shape factor is then of the 
form** 

=k+akW-+ (bk) W)+ckW*. (12) 


( VW 


The coefficients k, ak, bk, and ck contain the nuclear 
matrix elements but are independent of the 3 energy. 
Exact expressions for k, ak, bk, and ck have been given 
by Kotani.” Also, if C4. /B;; contributes significantly, 
the energy dependence of 4,°(W’) is not simply given 
by A.p?/W. It is, in general, a complicated function of 
the energy W and of the various matrix elements which 
contribute to the 6 transition. In a first approximation, 
transitions of this kind may be analyzed on the basis 
of the so-called ‘modified B,;; approximation, which 
was suggested by Matumoto ef al.*° Within the frame- 
work of this approximation, which presupposes 


Caf Bs Vy + ¥, but rK1, s<l, 
the anisotropy factor for a 2-(8-)2*(y7)O B-y cascade 
is given by 
1.57(W 
Pp (1, 56)*#— (1, 21)*y't— (r/A2) (1/11 2)F 
Az : nes 13 
Wo 1t+y?+[(W.—W)+4a(W2—-1) Je 
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A precise measurement of 4.(IV) as a function of the 
8-energy W may make it possible to estimate the rela- 
tive magnitude of / in a given nonunique 8 transition, 
and the magnitude, or at least an upper limit, of the 
J B;; matrix element may be determined. If only the 
J B;; component contributes significantly to the 8 
transition, the anisotropy factor is 


r 

A»(W)= —Xo(3/ 28) . (14) 
(Wo—- Wap? 

which assumes the relatively modest value of 4,(IWo) 
—0.107 at the maximum 8 energy Wo. It may be 
interesting to note that the corresponding values of 
As(Wo) for 1-(8)2+(y)O* and 3-(8)2+(y)0* transitions 
are considerable larger: +0.251, and —0.287, respec- 
tively. Therefore a possible /B;; contribution shows up 
less conspicuously in the directional correlation of a 
2—(8)2*(y)O* cascade than in either a 3-(8)2+(y)O0* or 
a 1—(8)2*(y)O* cascade. 


IV. APPARATUS AND EXPERIMENTAL PROCEDURE 


The 8-y directional correlation measurements de- 
scribed below were performed with the aid‘ of the vac- 
uum chamber and the scintillation counter arrangement 
shown in Fig. 1. The details of the arrangement have 
been described before.2° The thickness of the Pilot B 
plastic scintillator disk of the 8 counter was chosen such 
that it exceeded the range of the most energetic electrons 
emitted by the source under investigation. 

The coincidence electronics (Fig. 2), which was of 
the usual fast-slow type, had four beta-energy selection 
channels (8;, 82, 83, and 8,) and two gamma energy selec- 
tion channels (y; and y2) which permitted to measure 
8 coincidence events (8171, Bey1, B21, 
Y2; 
tion of the coincidence pairs 8,71 


Bayi, Brive, Bove, 
B8yy2) simultaneously. The simultaneous registra- 
and 8 


~ 
W 


y2 Made it 
possible to correct accurately for the presence of com- 
peting 3-y cascades. Assume a decay scheme as shown 


in Fig. 3. If the 8 channel 7 accepts 8 particles of an 


8, 





A 











Fic. 1. Vacuum chamber and scintillation detector arrangement 
used for 8-y directional correlation investigations. 
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Alaga, Phys. Rev. 100, 432 (1955). 

* T. Kotani, Phys. Rev. 114, 795 (1959). 
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Energy Selection Mixing Counting 
Fic. 2. Block diagram of multichannel 8-7 coincidence 


spectrometer. 


7° R. M. Steffen, Phys. Rev. 118, 763 (1960) 





FIRST-FORBIDDEN 
energy which is smaller than the maximum energy of 
the spectrum 8’, the measured coincidence rate 8,1 
contains also contributions from the 8’ spectrum.”” A 
simultaneous measurement of 8,72 determines the 8’ —y2 
directional correlation, from which the p’ —7; directional 
correlation can be calculated, if the spins 7; and 1’; 
and the multipolarity of the gamma radiation y2 which 
is not observed in the 8,y1 measurement, are known. The 
correction applied in this manner is relatively free from 
errors as it is determined under the same conditions as 
the main measurement. 

The nuclides chosen for the investigation of the energy 
dependence of the 6-y directional correlation were 
K*, Sb’, and Au!**. They were produced by exposing 
the separated stable isotopes K*! (98%) and Sb”! (97%) 
and the naturally pure isotope Au!” to the 10!* 2/cm? 
sec neutron flux in the Argonne CP5 reactor. 

The K® and Sb™ sources were prepared by evapora- 
tion on an aluminized Mylar foil of 800-yg/cm? thick- 
ness. The foils were supported by a very thin aluminum 
ring of 2-in. diameter. The thicknesses of the K® and 
Sb’ sources were approximately 200 yg/cm*. The 
details of the 6-y directional correlation measurements 
on Au!** have been described previously.2® The Au'®* 
measurements are included here for comparison purposes 
only. 

The coincidence data were corrected for chance coinci- 
dences, y-y coincidences and competing 8-y coincidences 
due to lower energy 8 branches. The corrected beta- 


gamma coincidence data measured at a particular o 
energy W and at different angles @ were fitted by a 
least-squares fit to a function of the form [see Eq. (6) }: 


Wey" (0,W) = Ao’ (W)+A2" (W) P2(cosd), 


and the experimental anisotropy factor A2’(W) 

Ao’ (W)/Ao’(W) was determined. The “true” ani- 
sotropy factor A2(W) was then computed taking into 
account finite solid angle and finite source size correc- 
tions. The corrections for backscattering of the electrons 
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Fic. 3. Decay scheme with several 8-y cascades. 


27 For simplicity we assume that the two y channels respond 


only to y; and 2, respectively. 
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Fic. 4. Experimental anisotropy factor 42(W) of the K® B-y 
directional correlation involving the first-forbidden nonunique 
1.98-Mev 8 transition (82 in the decay scheme) as function of 
6 energy 


in the 6 detector were considered and were found to be 
rather small in the energy ranges involved in the present 
experiments. 


V. EXPERIMENTAL RESULTS AND DISCUSSION 


The experimentally determined anisotropy factors 
As(W) of the B-y directional correlations of K*, 
Sb’, and Au!® as a function of the 8 energy are shown 
in Figs. 4-6. If the € approximation is valid the anisot- 
ropy factors A2(W) should be proportional to 
\A(Z,W)p?/W; thus R(W)=A2(W)/[A(Z,W)p/W ] 
is expected to be independent of the 8 energy W. Figures 
7 and 8 show the behavior of R(W) for the 8-y direc- 
tional correlations of K*, Sb’, and Au!®*, 


K* 


The curve of R(W) decreases slowly with increasing 
8 energy W (solid line in Fig. 7). The deviation from 
a horizontal straight line (dashed curve) is of the order 
of 40% over the energy range measured. The deviation, 
however, is‘about as large as expected from the applica- 
tion of the € approximation to this 8 decay: (Wo—1)/é 

0.6. It is interesting to note that the shape factor 
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Fic. 5. Experimental anisotropy factor A2(W) of the Sb!” 
8-y directional correlation involving the first-forbidden nonunique 
1.40-Mev 8 transition (82 in the decay scheme) as function of 
68 energy W. 
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Fic. 6. Experimental anisotropy factor A2(W) of the Au 8-, 
directional correlation involving the first-forbidden nonunique 
0.96-Mev 8 transitions (8; in the decay scheme) as function of 
3 energy WW 





of the 1.98-Mev 8 spectrum of K* also seems to show a 
slight deviation from the constant value** expected for 
a @ transition described by the £ approximation. The 
deviation of the shape factor from a constant value over 
the same energy range as measured in the 8-y directional 
however, is less than 10%. 

1.98-Mev 8 transition of K®, 
is of the magnitude expected for a first 


correlation, 
The ft value of the 
= 10° sec, 
forbidden 2 > 2 


tion rule or ¢ 


transition and does not indicate the 
presence of sele ancellation effects. 

\ roug! upper limit of the /“B 
contribution to the 1.98-Mev transition of K*® may be 


estimate of the 


obtained by applying the expressions of the modified 
B,; approximation [Eq. (13) ] to the measured energy 
dependence of A2(W’). Such an analysis of the data yields 
CaS By;\ <0.3(| Yi} 4+) V A more accurate upper 
limit of Cy /’B;; could be obtained if the ratio y’ Vo/V 
were accurately known. 

In principle y’ may be computed from the 8-y circular 
polarization correlation anisotropy A; which has been 


determined by Daniel.** The measured anisotropy factor 
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Fic. 8. The experimental ratio R(W)=A2(H \op?/W) for 
the Sb™ and Au™® 8-y directional correlations. Here R(W) is 
independent of W over the measured energy range in agreement 
with the predictions of the — approximation 


+0.1+0.1 
or y= —6.041.5, if the expressions of the € approxima- 


A,=0.10+0.05 corresponds to values of y’ 


tions are used. The application of the £ approximation 
to the 1.98-Mev transition of K®, however, seems to be 
hardly justified, since the basic condition, E> if 
is not fulfilled in this case. 

More information on the matrix elements contributing 
to the K® 6B dec ay could be obtained by investigating 
the 8 energy dependence and angular distribution of the 
circularly polarized 1.51-Mev y radiation following the 
1.98-Mev 8 transition. 


Sb 


The 8-y directional correlation anisotropy -1 
the 1.40-Mev @ transition of Sb 
Che measured energy dependence of A2(V 
with the predictions of the — approximation 


is shown i 
agrees well 
Fig. 8). 
In fact the agreement is better than expec ted within 
the limitations of the approximation. R(W’) is constant 
within less than 10% over the measured energy range 
although the condition for the applicability of the é 
approximation, &>Wo—1, is not too well satisfied in 
this case: €=10, Wo—1=2.74. 

The measured shape*’* of the 1.40-Mev 
also agrees within experimental error with the statistical 


9 spectrum 


shape as predicted by the £ approximation 

The satisfactory agreement of the D-¥ directional 
correlation with the approximation justifies the evalua 
1.40-Mev 


transition of Sb'” within the framework of the & approxi- 


tion of other experimental data on the 


mation. The 6-y circular polarization correlation has 
been studied by Deutsch and Lipnik. 
ured D-¥ circular polarization correlation anisotropy, 
A,= —0.033+0.033, the 


l'rom the meas 


following two values of y 


are extra ted: y’ +-0.25 and y’ > 12, the first one being 


the more probable. 
The ft value of the 1.40-Mev 8 transition Sb 
oB Farrelly, L. Koerts, N. Benczer. R 

Wu, Phys. Rev. 99, 1440 (1955 
'M. J. Glaubmann, Phys. Rev. 98, 645 


> J. P. Deutsch and P. Lipnik, J. phys. radium 21, 806 (1960 
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{t= 10" sec, has the expec ted value for a first-forbidden 
2—- — 2+ B transition. 

An estimate of the upper limit of the /~B;; contribu- 
tion, on the basis of the modified B;; approximation and 
the measured energy dependence of the 8-y directional 
correlation, yields C4 fB;;<0.15)V,) if Y’=0.25, and 
CaS Bij <0.2| Vo!, if y’>12. 

The small contribution of the /°B;; component to 
the 1.40-Mev ¥ transition of Sb’ is somewhat surprising 
in view of the fact that in the 8 decay of its sister nucleus 
Sb, the B;; matrix element represents the main contri- 
bution to the nonunique first-forbidden 2.3-Mev and 
1.6-Mev 8 transitions.'""'*~%5 There is evidence -that 
the large /B;; contribution to the Sb'™ £8 transitions is 
a result of the j selection rule. One might have expected 
that the same selection rule effect is also operative in 
Sb’, which differs by only two neutrons from Sb™. 


Au'*> 


The energy dependence of the 6-y directional cor- 
relation involving the 0.96-Mev @ transition of Au!®* 
agrees very well with the predictions of the & approxi- 
mation. The quantity R(W’) is independent of the energy 
HW” within less than 8% over the energy range from 
W=1.3 to W=2.9 (Fig. 8). In addition the shape of the 
0.96-Mev 6 spectrum is well represented by the & 

% R.M. Steffen, Phys. Rev. (to be published) 

‘Pp. Alexander and R. M. Steffen, Phys. Rev. (to be published 

>H. Paul, Phys. Rev. 121, 1175 (1961 
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approximation.*® The good agreement with the & ap- 
proximation is to be expected for Au'®*, since the 
parameter £ for Z=80 (¢=15) is considerably larger 
than W»—1=1.9. 

The parameters Vo and Y, are approximately equal 
in magnitude but of opposite sign in the 0.96-Mev 8 
transition of Au'®S: y’=—1.0_9.6*°*26 An analysis of 
the 6-y directional correlation data on the basis of the 
modified B;; approximation yields an estimate of the 
upper limit of the /“B,; contribution to the 0.96 Mev 
6 transition of Au!®*: |C4 fB;;| <0.1| ¥, 

The small (if any) contribution of the /”B;; matrix 
element to the 0.96-Mev @ transition of Au! is con- 
sistent with the ft value, ff=10" sec, of the 
8 transition. 
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The hyperfine structure separations of 69-min Ag'’* and of 27-min Ag" have been measured using the 


atomic beam magnetic resonance method. The results are: Av; 


69-min Ag4) = 33 500_j 09977 Mc/sec, 


Avy_9(27-min Ag") = 35 00042000 Mc/sec. The sign of the nuclear magnetic dipole moment has been 


found to be positive for both states, and by use of the Fermi-Segré formula one obtains wa; (/ =5 


+4.0 


nm, w/(/=2)=+3.7+0.2 nm. Nuclear configurations which give these moments are discussed and we 


comment on the difference between Ag'®* which shows a 2 


and Ag"* and Ag" which show a 1*, 6* doublet 


I. INTRODUCTION 


N a previous paper' we described work performed 
at this laboratory to find the correct assignments 

of spins, half-lives, and y rays to the neutron-deficient 
silver isotopes with mass numbers 102, 103, and 104. 

+ This work was supported by the U. S. Atomic Energy Con 
mission and the Higgins Scientific Trust | und. 

* Present address, Department of Physics, 
Sydney, Sydney, Australia. 

1Q. Ames, A. M. Bernstein, M. H. Brennan, R. A. Haberstroh, 
and D. R. Hamilton, Phys. Rev. 118, 1599 (1960). 
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angular momentum recoupling doublet 


The isotope Ag" was studied in the most detail and 
5 and a 
has a low-lving 


was found to have a ground state with / 
half-life of 69 min. In addition, Ag! 
isomeric state with /=2 and a half-life of 27 min. 

We the 
moment of the J=5 and /=2 states in Ag™ by the 


have measured nuclear magnet dipole 


atomic-beam magnetic-resonance method. The large 
values of the zero-field hyperfine structure separations 
made it necessary to perform these measurements by 
transitions, and made 


observing multiple-quantum 
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Fic. 1. The energy levels of an atom with J=1/2 and J=2 ina 


magnetic field Ho: x=[(—ps/J+y,/1)/AW]H 


possible a direct determination of the sign of the 
nuclear moments. 

In the next the theory and 
discuss the conditions for observing the various reso- 
nance transitions. In Sec. III the apparatus is described 
and in Sec. IV the details of the experiment are pre- 
sented. The results are shown and discussed in Secs. V 


and VI. 


section we describe 


II. THEORY 


The energy levels for an atom with J=} in an 
external magnetic field H» are given by the Breit-Rabi 
formula.?* Figure 1 shows an energy-level diagram for 
the case that J=}, 7=2, and w;>0. The quantity 
AW h is the hyperfine structure separation Avy and 
x=(—py J+p, [)Ho/ AW. AF=0 transitions 
that we can observe in an atomic-beam experiment are 
indicated by a, 3---«¢. The transition usually observed 
for a measurement of Av is the single-quantum transi- 
tion a. by the dipole selection rules the other transitions 
can only occur by the emission or absorption of more 
than quantum. The transition y, for example, 
could occur if the atom emitted 3 quanta each of the 
appropriate frequency or if the atom emitted 3 quanta 
at the frequen y 


Those 


one 


vie=(W4)—-W 


We shall refer to this latter event as a multiple-quantum 
transition. By expanding the Breit-Rabi formula up to 
second order in Hy we can obtain a general formula for 
the frequency at which a multiple-quantum transition 


2G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931). 
3N. F. Ramsey, Molecular Beams (Oxford University Press, 
New York, 1956 
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will occur: 


(~ MI pollo 
VN my a _ . 
2 Mo Fh 


\ — 2m, (fy £7 "0 AY? 


4Fei? Av 


where .V=the quantum multiplicity, m, 
quantum number of the initial state. 

For future reference we shall define the quantities v; 
(/ for linear) and v9: 


the magnetic 


pollo 
Fh’ 


gu MI 


2 Mo 


vo= gypoH /2Fh. 

From Eq. (1) we see that if the quadratic term is 
sufficiently small, in particular, if 27?/ Av is much less 
than a linewidth, the frequency associated with the 
transition a and also with all the multiple-quantum 
transitions will be given by (2). We note that if gy is 
known with sufficient accuracy, a_ high-resolution 
measurement of »; will yield a value for w;. As the 
static field Hy is increased the second-order terms 
become important and the multiple quantum transitions 
will be separated by (neglecting terms in 


g; 

g 
. 

vo-/ Av. 


Thus a measure of the frequency spacing between the 
multiple-quantum transitions will yield a value for the 
hyperfine structure separation Av. The value of Av can 
also be obtained by measuring the shift of the 1 quan- 
tum transition frequency from »;. A knowledge of Ay 


Ie2, J*l/2 
mg*-5/2 





y,? 
Y* —_—_——— 
S-vav 
r'1G. 2. Ratio of the optimum field, He(N), for an N-quantum 
transition to the optimum field for a single-quantum transition. 
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enables one to obtain the magnitude of yw; from the 
Fermi-Segré formula.* 

We discuss next the magnitude of the radio-frequency 
field Hp necessary to induce multiple-quantum transi- 
tions. Ramsey’ has treated in detail the problem of the 
rf field magnitude necessary to saturate the single- 
quantum transition. Hack‘ has considered the general 
problem, and we can summarize by saying that the 
more the intermediate states deviate from equally 
spaced levels between the initial and final states, the 
larger is the field 1, needed to saturate the transition. 
Christensen ef al.’ have compared Hack’s theory with 
experiment in the case of K** and have obtained good 
agreement. 

For the case of J=} and J=2 the theory gives the 
curves of Fig. 2. The ratio of the optimum .V-quantum 
field to the optimum 1-quantum field is plotted as a 
function of the dimensionless parameter y= v/?/ (4’vAv), 
where 6’y is the natural linewidth of the resonance, and 
can be found from the time that the atom spends in 
the perturbing field 7. It should be pointed out that 
the multiple-quantum theory as developed by Hack* 
is valid in the case that y>1; that is, where the multiple- 
quantum peaks are separated by more than the uncer- 
tainty width 6’y. 


III. APPARATUS 


The focusing atomic-beam apparatus built by 
Lemonick, Pipkin, and Hamilton,® and modified as 
described below was used for the determination of the 
hfs separations. Figure 3 shows the position of the 
oven, the magnets, stops, and the detector system. 
Note that the vertical and horizontal dimensions are 
drawn to different scales. The collector for radioactive 
atoms is built in two pieces, a center button 0.6 in. in 
diameter and a concentric disk 2 in. in diameter. These 
are fastened together and are inserted into the apparatus 
through an air lock, the axis of the button-disk system 
coinciding with the axis of the apparatus. A typical 
pair of orbits is shown in Fig. 3. Atoms entering the A 
magnet such that dW/dx>0 (see Fig. 1) seek the axis 
of the machine, and if no transition occurs in the C-field 
region they also seek the axis in the B field and will 
strike the center button. The dashed line shows the 
trajectory of an atom which has undergone an appro- 
priate transition in the C field and thus enters the B 
field with AW /dx<0; this atom will seek regions of 
strong magnetic field, and upon leaving the magnet will 
strike the outer disk. The button and disk are removed 


from the apparatus after an exposure and are counted 
in separate counters. In the case that no transition 
occurs most of the atoms will strike the button, but 
some will still strike the disk because of scattering and 


4M. N. Hack, Phys. Rev. 104, 84 (1956). 

5 R. L. Christensen, D. R. Hamilton, H. G. Bennewitz, J. B. 
Reynolds, and H. H. Stroke, Phys. Rev. 122, 1302 (1961). 

® A. Lemonick, F. M. Pipkin, and D. R. Hamilton, Rev. Sci. 
Instr. 26, 1112 (1955). 
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lic. 3. Cross-sectional plan of the apparatus. Notice that the 
horizontal and vertical scales are different. The dashed line 
indicates the trajectory of an atom that has undergone a transition 
in the C field. 


Majorana transitions.* The sum of the count rates on 
the button and on the disk gives a measure of the total 
beam while the ratio of the disk count rate to the button 
count rate D/B will indicate the presence of a resonance 
transition. For the case that no resonance occurs D/B 
is about 0.025 for silver. On resonance this may increase 
to 0.050 or higher. The major advantage of this detec- 
tion system is that it allows one to make measurements 
using beams that cannot be maintained constant in 
time. The ratio D/B is essentially independent of D+ B. 
This feature was found to be essential for these meas- 
urements. 

If the atoms emerging from the oven were all of the 
same velocity it would be possible to image the oven 
orifice at the detector position. The distribution in 
atom velocities makes this impossible and results in 
the ‘‘focused” beam having a considerable spread. The 
axial B-magnet stop was inserted to prevent the low- 
velocity atoms from crossing the axis in the B magnet, 
thus reducing the spread of unflopped atoms on the 
detector plane. This, together with the choice of an 
0.6-in. diameter center button, gave a relatively high 
D/B ratio at resonance while maintaining high count 
rates. 


IV. EXPERIMENT 


The radioactive silver was produced by bombarding 
a 0.016-in. thick stack of natural Pd foils in the 18.5- 
Mev proton beam of the Princeton cyclotron. Bom- 
bardments of about 1 hr with an internal beam current 
of approximately 0.5 wa produced sufficient activity for 
measurements on either state. After bombardment the 
Pd foils were removed from the cyclotron and placed 
in a small molybdenum oven which was then inserted 
into the oven chamber of the beams apparatus. For 
work on the 27-min level the oven was inserted through 
an air lock which is now an integral part of the appa- 
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I*5 RESONANCE 
H,* 46.284 gouss 


] Up UGOE Mc/sec 





+2 RESONANCE 


H,¢ 24.094 gouss 


Fic. 4. The /= d J=2 resonance patterns at 46 and 24 
the D/B ratio with the rf on minus the 


gauss, respectivel\ 


D/B ratio with tt 


ratus. This meant that a beam could be obtained within 
10 min of removal from the cyclotron. Well-behaved 
silver beams were obtained by heating the oven to a 
temperature ~1500°C (optical pyrometer temper- 
ture ~1300°C). By slowly' raising the temperature 
throughout 
intensity fairly constant despite radioactive decay and 
a temperature 


the run, it was possible to keep the beam 
depletion of Ag in the oven. Starting at 
much higher than 1500°C, or running the temperature 
too high during a run, resulted in marked instabilities 
in the D’B ratio. It was observed that at the end of a 
run the palladium foils had not quite melted. The 
instabilities in the D/B ratio and in the 

havior of the beam were apparently associated wit! 
the complete melting of the Pd. 


general be- 


The buttons and disks used for collecting the beam 
were made of 
rubbing with 


copper 
wool and soaking in acetone and 

then alcohol immediately before the The 

used are described in a previous paper.’ Exposure times 


nd were carefully cleaned by 
steel 
run counters 
varied from 3 to 5 min, and about 1 min was required 


from the time a collector was removed until exposure 


could Start on the next collector. The beam generally 
‘ 


held up long enough to expose from 7 to 10 collectors. 
In the case 


fourth, seventh, and tenth 


that 10 collectors were exposed, the first, 
taken the rf 
turned off in order to give a measure of the background. 
Typical count rates with the rf off were about 4000 


were with 


counts per minute on the button and 100 counts per 


minute on the disk, giving a D/B ratio of 0.025. This 
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ratio might increase to 0.050 on a resonance. Runs in 
which the no rf D B ratio varied largely were rejected. 

The C magnet was powered by two 6-v storage 
batteries and the current through the magnet was 
monitored using a Leeds and Northrup potentiometer. 
The C field was calibrated using a beam of K** and was 
generally measured immediately before and just after 
a radioactive run. Small drifts that occurred during 
the course of the run could generally be correlated 
with the potentiometer readings. 

Several different oscillators were used for producing 
the field Hr; Rohde and Schwarz types SMLR and 
SMLM, a Hewlett-Packard 608A, and a homemade 
Clapp oscillator. At high values of the field Ho, some 
of the multiple-quantum resonances in silver required 
more rf power than could be supplied by these oscil- 
lators. In these instances the rf was amplified by a 
James Millen Company push-pull power amplifier. The 
signal picked up by a small loop concentric with the 
radio-frequency loop was rectified by a diode and used 
as a monitor of the field strength Hx. The frequency 
was measured by a Hewlett-Packard 524-B electronic 
counter. 

V. RESULTS 


Figure + shows the 7=5 and /=2 resonances at 46 
and 24 gauss, respectively. The quantity A is the D B 
ratio with the rf on minus the D/B ratio with the rf 
off. At these values of Ho, and for all lower values, the 
resonance pattern shows a single peak and no structure 
is discernible. We note, however, that the 
, the frequency at which a 
the 


resonances 
occur below the frequency + 


resonance would occur if nuclear moment were 


I*2, JeV2, 4, >0 























2, ui >0, 
~AW/AH (see Fig. 1). x4 and xg 
ole tips of the A and B 


Fic. 5. An effective-moment diagram for J/=1/2, J]= 
and Av=35 000 Mc/sec. pors= 
correspond to the values at or near the 
magnets, respectively 
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zero. A shift of the resonance pattern to frequencies 
higher than vp might be explained by the presence of 
the quadratic term in Eq. (1). The shift to lower 
frequencies can only occur if 4; >0. From these data 
then we infer that the nuclear magnetic dipole moments 
of the 7=5 and /=2 states in Ag™ are both positive. 
The magnitude of the shift further suggests that the 
moments are large and equivalently that Ay, the zero- 
field hyperfine structure separation, is of the order of 
40 000 Mc sec for both states. This high value for Av 
has some interesting consequences which were first 
observed by Christensen ef al.’ in 
\u'’’. We shall discuss this briefly. 


measurements on 


In Fig. 5 we have plotted wes wo vs « for J=2 where 
uetp= —OW, OH and x is defined above. The solid lines 
refer to the states where F = /+ }, the dotted lines to the 
states of F=J—}. Taking the value of Ay for the J=2 
state as 35 000 Mc/sec, and using the results of early 
magnetic-field measurements on the apparatus,* we 
compute the values of x at or near the pole tips of the 

1 and B magnets. These are denoted by x4 and xz, 
respectively. The condition that an atom seek the axis 
of the apparatus is then that per’ wo<O. It is quite 
clear from Fig. 5 that for the large Av and consequently 
small value of x4, the state mp=—3 is not focused by 
the 4 magnet and therefore cannot be an initial state. 
Thus the transition a of Fig. 1 cannot be observed. 
The transitions 8, y, 6, and ¢ should, however, be 
observable, and we might expect to see some transitions 
for which the state mr=—+} is a final state. Another 
set of transitions that might be observed in this case 
are in the F=J—4 set of levels where mp=—3 is a 
possible initial state. These transitions were not looked 
for in the experiments. 

For those values of the field 7) for which the quad- 
ratic term in Eq. (1) is no longer negligible the resonance 


Fic. 7. The [=5 data at H 
=200 gauss. The arrows under 
the values of P indicate’ the 
resonance positions used in the 
analysis 
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Fic. 6. Relationships between m,;, m;, P, and V 


pattern will be split into separate peaks, one for each 
value of .V—2m,; which quantity we shall refer to as P. 
In Fig. 6 we indicate the correspondence between mj, 
m;, N, 
boxes. 


and the P values which are enclosed in the 


values for each 
transition we can make qualitative predictions about 
the relative sizes of the Kig. 5). In 
Fig. 6 the resonances that should be strong are enclosed 


From the magnitudes of the pers u 
Tesonaneces (see 


in the solid line, while the weaker ones are enclosed by 
the dashed line. No resonances outside the dashed line 
table can be 
5. These qualitative 
predictions are borne out by the experimental data. 

We shall now discuss the higher 
values of the C field. 


are expected to be visible. A similar 


constructed for the case that / 


data obtained at 


I=5 


At a field of 200 gauss the J=5 pattern showed well- 
resolved peaks and the data are shown in Fig. 7. The 
upper arrows indicate the resonance positions used in 
the analysis. We shall discuss below the method of 
assigning the various P values to the resonances. 


<= 


A Pad 


I*5 DATA 


H,.*199.940 gouss 
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L. Christensen, D. R. Hamilton, A. Lemonick, F. M. Pipkin, J. B. Reynolds, and H. H. Stroke, Phys. Rev. 101, 1389 (1956). 
Lemonick, IF. M. Pipkin, and D. R. Hamilton (private communication 
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TABLE I. Summary of experimental data. 


H 


gauss 


ae 
(Mc, sec) P 


24.1 
46.3 


200 


not resolved 


not resolved 


The uncertainty in the frequency arose from two 
sources; firstly, from uncertainties in calibrating the C 
field using the beam of K*, and secondly, from drifts 
in the C field in the course of a radioactive run. In no 
cases did the combination of these effects result in an 
uncertainty exceeding +10 kc sec. 

The vertical errors are due completely to statistics. 
Since A is the DB ratio with rf on less the value with 
rf off, the error bars result from the statistical uncer- 
tainty in both measurements in addition to that added 
in determining the counter background. It is also quite 
possible that two separate runs covering the same 
frequencies will show varying peak intensities because 
of slight differences in the positioning of the oven. 

\ possible systematic source of error concerns the 
amount of radio-frequency power used to induce a 
transition. The theory as developed by Hack* and 
Salwen® predicts energy level shifts as the rf power is 
increased by a large amount over that necessary for 
saturation and also predicts changes in the resonance 
width. Kusch” studied these effects in detail using a 
beam of K** and found agreement with theory as long 
as the rf field was not made too large. The discrepancies 
at high values of He were presumably explainable in 
terms of the spatial distribution of the radio-frequency 
field. Experiments in this laboratory using beams of 
K** showed large shifts in the resonance position if the 
field H» was increased far above the value required for 
maximum transition probability." Because of the 
simple loop used in these experiments the shifts prob- 
ably arose from the extension of the rf field into regions 
of C-magnet ihhomogeneity. Because of these effects 
considerable care was exercised in taking the Ag data 
to have the magnitude of the radio-frequency field 

*H. Salwen, Phys. Rev. 101, 623 (1956). 


© P. Kusch, Phys. Rev. 101, 627 (1956). 
1 W. J. Kossler (private communication). 


v— vo 
(on resonance) 
(kc/sec) Hr/HR(\) Opt. for V 
—30+10 
—20+ 7 
—35+415 
+54+ 8 
+129+ 9 
+201+ 7 
+273412 
+363+12 
—177+13 
—97+ 9 
—3i+ 9 
0— +55 
+134+21 
—131+19 
—14+15 


between +80 and +150 


from 2.5 to 5.6 


= 6 


a 


manna w 


|< > 


roughly appropriate to the multiplicity of the transitions 
being observed. In Table I we list the values of the 
fields used, Hr, as compared to those necessary to 
saturate the single-quantum resonance, Hpr(1). The 
right-hand column indicates the multiplicities for 
which the values of Hz are optimum. 

Combining Eqs. (1) through (4), and recalling the 
definition of the integer P, we see that 

v—v,= Pov, 

where y is the frequency at which a resonance occurs. 

This equation is exact to second order in Ho. For the 
I=5 state at 200 gauss the cubic term will give rise to 
shifts of less than 0.5 k that (5 
approximation and we should expect the resonances to 
be equally spaced. 


sec, so is a good 


Thus, in Fig. 8, we 
positions relative to vy as a function of ordinal numbers. 


have plotted the resonance 
The vertical error bars represent the largest reasonable 
range over which the resonances could be interpreted 
as occurring. The best straight-line fit to the six points 
corresponds to a peak spacing of 77.8 kc/sec. From 
this value of 6y and using Eq. (4), we compute that 
Av=33 500 Mc/sec, and from the Fermi-Segré formula 
using the mean of the values of wu, and Av obtained for 
Ag"? and Ag, we get u,»=4.0 nuclear magnetons. 
Inserting this value for the moment into the linear 
term in Eq. (1) we find that »; falls 111 ke ‘sec below vo. 
If the data are internally consistent the line corre- 
sponding to 6v=77.8 kc/sec should cross »yp—vp=—111 
kc/sec at one of the ordinals, in particular the one 
P=0. In the 
consistency is very good. The dashed lines correspond- 
ing to 6v=79.4 and 73.6 kc/se the limits of 


which we can now label as this case 


show 


2 P. Kusch and V. W. Hughes, Handbuch der Physik, edited 
by S. Fliigge (Springer-Verlag, Berlin, 1959), Vol. 37, Part 1 
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uncertainty, and the values of v;— vo derived from these 
numbers are indicated by the circles. The value for 
gy of silver used for this analysis was gy= 2.002320 
+0.000105." A more accurate value has recently been 
obtained, gy=2.002333+0.000010." The difference is 
of no significance to this analysis. 

The data are summarized in Table I. The values of 
\ associated with the various P values were determined 
in a manner similar to that used for /=2 (see Fig. 6). 

Summarizing the results for the 7=5, 69-min ground 


state of Ag™, 


Av = 33 500 10007 Mc Seu, 
and 


Br = +4.0_9.:7°? nm. 


I=2 


The high-field 7=2 runs were made at 90.9 and 
124.7 gauss and the results are summarized in Table I. 
At both of these fields the resonances were resolved 
and the results were in good qualitative agreement 
with those predicted in Fig. 6. The resonance P= —1 


;—> m;=—} was 


corresponding to the transition m;= 
observed and was weak as expected. The method of 
analysis was identical to that used for the 7=5 state 
and, as in that case, the terms in H,° could be neglected. 

The best fit to the data gave for the 7=2, 27-min 
isomeric state in Ag 


Av= 35 000+2000 Mc/sec, w,y=+3.7+0.2 nm. 


VI. DISCUSSION 


The known energy levels of the Ag isotopes are 
shown in Fig. 9. Between 38 and 50 particles, the shell 
model predicts close competition between the pi). and 
gy)» orbitals. For the odd-even Ag isotopes Ag” through 
Ag", the piy2 state is the lowest with a }* state [in- 
terpreted as (gg/2")z/2] in close competition. (For Ag!® 
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Fic. 9. Asummary of the known wee | 

energy levels in some of the silver 
isotopes. 
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lic. 8. The position of the resonances observed for 7=5 at 
200 gauss as a function of P. 6y=77.8 kc/sec indicates the best 
fit to the experimental data. The other lines indicate the limits 
of uncertainty. 


the position of the 3* level is not known, the 25-kev 
level not being well established.) For Ag!’ the * state 
is the only known state, and is presumably the ground 
state. The $+ level has been found only in Ag. 

The adjacent odd neutron nuclei are, according to 
the shell model, filling the g7;2 and d5,/2 shells. According 
to the available data, these nuclei show 3* ground 
states for .V between 51 and 63, indicating that in the 
odd-odd Ag nuclei the neutron configuration appears to 
be ds;2', with the g7/2 neutrons filling in pairs. 

From the results of a recent survey of the properties 
of odd-odd nuclei we can conclude that one might 
expect the wave function of the odd-odd Ag nuclei to 


i22—19/24 
oe —— iL) 6¢ 
94 725... se—tee 


6+ 
—*1 —ve- —_— —w2 





7= 
102 


'8G. S. Hayne and H. G. Robinson, Bull. Am. Phys. Soc. 5, 411 (1960 
‘4M. H. Brennan and A. M. Bernstein, Phys. Rev. 120, 927 (1960). 





1800 AMES, BERNSTETN., 


Pas_e I. Comparison of calculated and experimental moments 
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w= +4.0_ 9°? 
Hemp Me 
i} a 3.4 
i 4.5 


Configuration 


Protons Neutrons 


have one of the following forms: 


1) (pis vids) [=2 
* and 6* in close competition, 


= 2* and 7* in close competition. 


By mv we indicate a product wave function of 
experimentally observed proton and neutron states in 
the neighboring odd-even nuclei, vector coupled to 
total spin /. We note that the doublets in (2) and (3 
are due to the angular momentum recoupling of single 
neutron-proton configurations and not to the excitation 
of single-particle states which is the cause of isomerism 
in Ag? and Ag, 

In Ag® and Ag" we find 
doublet. In Ag’ an isomer has been found which may 
be of this type, but 

seems that (2) is the 
Ag we have a 2*, 35° 
any of the patterns. 

From the product 
magnetic moment is given by 


the closely spaced 1*, 6° 


more data are required. Therefore, 
wave function. However, in 
doublet which does not fit into 


form of the wave function the 


gy In(Int1)—1 (1 p+1 


came 
5" I 
2([+1) 


\. M. Lane, Handbuch der Physik, edited 


*J. P. Elliott and 
Berlin, 1957), Vol. 39, p. 298 


S. Fliigge (Springer-Verlag 
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We can use either Schmidt or experimental moments 
for the g factor of the odd groups to determine psehmiat 
OF Hemp. The use of experimental g factors from neigh- 
boring odd-even nuclei takes into account configuration 
mixing and possible g-factor quenching in the odd-A 
nuclei. Using these,'® we obtain the values for yu, listed 
in Table II, from which we observe that the moments 
for both the 7=2 and /=5 states lie approximately 
halfway between the value of w..., calculated for the 
3* and $* proton states coupled to the }* 
We note that “relatively 
contigurations emp usually cannot be expected to agree 
with the experimental moment to closer than approxi- 
mately 0.2 nuclear magneton." On the basis of the 
moment it appears that the 2+, 5* doublet can be 
written in the form: 


neutron 


state. even with pure” 


v(ds » 


1 
(Ag) = —[a(go 2 
V2 


and that for Ag™’® and Ag" (and perhaps Ag!” 


¥(Ag" 


r(go/2*)7 (ds 

Why this change should occur between Ag! and 
Ag™ is not clears Perhaps the data on the 3* and 
levels in Ag and Ag” 
Also, the measurement of the moments in Ag 
Ag! would test the form of the proposed wave function. 

Preliminary measurements at this laboratory on the 
J=1 state in Ag™® indicate that the magnetic moment 


is large and positive. 


> would shed some light on this. 
and 
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16 For the g,2 protons, Tc”, In’, and In'!® were used, and for 


the ds. neutrons, Ru”, Ru'®!, and Pd!*. The ¢ er 
was obtained by considering Ag'®®, Ag'’, and Ag", as well as Rh! 
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The atomic beam magnetic-resonance method with separated 
oscillatory fields has been used to measure the hyperfine structure 
separation and magnetic dipole moment of the isotopes Rb* and 
18.6-day Rb* in the 2S; electronic ground state. Observation of the 
separation of a A’ =+1 doublet in the intermediate field region 
gives the value of the moment; the minimum value of the mean 
doublet frequency gives the value of Av. Observation of anothet 
AF =+1 doublet in low field also yields a value for Av. 

Results obtained for Rb* are in good agreement with previously 
published values and indicate that transition frequencies calcu 
lated from the Breit-Rabi equation agree with experiment to at 
least one part per million. 

For Rb** the following values are obtained for the 2S; ground 


I. INTRODUCTION 


N addition to intrinsic nuclear properties such as spin 

and multipole moments, measurement of the volume 
distribution of the magnetic dipole moment has con- 
tributed to the development of the theory of nuclear 
structure. Bitter pointed out that information could be 
obtained about the distribution of magnetism by the 
study of hypertine structure of atoms in which the ex- 
pectation value of the electroni 
nonzero at the position of the nucleus.! For heavy nuclei, 
Bohr and Weisskopf have developed a quantitative 
theory to explain the effects of volume distribution on 
hypertine structure.” This theory has been extended by 
Bohr,** Eisinger and Jaccarino,® and Stroke.' 

Fermi derived the expression for the hfs splitting 
factor of a hydrogen-like atom with a point dipole 


wave function is 


nucleus of spin J and magnetic moment wy (u7= gruo! 


to be 
a = (Sr 3)grg ape y (QO) 3 
where 


a=2hAv/(2I+1), 


and yo is the Bohr magneton, gy is the electronic g factor, 
y(O0) is the electronic wave function at the position of 


the nucleus, and Ay is the hypertine-structure separa- 
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state: Av=3946.883(2) Mc/sec, g;= —4.590(4)K10™4, and yw, 
= —1.6856(14) nm (without diamagnetic correction 

The hyperfine-structure anomaly arises in part from the differ 
ence of the volume distribution of nuclear magnetism in the two 
nuclei and is defined as the deviation from equality of the ratio of 
the hyperfine-splitting factors of two isotopes to the ratio of their 
nuclear g factors. For these two isotopes its value is found to be 
85486 = () 17(9) 0%. 

The Bohr-Weisskopf theory of the hfs anomaly is applied to 
these isotopes with calculations based on a single-particle model 
with varying distributions of spin and orbital contributions to the 
magnetic moment. 


tion.’ If the magnetism is assumed to be distributed over 
the finite volume of the nucleus, the hfs interaction 
would be expected to be reduced by a small amount e 
from that calculated for a point dipole. Since the atomic 
wave functions for heavy nuclei are not well known, one 
can compare ratios of the hfs interaction in two isotopes 
and eliminate the uncertainty in the contribution of the 
wave functions. For a point dipole (PD), from Eqs. (1) 
and (2 


Av; gy (27,4+1) 


Avs PD gig (2024 1) 
whereas for a nucleus of finite size, where Av is taken to 
be the experimental value, 

Av, 


(1 +€,) 


Av, 


Av» Aves pp (1+e:) 
so that 
Av, £1\ 27,-4 1 
= (iA); 
Ave gta\2Io+1 


where, neglecting terms of order &, the hfs anomaly is 


1A" = €);— &. (6) 


With a few exceptions, anomalies have been measured 
on pairs of stable isotopes, where the Av’s are usually 
measured by atomic beam methods and the moment 
ratio by NMR techniques. It would be most interesting 
to measure the anomalies in a series of adjacent isotopes 
where the effect of adding one neutron after another can 
be investigated. Eisinger, Bederson, and Feld, in their 
measurement of the K*-K* anomaly, showed that the 
moment could be measured directly by atomic beam 
techniques.* The detection of trace amounts of isotopes 
in a beam by mass spectrometer was employed by 


7 E. Fermi, Z. Physik 60, 320 (1930). 
*7 Eisinger, B. Bederson, and B. T. 
1952) 


Feld, Phys. Rev. 86, 73 
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Fic. 1. Breit-Rabi diagram for 7=2, negative magnetic moment. 
Stroke ef al. in measuring the anomalies in the long- 
lived radioisotopes Cs™, Cs!*°, and Cs'*’. 

Because of experience at Berkeley in detecting radio- 
active beams by counting the activity deposited on a 
collecting surface at the focus of the apparatus,” a beam 
machine has been constructed to measure the Av and g, 
of the shorter-lived radioactive alkalis with sufficient 
precision to obtain a measure of possible hfs anomalies. 
We have developed a technique for measuring the 
nuclear moment without sacrificing so much intensity 
as to make detection by deposition impractical, as would 
be the case if one attempted the technique of Eisinger, 
where AF=0 transitions are focused by operating the 
deflecting magnets in the intermediate field region. Al- 
though some precision is sacrificed, a usable value of the 
anomaly can be obtained. After checking the technique 
by measurement of these constants on stable Rb® and 
comparing them with results previously published by 
other workers, we have measured the Av and g; of 18.6- 
day Rb**, calculated the Rb**-Rb** hfs anomaly, and 
made a comparison with values predicted by using 
various nuclear models and the Bohr-Weisskopf theory. 


Il. THEORY OF THE EXPERIMENT 


The Hamiltonian of an atom with a J =} electronic 
ground state in an external magnetic field Hp is given by 


<= hal -J—gspoJ Ho— gsuol - Ho, 7) 


*H. H. Stroke, V. Jaccarino, D. S. Edmonds, and R. Weiss, 
Phys. Rev. 105, 590 (1957). 

10 See, for example, W. A. Nierenberg, Ann. Rev. Nuclear Sci. 7 
349 (1957). 
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where 7 is the nuclear spin and a is the hfs splitting 
factor. When H, is zero, the two F levels (F=I+-J) are 
separated by Av. As Hp is increased, the (2F+-1)-fold 
degeneracy of each level is split and the eigenvalues of 
the Hamiltonian in the (F,m,) representation are given 
by the Breit-Rabi equation" 


hAv 


WF mp) = — — gimoll ym x 


hAv 4m p 
+ 1 -— rt+x% 
2 27+1 


2(21-+1) 


where the dimensionless parameter x has the form 
x= (gr—gs) po o/ hAv, (9) 


with the convention that gy for alkalis has a negative 
sign. The positive sign before the square root in Eq. (8) 
refers to the state F= 7+} and the negative sign to the 
state F=7—4. The Breit-Rabi energy level diagram for 
I=2 and a negative g, is shown in Fig. 1. 

A collimated beam of neutral atoms is directed 
through a series of three magnets; the first (A magnet) 
has a field gradient transverse to the beam; the third 
(B magnet) is identical to the first and has its gradient 
in the same direction. The second (C magnet) is a 
homogeneous field containing a “hairpin” capable of 
introducing an oscillating rf field in the beam region. 
While in the inhomogeneous field, the atom experiences 
a transverse force 

F=pernVH, 
where 
Lerp= —OW/0H 


is the effective magnetic moment. In the ‘‘flop-in” 
method used in this experiment, an atom must undergo 
a transition in the C field which changes the sign of py ry 
in order to be refocused at the detector located on the 
beam axis, since the deflection in the third magnet must 
be equal and opposite to that in the first. The deflecting 
fields are operated at several thousand gauss, so that / 
and J are decoupled and only Am,= +1 transitions are 
focusable in our apparatus. The magnetic dipole selec- 
tion rules 


to Ho, 
AF=0, +1, Amry=+1 for = transitions, H,,1 to Ho, 


AF=0, +1, Ampr=0O for o transitions, H,; 


apply to transitions induced by the oscillating rf field. 

Observation of field independent transitions are re- 
quired to obtain the narrow lines necessary for precision 
measurements. In the Zeeman region of hyperfine struc- 
ture there is a transition which is field independent to 
second order with a value very close to Av. For isotopes 
of half odd-integer spin this is a singlet o transition, and 
for those of integer spin it is a doublet x transition. By 
exciting # transitions with a strap hairpin approximately 


1G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931) 
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2 cm long, Av for Rb** can be determined to within a few 
ke. Details of the transition calculation appear in the 
Appendix. 

In the intermediate field region, for isotopes with 
21, the AF=+172 doublet involving the levels 
(F+, FFt22) o (F-, FF-) and (F*, FFt+1) 2 
(F-, =F-+1)," has a separation 2g;yoHo/h, and its 
mean value passes through a minimum so that the 
transitions are insensitive to variations of field in this 
region. The value of the parameter at which this mini- 
mum frequency occurs is a function only of the spin J; 
the frequency at that point is a function only of J and 
Av. Details of these transitions for the two isotopes of 
interest here are given in the Appendix. If these transi- 
tion frequencies can be measured accurately enough, 
both g; and Ay can be obtained and the anomaly calcu- 
lated if these constants are known for the other isotope. 
From Eq. (5) the anomaly is given by 


(Av): 27o+1 £12 
aca 
_(Av)> 2/,+1 gl 


where, by convention,’ isotope 1 is the lighter of the two. 


(10) 


III. APPARATUS 


The atomic-beam apparatus used in the experiment 
has been constructed for the purpose of measuring hfs 
anomalies of radioactive alkalis and is described below. 
The vacuum tank and magnets of a molecular beam 
apparatus built by Bemski'* were used with new lower 
gradient pole faces for the deflecting magnets. 


A. Geometry and Vacuum System 


The deflecting magnets are arranged to detect transi- 
tions by the “‘flop-in’” method, so that a refocused beam 
causes an increase over the background in the detector 
signal. 

The vacuum tank is 782 in. long, 12 in. i.d., and is 
rolled from }-in. stainless steel sheet. Two brass bulk- 
heads separate the tank into three sections: oven, buffer, 
and main chamber, each pumped separately by oil 
diffusion pumps. Operating pressures are 10~* mm Hg in 
the main chamber and 10~* to 10~* mm Hg in the oven 
chamber. O-ring seals are used throughout, both for 
static seals of cover plates and sliding seals for beam flag, 
stop wire, and detector motions. A stop wire is placed on 
the beam axis in the center of the B magnet to prevent 
the very fast undeflected atoms from the tail of the 
Boltzmann distribution from contributing to the de- 
tector background. A collimator slit is placed at the 
center of the C magnet. 

The oven for production of a rubidium beam is made 
from a stainless steel block } in. X1 in. X? in. The beam 


2 Here F* =]+4 and the upper signs are applicable for positive 
g;, the lower ones for negative g7. 

13G. Bemski, Thesis, University of California, 
published). 
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material is placed in a ;’g-in. diam cylindrical cavity in 
the block closed by a press fit cap. Stainless steel slit 
jaws 4 in. thick are screwed to the oven body; a slit 
width of 0.005 in. was found to give satisfactory opera- 
tion and no further channeling was utilized. The oven 
was heated to about 500°C by bombardment of elec- 
trons emitted from a U-shaped tungsten filament of 
0.020-in. diam positioned in the vertical plane } in. in 
front of the slit. Between 10 and 50 watts power is re- 
quired for a usable beam. 

For work with materials of short half-life, it is neces- 
sary to provide a means of placing the oven in position 
inside the vacuum without waiting for the machine to 
be pumped down to its operating condition from 
atmospheric pressure. A vacuum lock arrangement is 
provided which allows an oven to be inserted in a few 
minutes. 


B. Magnets 


The A and B magnets are identical low-impedance 
electromagnets operated at 300 amp from a bank of 
submarine batteries. 

The C magnet is also a low-impedance electromagnet 
having a gap 0.250 in. wide and 153 in. long. By utilizing 
the presence of the stable carrier isotope in the beam, 
the field of this magnet can be stabilized at any desired 
value by electronically locking to the peak of some 
suitable resonance of the carrier isotope. Details of this 
system have been described elsewhere." Field stability 
depends on the linewidth of the resonance used ; typical 
values are +0.02 gauss at 3 gauss and +0.1 gauss at 600 
gauss. 

C. Detectors 


Surface ionization detectors consisting of heated K- 
free tungsten ribbons and an ion collector plate are used 
to detect the stable alkali beam. The radioactive com- 
ponent is detected by allowing the beam to fall on the 
sulfur surface of a brass ‘“‘button” which can be inserted 
and removed through vacuum locks at the focus of the 
machine. The collected activity is then counted on low- 
background NalI(TI) scintillation counters. 

One ionization detector, a 0.010-in. tungsten ribbon 
mounted in the center of the 0.065-in. exit slit, is used 
to detect the resonance used for locking the C field. 
Another, a 0.075-in. ribbon, is placed in one position of 
the rotary button loader which contains two button 
locks and a window in the other 3 positions and is used 
to detect the field calibrating resonance. 

The pattern of the deflected beam in the focal plane 
normal to the beam direction is symmetrical about the 
focus and shows as a single well-defined peak (for J =}3). 
If the width of the undeflected beam is much less than 
the deflection, S,,, of the peak, it can be shown" that 

Sa~45., 
4G, O. Brink and N. Braslau, Rev. Sci. Instr. 30, 670 (1959). 


185N. F. Ramsey, Molecular Beams (Oxford University Press, 
New York, 1956), p. 99 
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Fic. 2. Hairpin for inducing separated oscillatory fields. Section 
\-A is taken along the beam path and indicates the radio-fre 
juency magnetic field lines in the TEM mode 

the deflection of an atom with the most 
2kT m)}, in the oven. For a 
symmetrical apparatus where the A and B fields are 
identical and ope rated at a field H, 


Sa=KH/kT, 


where S, is 


probable Velo ity i: ae 


w! 


ere A is a constant taking into account the geometry 
of the apparatus and the properties of the magnets. The 
intensity of the deflected beam at the peak can be shown 
to be a function only of S, and the total rate of effusion 
from the oven. For small changes in oven temperature 
and magnitude of deflecting fields (as during a run), the 
the deflected peak is a function only 
oven effusion rate and serves as a convenient 


beam intensity at 
of the 
means of monitoring any changes in the beam intensity 
during a run. A third ionization detector, located to one 
side in front of the plane of the exit slit, monitors the 
intensity of the deflected peak and serves to normalize 
the exposed buttons to a constant beam level. The out- 
put of these ionization detectors is read by a Beckman 
or electrometer. 


model 5 vibrating-capacit 


D. Production of the Beam 


The isotope Rb** is obtained from Oak Ridge National 
Laboratory in the form of RbCl in a weak HC] solution, 
in shipments of 300 millicuries with specific activities 
ranging from 300 mC ‘g to 12 000 mC _‘g. Where possible, 
specific reduced to approximately 2000 
mC, g for these runs. The solution was evaporated to 
dryness using hot nitrogen gas, and the RbCl powder 
was pla ed in the oven with freshly filed calcium chips. 
Reduction of the chloride took place at about 10 w of 
electron bombardment power, and a beam level of 2 to 
3x10 


tector plat ed in the exit slit; 


activity was 


© amp of ion current was observed by the de- 
this beam 
maintained throughout the run with a typical load of 


level was 


about 150 mg lasting six hours. 


E. Radio-Frequency System 


Button exposure times of 5-20 min require the rf 
oscillators to have long-time stability of the order of 1 
part in 10°. The heart of the assembled system is a 


Gertsch AM-1 20-40 Mc sec phase locked oscillator and 
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a Gertsch FM-4 500-1000 Mc, sec oscillator locked to a 
harmonic of the output of the AM-1. A 100-kc,/ sec 
standard frequency is provided for the AM-1 and is also 
used to generate the time base for a Hewlett-Packard 
HP524B frequency counter. The 100 kc, sec is furnished 
by a James Knights JKFS 1100 secondary frequency 
standard which has been determined to drift less than 1 
part in 10° per week, by comparison with the labora- 
tory’s National Company Atomicron, a cesium-beam 
primary frequency standard. 

With continuous monitoring by the frequency counter 
of the 1-2 Mc/sec free-running oscillator in the AM-1 
which is mixed with integral megacycle harmonics of the 
100-kc ‘sec input in that instrument, outputs stable to 1 
part in 107 are 
Mc sec are obtained by taking a harmonic of a suitable 
frequency in the range 500-1000 Mc sec. After filtering, 
the signal is amplified by one of a series of traveling- 


obtained. Frequencies above 1000 


wave tube amplifiers and then carried to the hairpin by 
coaxial line. A second set of Gertsch oscillators is pro- 
vided to furnish a frequency-modulated output for 
locking the C magnet. 

For preliminary work and for calibration of the C field 
by observation of some field-dependent line of the stable 
carrier isotope, conventional signal generators, such as 
the Hewlett-Packard 608A and Tektronix 190, are used 
with suitable amplifiers. 

Copper strap hairpins 3-in. wide were used to induce 
the field locking transition, and for observing the AF =0 
flop-in transition and the AF=1 Zeeman lines in both 
the stable and radioactive isotopes. For observation of 
the intermediate field doublet, a hairpin providing in- 
phase separated oscillatory fields was used to induce the 
transition, giving rise to the characteristic 
patterns.'® This hairpin consists of parallel sections of 


Ramsey 


coaxia! line with a transition to an eccentric coaxial line 
in the beam region where each arm is shorted directly 
below the beam path. Figure 2 is a drawing of the 
structure and shows the rf field lines in the TEM mode 
in the beam region. Only the region where the lines are 
parallel to the beam is effective in inducing the 7 
transitions; the oscillating field intensity is not a step 
function along the beam, but approximates a condition 
considered by Ramsey—that of a step function with 
wings,!’? and its effect on the line shape would only 
narrow slightly the pedestal upon which the interference 
pattern sits. This hairpin also excites o transitions be- 
cause of the two out-of-phase patches of rf at the 
entrance and exit.’* The typical out-of-phase Ramsey 
pattern has been seen on a transitions of stable isotopes, 
but is not particularly useful because of its wide line- 
width. Since the transition probability on resonance is 
zero in this case, there is no interference pattern be- 
tween the two hairpins. The length of the arms of this 


- Reference 15, p. 124 


7N. F. Ramsey, Phys. Rev. 109, 822 (1958 
'8§ This effect has also been observed by G 
R W Hellworth, Proc Phys Sor 


and 


K Woodgate 
(69, 588 (1956) 


Londo 
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TABLE I. Results of observations of the field-independent doublet of Rb*®. vg; is the frequency of the AF =0 field-calibrating transition 
of Rb*’. Observed frequencies of the components of the doublet are y+ and v~. The nuclear g factor is calculated using Eq. (20). 


Obser Vx7 Ho v , 
(Mc/sec) M« 


vation Mc/sec) (gauss) 
2611.6514(3) 
2611.6512(3) 
2611.6510(3) 
2611.6514(3) 
2611.6515(3) 


$69.41(8) 
469.65(8 
469.83 (8) 
469.95(8) 
470.2518 


562.18(8) 
562.41(8) 
562.60(8 
562.72(8) 
563.03 (8) 


structure were chosen to a 50-ohm input 
impedance at the connector at 4000 Mc sec; the separa- 
tion of the two oscillatory fields is 2} in., giving a 
linewidth of 3 ke sec on the central interference peak. 
The observed patterns had this width; no shimming of 
the C magnet was required to observe them. 


present 


IV. THE EXPERIMENT 
A. Rubidium-85 


The hfs separation of stable Rb*® was measured by 
Bederson and Jaccarino from the observation of the 
field-independent Zeeman line.'’ The moment 
measured by Yasaitis and Smaller by NMR.” As a 
check of our method, the intermediate field doublet was 
observed over a 1-gauss region in the vicinity where its 
mean value was expected to be a minimum. A typical 
set of resonances is shown in Fig. 3, as observed on the 
button loader ionization detector. Results are shown in 
Table I. For these measurements, the magnetic field 
was locked to the Rb*® (3,3) < (2,2) transition at 
4431 Me sec. 

In order to check for the presence of a possible phase 
shift between the two oscillatory fields (which would 
affect the absolute value of the frequency but not the 
difference between two frequencies), the hairpin was 
reversed with respect to the beam direction and the 
experiments repeated. Within the criterion set for the 
uncertainty of the peak (6 the full width at half 
maximum) no shift was observed ; from the symmetry of 


Was 


the patterns none was expected. 

The values of the constants were obtained by a best fit 
to the transition frequencies obtained from the Breit- 
Rabi equation, using an IBM-704 routine written by 
W. B. Ewbank of this laboratory using the following 
values of the physical constants: 


h=6.62517 (23) K10-** erg sec,”! 


po = 0.92731(2) K10-™ erg gauss, 


g1(Rb) = —2.00238(2).2 


’ B. Bederson and V. Jaccarino, Phys. Rev. 87, 228 (1952) 

* f. Yasaitis and B. Smaller, Phys. Rev. 82, 750 (1951). 

21. R. Cohen, K. M. Crowe, and J. W. M. DuMond The 
Fundamental Constants of Physics (Interscience Publishers, New 
York, 1957). 

2 P. Kusch and H. Taub, Phys. Rev. 75, 1477 (1949). 


2612.1138(3) 
2612.1136(3 
2612.1139(3) 
2612.1142 
2612.1145 


hip TY 


sec) (Mec ‘sec) ; Cc) £1 


0.4624 
0.4624 
0.4629 
0.4628 
0.4630 


2.938(2) X10 
2.937 (2) X10 
2.939(2) 10 
2.938 (2) 10 
2.938 (2) X10 


2611.8826( 
2611.8824 
2611.8824 
2611.8828 | 
26011.8830 


mannan 
AWN 


The results for Rb* are found to be 


Av= 3035.7327(7) M« 


r= 2.938(2) X10 


$1 
to be compared to the previously published values, 
Av= 3035.735(2) Mc/sec,"” 


g, = 2.93704(4) KX 10-4. 


S 


B. Rubidium-86 
1. Experimental Procedure 


For runs with this radioisotope, the following pro- 
cedure was used: when the undeflected beam reached a 
steady value of about 2X10-" amp, a button was ex- 
posed to establish the specific activity of the beam. The 
deflecting fields were turned on and the monitor de- 
tector moved to the peak of the flopped-out beam and a 
that point. The C magnet 
magnet current increased until the 


reading taken at was de- 
gaussed and the C 
locking resonance was focused. The field was locked to 
the peak of this resonance and the calibrating resonance 
observed. The first search frequency was introduced and 
a button exposed. At the end of an exposure, the button 
loader was rotated to the window position, the search 
frequency changed, and the button loader rotated to the 
next exposure position, after which the previously ex- 
posed button could be removed through a vacuum lock 
and a fresh one inserted for the next exposure. After 
several buttons had been exposed, the button loader 








rypical resonances observed on the field-independent 
doublet of Rb*® using separated oscillatory fields. 
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Fic. 4. Arrangement of radiofrequency equipment for measuring 
AF =1 Zeeman transitions in Rb®. 


was rotated to place the ionization detector in the focus 
and the calibrating resonance was again observed to 
check the field lock. At the end of a run the monitor 
detector was read, the deflecting magnets turned off, 
and the undeflected beam level read again as a check of 
the monitor calibration. The exposed buttons were then 
counted, background subtracted, and*correction made 
for beam normalization. Individual button counting 
rates were plotted against their exposure frequency and 
the resonance curve was fitted both by eye and by an 
IBM-650 computer routine written by H. B. Silsbee, 
which fits a bell-shaped curve to the data by the method 
of least squares. 


2. Measurements 


By observation of the F=J+}3, mp=—(I+})< 
— ([—}4) transition at several values of static field in the 
range +-163 gauss, Bellamy and Smith determined that 
T=2, g:=—1.7 nm, and Av=3960+20 Mc/sec.*>:*4 


TABLE II. Results of the measurement of the Rb** hfs separa- 
tion. Runs 33-79 were made in the Zeeman region, where Avy was 
calculated using Eq. (26). The mean frequency » of the inter- 
mediate field doublet was used to calculate Ay, the relationship 
being given by Eq. 23. 


mp=+4 +> mp= +} Zeeman transition) 
v v Rb*’) Av 
Mc/sec) (Mc/sec) (Mc/sec) 


3946.891 (5) 3946.886 (5) 
3946.900 (4) 3946.883 (4) 
3946.893 (4) 3946.882 (4) 
3946.887 (4) 3946.882 (4) 
3946.894 (4) 3946.884 (3) 2-in. 
3946.898 (4) 3946.884(3) 

3946.894(4) 3946.884(3) 


Remarks 
j-in. strap 
<-In. s I 
1}-in. strap 


At 
oN 


© « 


strap 


RWNRKRKNN— 
: ; 


Intermediate-field doublet 

Hairpin v 
position Mc/sec) 
Original run 92 3599.9340 (5 


Average Av 
Mc/sec) (Mc/sec) 
3599.9345(8)  3946.883(1) 


Reversed run 100 3599.9350(5 


%E. H. Bellamy, Nature 168, 556 (1951). 
* E. H. Bellamy and K. F. Smith, Phil. Mag. 44, 33 (1953). 


BRINK, 


AND KHAN 

This transition was then observed by us in fields up to 
630 gauss. At this field the peak of the transition occured 
at 516.640.1 Mc/sec, leading to Av=3948.7+2.0 
Mc/sec. 

It was then feasible to search for AF = 1 transitions in 
a field of 3 gauss. The four-7 transitions were seen, and 
several observations of the field-independent line made, 
with different hairpins at various values of the static 
magnetic field. The rf system for these experiments is 
shown in Fig. 4. The field was locked to the AF=0 
refocusable transition in Rb* and calibration was made 
with the AF=0 transition in Rb*’. The results are given 
in Table II. 

The position of the components of the field-inde- 
pendent doublet could then be predicted to within a few 
linewidths, details of which are given in the Appendix. 
At a field of 591.9 gauss, with the magnet locked to the 
(3,3) <— (2,2) transition in Rb* at 4508 Mc/sec, where 
the AF=0 Rb*® calibrating resonance was at 457.5 
Mc/sec, the search for these lines was made with the 
separated oscillatory field hairpin. The rf block diagram 
for this stage of the experiment is shown in Fig. 5. A 
typical set of Ramsey patterns observed on these lines is 
shown in Fig. 6. The persistent asymmetry of the line 
indicated that there was a phase shift at this frequency 
and, upon reversing the hairpin, it was found that the 
absolute frequency of the lines did shift, but that the 
separation was unchanged and that the separation of the 
doublet in each position was the same as the separation 
of the average value of the two lines in the two positions. 
This is consistent with the assumption that there is a 
phase-shift distortion, probably due to the presence of 
polystyrene supporting beads in the coaxial structure, 
which shifts the peak of the resonance but has the same 
value for the two lines since their separation is small 
compared with the frequency. The actual value of the 
transition frequency can be found from the mean value 
of the transitions in the two hairpin positions. If the 
phase shift was due to a difference in physical length of 
the two arms, it would have been observable on the 
transitions seen in Rb*. 
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Fic. 5. Arrangement of radio-frequency equipment for measuring 
field-independent doublet transitions in Rb**. 
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TABLE III. Results of observations of the field-independent doublet of Rb**. Run 100 was made at the same field as run 92, but with 
the hairpin reversed with respect to the beam direction. 


yt v vt—yp Ho 
Run (Mc/sec) (Mc/sec) (Mc/sec) (gauss) 


91 3600.3148(6) 3599.5536(6) 0.7602(9) 591.86(10) 4.588 (6) X10 

3600.3142(6) 3599.5536(6) 0.7606(9) 591.86(10) ~4.591(6) X10 
92 3600.3143(3) 3599.5537 (3) 0.7606(5) 591.87 (10) 4.503(3) X10 
4. 
4. 


£1 


93 3600.3142 (3) 3599.5537 (3) 0.7605 (5) 591.70(10) 591(3) 10 
1008 3600.3152(3) 3599.5547 (3) 0.7605 (5) 592.02(10) 589(3) 10 


zt r Ho 
(Mc/sec) (Mc/sec) pr—yp (gauss) g1 


92-100" 3600.3147 (5) 3599.5542(5) 0.7605(7) 591.9(2) ~ 4.590(4)X10-* 


* Indicates hairpin in reversed position. The average values above are averages of each transition for the hairpin structure in both positions 


The observations on this doublet are summarized in ’ " at ah Pa 
Table III K,= f i+f- FGdr / f FGdr, 
; ‘ R. 4 


The results are, for Rb** in the 2S, state, , 


R 3 x 
Av= 3946.883(2) Mc/sec, Ki=f |1- “| Gar / f FGadr. 
gi = —4.590(4) X10, ol R 0 


ur=1g;)(M,/M.)=— 1.6856(14) nm, F and G are the Dirac radial wave functions of the 


electron, R is the nuclear radial coordinate, 7 is the 


where the diamagnetic correction to the moment is not ‘ : 2 . 
electron radial coordinate, and ¢ takes into account the 


included, and, using the corresponding values of Rb*, te saat ll Wine: wails Ct ehdiaaiions VE 
‘ ; : angular asymmetry of the spin distribution.‘ It depends 
for the isotopes Rb**-Rb*, 6 - - I I 


a, Avy 2I2+1 os 
te (—~ ) -0.6109562(6), am 


a, Av:\21,41 , 1 com eon 
gn/gt2= 0.63988 (56), ‘ 
giving from Eq. (10) | 
85A 86 — (),17(9)%. 


V. PREDICTION OF THE ANOMALY 


Counts per minute 


background -———— 


A. Theory of the Anomaly 





1 — 


The Bohr-Weisskopf theory considers the nuclear 3599548 550.555 360 3600305 30 
magnetism to be made of a spin and an orbital contribu- Frequency (Mc) 
tion?: the former caused by the distribution of particles 4g. 6. Typical resonances observed on the field-independent 
throughout the nucleus, each of which possesses an doublet of Rb** using separated oscillatory fields. 
intrinsic spin angular momentum and magnetic mo- 
ment; the latter due to circulating currents in the on the particular nuclear model chosen. In particular, 
nucleus caused by the movement of charged nucleons. for the single-particle model, Bohr finds 
Phis finite volume effect is important only for electronic t= (27—1)/4(I+1) for I=1+3, 
s states in which the density of the electronic wave ; 2 
function at the nucleus is large. It is very small for p; f= (21+3)/41 for [=1—}. 
states and negligible for states of higher J. 

The fractional reduction ¢ of the hfs separation for a 
given isotope is® 








The integral above may be evaluated by writing F and 
G as a power series in r/R inside a uniformly charged 
sphere of radius Ry and matching these functions at the 
nuclear radius Ry with the standard solutions for an 
where a, and a; are the respective fractions of the unscreened Coulomb potential.** In their original paper,” 
nuclear magnetism that are due to spin and orbital Behe - pena included hen renal: the 4? 
angular momentum, and K, and K, are the averages of pansion to (R/ Ro)”, approximating the contributions of 


K, and K, over the nuclear radial coordinate, where 26 J. E. Rosenthal and G. Breit, Phys. Rey. 41, 459 (1932). 


«= —(K,a,4 R 1), (11) 
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higher order terms. Their result is 


€ —[(1+0.386)a,+0.62a,; | (R Ro)*) av; (12) 


where 6 is a function of Ry and Z, the nuclear charge, 
and is tabulated in reference 2. Note that the value 
ro=1.5X10-" cm was used in this paper in the expres- 
sion for the nuclear radius, Rop=roA!, instead of the 
more recent value of r»>= 1.2 10-" cm.** 

Eisinger and Jaccarino® have extended this calcula- 
tion to include terms in (R, Ro)*, with the results 


K .= (bs2+5,2')((R Ry)? sv (Osa tbea’)((R Ro)*) av, 1 
(139) 
K 1=bw(R/Ro)?—bu(R/Ro)', 


with the constants 6 tabulated for 10¢Z< 90. 

It is necessary to make some assumptions about the 
particle distribution in the nucleus in order to evaluate 
the averages over the nuclear radial coordinate. As a 
compromise between the value 1 for a surface distribu- 
tion and 3 fora volume distribution, Bohr and Weisskopf 
assumed (R/ Ry)*=0.8. Eisinger and Jaccarino assumed 
a single-particle model in which the odd nucleon moves 
in a spherically symmetric square-well potential. Their 
calculations for these averages are presented in the form 
of graphs in reference 5. 

There remains the problem of determining the frac- 
tional contributions a, and qa;. If the nuclear g factor is 
defined by the equation 


gAi=g.S+g¢.L (14) 


the fractional contributions are given by 


fs \Si—-8 
a,= . ; 
81 \§s— 81) 


81 \81— 8s) 
a\= 1—a,= ° 
gr \£s— 81) 


If the spin and orbital angular momenta can be ex- 
pressed in terms of S and L, respectively, for the par- 
ticular model, a, and a; are known and ¢ can be found. 
From Eq. (6), a value of the anomaly can be calculated 
for two isotopes. 

Since the nucleus is not a point charge, the electro- 
static potential in the neighborhood of the nucleus 
deviates from the pure Coulomb potential. The charge 
distribution for two isotopes generally is different and 
affects the ratio of the hfs interactions. This is known as 
the Breit-Rosenthal effect. Theoretical estimates?’ indi- 
cate that the contribution to A is of the order of 0.01%, 
which is negligible in this work but may in some cases 
exceed the Bohr-Weisskopf effect.?* Stroke has recently 
extended the results of Eisinger and Jaccarino to include 


Nuclear Sci. 5, 25 


27K. W. Ford and D. L. Hill, Ann. Rev 
1955) 

27M. F. Crawford and L 
1949 

78 ¥. Ting and H. Lew, Phys 


Shawlow, Phys. Rev 76, 1310 


Rev. 105, 581 (1957). 
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the effects of the charge distribution which enter into 
the evaluation of the coefficients 6 in Eq. (13), so that 
the Breit-Rosenthal effect can be included in the frame- 
work of the Bohr-Weisskopf theory.® 

The reduced-mass correction to the electron wave 
function is (1+-m/Am)~*, which, for two isotopes of 
different mass, gives an isotope-shift correction to A 
that is important only for the very light elements. 

The presence of neighboring fine-structure levels will, 
in second order, perturb levels of the same F and modify 
the hfs interaction. The effect on P; electrons by the 
closely lying P; level—which has been treated by 
Clendenin®—affects the ratio of the g;’s in the P, state. 
For S; states considered in this work, this effect should 
be negligible; the second-order perturbation effect is of 
the order of (Av)*/6, where 6 is the separation of the s 
state and the next state of even parity. For rubidium 
this is less than 10-*% and is negligible. 

B. Nuclear Models of Odd-Proton 
Odd-Neutron Isotopes 


f. Single-Partic le Model 


The simplest particle description of an odd-odd 
nucleus is to attribute the nuclear properties to the odd 
proton and odd neutron, each in its appropriate shell 
model state,” with the total angular momentum of these 
two particles vector-coupled to give the g factor 


= ba 


I= — ae (16) 
T(I+1) I(T+1) 


7 
? 


where J is the spin of the isotope, f, and 7, the total 
angular momentum of the proton and neutron, re- 
spectively, g, and g, the proton and neutron g factor, 
which are given for either nucleon by 


$°j lj 
j(7+1) 


+ 


eC 
}(j+1) 


where / is the nucleon’s total angular momentum and g, 
and g, are the spin and orbital g factors of the “free” 
nucleon, as follows: 


Proton Neutror 


o; o;=0 


59 - 3.83 


Note that in this section, for computational con- 
venience, magnetic moments are units of 
nuclear magnetons. 

Nordheim pointed out that the ground-state spin of a 
number of odd-odd nuclei could be accounted for on the 
basis of this model, plus empirical rules giving the 
These rules 


given in 


coupling of the odd nucleons can be 


*™W. W. Clendenin, Phys. Rev. 94, 1590 (1954 

3% M. Mayer and J. H. D. Jensen, Elementary Theory of 
Shell Structure (John Wiley & Sons, New York, 1955 

31 LL, W. Nordheim, Phys. Rey. 78, 294 (1950) 





Rb**-Rb&¢6 
justified on the assumption that the intrinsic spins of 
these two odd particles always tend to line up parallel. 
The rules are: 


“strong” rule: 


T=|jp—jnl, if jp=tpt} and j,=I+H, 


“weak” rule: 


io jnl <ISjotijn, if jp=lpt} and je—Ip}. 


Fair agreement with experiment can be obtained for 
magnetic moments by using this model, but although 
the approximate agreement is encouraging, the model is 
not sophisticated enough for one to hope to account for 
the moments of heavier nuclei. It should be pointed out 
that the above equations are equally valid for a proton 
or neutron “hole” in a closed angular momentum shell. 

For nuclei in which the neutron and proton states are 
different, Schwartz suggested that Eq. (16) should still 
be used, but that the g, and g, should represent 
empirical g factors of the odd-A nuclei (Z,.V—1) and 
(Z—1, \) respectively, where Z and V are the proton 
and neutron numbers of the particular odd-odd nucleus.” 
This rule is more successful than using free-particle g 
factors. Unfortunately, these empirical g factors are not 
always known, but Schwartz finds that using those of 
nearby nuclei in the same state gives reasonable 
agreement, 


Collective Model 


Bohr and Mottelson® consider a system of a single 
particle and a distorted core which is assumed to be 
uniformly charged and have a g factor 


gr~Z/A. 


For the case where the total j of the odd particle is 
coupled to this core, 


£1 = gol I (1+1) J+ge[1 (1+1) } 


where {2 is the projection of 7 along the nuclear sym- 
metry axis; for the ground state, 7=. 
Generalizing to two particles, one finds 


go= (1/Q)[2,.go(m)+2pg0(p) |, 


where go(7) and go(p) are the g factors in an ellipsoidal 
potential. Since these are not usually known, g values 
for pure / states are used; agreement with experiment is 
expected to be poor. For nuclei with odd particles close 
to closed shells, such as Rb*, the core is expected to be 
close to spherical and the model is not expected to be 
useful. 

Gallagher and Moszkowski have determined general 
coupling rules analogous to Nordheim rules above, 
making the assumption that the components of the 


© H. M. Schwartz, Phys. Rev. 89, 1293 (1953) 
“A. Bohr and B. R. Mottelson, Kgl. Danske 
Selskab, Mat.-fys. Medd. 27, 16 (1953). 
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TABLE IV. The nuclear moment of Rb** as predicted by various 
nuclear models. The first single-particle (SP) model prediction is 
made using ‘‘free’’ nucleon g factors in Eq. (16). The second uses 
the measured g factors of nearby odd-A nuclei in the same single- 
particle states as the odd proton and odd neutron. 


i gl gf 
g(emp) 


Collec 


t ive 


Collec 
tive** 


Config.** 


pea g (free) mixing 


— 1.686 BAS —1.7 —1.14 —1.0 


-1.56 


neutron and proton spin along the 
axis always couple parallel. 


nuclear symmetry 


3. Configuration Mixing Model 


For odd-A nuclei, attempts to account for the devia- 
tion of the measured magnetic moments from the 
Schmidt limits have required the mixing of different 
nucleon configurations with the odd single-particle con- 
figuration® due to very-short-range internucleon forces. 
This mixing is assumed to be small, but can profoundly 
affect the expectation value of the magnetic-moment 
operator. This theory has been quite successful in pre- 
dicting moments of odd-A nuclei. 

Recently the theory has been extended to include 
odd-odd _ nuclei,*® but the agreement of the calculated 
moments with experiment has not been very satis- 
factory. Predicted values of the nuclear magnetic mo- 
ment of Rb* using these models are given in Table IV. 


C. Application of Models to Bohr- 
Weisskopf Theory 


Two modelsare considered in calculating the anomaly, 
both of which are of the single-particle type. In model 1, 
the difference between the observed g value and the 
Schmidt value is eliminated by a reduction of the spin 
moment of the odd nucleon, which may be considered 
to be caused by exchange currents in the nucleus. In 


model 2, g, instead of g, is modified to give the observed 

7 To give a predicted A for Rb*®-Rb**, each model 
is applied to three stages of the Bohr-Weisskopf theory : 
(a) the original theory as modified by Bohr; (b) the 
extension by Eisinger and Jaccarino; (c) the extension 
by Stroke to include effects of the charge distribution. 


value.’ 


D. Predictions of the Rb*-Rb* hfs Anomaly 


Model 1. For one odd nucleon in a single-particle 
state, the g factor is given by Eq. (17). For Rb® the odd 
proton isina fs state, and one finds, assuming g;(proton) 
=1, g,(neutron)=0, 


g=—(1/7)g.°"+8/7. 


4 C. G. Gallagher and S. A. Moszkowski, Phys. Rev. 111, 1282 
(1958). 
$64 Arima and H. Horie, Progr 
1954). 
36H. Nova, A. Arima, and H 
Kyoto) Suppl. 8, 33 (1958). 
’ F. Bloch, Phys. Rev. 83, 839 


Theoret. Phys. (Kyoto) 12,623 


Horie, Progr. Theoret. Phys 


1951 
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Using the empirical value of g for Rb*® (0.539), one finds 
ge’ =4.22. Thena,= —1/7g,° = —1.114anda;=(1—a,) 
= 2.114. 

For Rb* the g factor is given by Eq. (16). It is 
assumed that the addition of the odd neutron does not 
affect the proton state, so for g, the value g.xp(Rb*) is 
used. With 7,=} and /,=9/2, Eq. (16) gives gy 
=—0(.215, using the experimental g factor of Rb*. 
From Eq. (17) with g;(neutron)=0, one finds g,,°" 
= — 1.94. Using these values in Eq. (16) one obtains 


f= (5/6)gp+ (11/6) (g.n°/9), 


—(5/6)a,(Rb*), a:,>= —(5/6)a.(Rb*), and 
Qsn= (11/6) (1/g) (gsn°'/9), giving values 0.928, — 1.762, 
and 0.466, respectively. 

Model 1I(a). With the fractional contributions ob- 
tained above, ¢ is calculated with Eq. (12) as derived by 
Bohr. For Rb, 6=0.58, and for the fs proton (R/ Ro)? 
~0.8, and ¢=4 5. For the gy. neutron, ¢=4/11, 
(R/ Ro)?~0.9 and the e’s are summed for the two odd 
particles in Rb**. 

Model 1(b). Using Eisinger and Jaccarino’s equations 
for a uniform charge distribution, ¢ is calculated from 
Eq. (11), using K, and K, calculated from Eq. (13). 
From these authors’ tables, for the gg neutron, ®,2 
=0.89 and ®&,4=0.88, for the /f; proton, R.2=0.77, 
®R,-4=0.70, and the 6 coefficients for Z=37 are used. 

Model 1I(c). The 6’s calculated by Stoke for a surface 
charge distribution® are used in Eq. (13). The ®,, are 
the same as for model 1(b). 

Model 2. Instead of obtaining g,°"', 
obtain g(exp) for Rb**. As before, 


and a@sp= 


one modifies g; to 


g=—(1/7)g.4+-(8/7)gi%", 


where gff'=1.117. One finds a,= —1.46 and a;= 2.46. 
For Rb*, 
g= — (5/6)g,+(11/6)g,, 


which yields g,= —0.216. Using Eq. (17) (where now 
the neutron has an “effective” g;), one finds g;,°" 
=0.119; g,, and g,, have their ‘‘free’’ nucleon values 
and gip=gt"(Rb*); then a,p= —(5/6)a,(Rb*), arp 
=—(5/6)a:(Rb™), ain=(11/6)[(8/9)g7,°%/g,], and 
asn= (11/6)[1—(8/9)gin°"/g,) ], which give the values 
1.22, —2.05, —0.905, and 2.72, respectively. 

Model 2(a). The fractional contributions calculated 
for model 2 are used with the parameters given under 
model 1(a), with ¢ calculated using Eq. (12). 

Model 2(b). The parameters of model 1(b) and the 
fractional contributions of model 2 are used with Eqs. 
(11) and (13). 

Model 2(c). The 6 coefficients appropriate to, the sur- 
face charge distribution are used with the fractional 
contributions of model 2. 

Results of calculations from all models are 
summarized in Table V and are compared with the 
expected Rb*-Rb* anomaly. 


these 
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TABLE V. Predictions of the Rb**-Rb** hfs anomaly using a 
single-particle model. Model 1 modifies g, to obtain the observed 
moments; model 2 modifies g: to obtain the observed moments. 
Model (a) uses the original Bohr-Weisskopf theory; model (b) 
uses the formulation of Eisinger and Jaccarino for a uniform charge 
distribution ; model (c) uses the formulation of Stroke for a surface 
charge distribution. 


e(Rb*5) (&%) e(RbS*) (%) 
Experiment 
Model 1 (a) 
Model 1(b) 
Model 1(c) 
Model 2(a) 
Model 2(b) 
Model 2(c) 


—0.331 
—0.293 
—0.219 


0.066 
0.030 
0.037 
0.177 
0.024 
0.102 


VI. CONCLUSION 


Comparison of the experimental value of A with pre- 
dictions of those calculated, using the Bohr-Weisskopf 
theory and a single-particle model of the nucleus with 
the spin or orbital g factor of the odd nucleon modified 
to give the observed nuclear g factor, indicates that the 
modification of g; gives poor agreement with experi- 
ment. However, the vector « oupling model for the odd- 
odd isotope and reduction of the intrinsic spin g, factor 
gives reasonable agreement. At this stage one cannot 
choose between the uniform and surface charge dis- 
tributions. This work, together with previous work, 
indicates that one can at least get order-of-magnitude 
agreement using the existing theory and a reasonably 
simple single-particle model. 

With three sets of anomalies involving three adjacent 
isotopes (potassium-39, -40, and -41, rubidium-85, -86, 
and -87 ; and cesium-133, -134, and -135) now measured, 
it should be worthwhile to attempt to extend the theory 
to include the configuration mixing and collective 
models of odd-odd nuclei. 

The apparatus and technique described for measuring 
the nuclear g factor are not capable of giving the 
ultimate accuracy desired for a measurement of the 
anomaly. A new atomic-beam apparatus under con- 
struction in this laboratory will permit g factors to be 
measured more accurately than with the present ma- 
chine. The measurements made here do indicate that, 
to at least 1 part per million, the Breit-Rabi equation 
accurately represents the energy levels of the hyperfine 
interaction for rubidium atoms in the *S; electronic 
ground state. 
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APPENDIX 


All transitions of interest are of the type AY =+1. 
From Eq. (8) the general equation of a transition 
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r+) 
+1 
4m_ } 
(142 t2)'] an 
27+1 


A. Rb* Transitions (I= 3) 


The doublet of interest for measuring g; has the m 
values of m,=—1, m_=—2, and m,=—2, m_=-—1. 
From Eq. (A.1) the mean frequency of this doublet is 


= SAv[ (1—Fa+a")!+ (1—fa-+27))]. (A.2) 


The components of the doublet are arranged sym- 


metrically above and below 7 and have a separation 


yr—yp “= 2g oll o h. (A.3) 


The value of x for which > is a minimum is found by 
differentiating » with respect to x and setting the 
derivative to zero. We find 


«=[11—2(10)!]/9=0.519 493 84. 


From Eq. (9), this value of x corresponds to a field of 
562.6 gauss. Substituting this value of x in Eq. (A.2), 


b= 4Av[ (0.923 544 623)!+4+ (0.577 215 397)! ] 


=().860 379 61Ap. (A.4) 


When the transitions have been observed, the value of 
gr is obtained by using Eq. (A.3) and Av is obtained by 
using Eq. (A.4) and the minimum observed value of 7. 


B. Rb* Transitions (IJ=2) 


In this case the doublet transition used to maenaure gr 
has the m values m,=3, m_=}, and m, m_=%. 
From Eq. (A.1), 

p=} Ar{[1—(6/5 (A.5) 


Japa? }}+[1—(2/5)x+27]}} 
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so that > is a minimum at 
v= (14—4,/6)/10=0.420 204 103. 
Substituting this value of x into Eq. (A.5), 
p= }Avr[_ (0.672 326 564)!+ (1.008 489 847)! ] 


=().912 095 585Ap. (A.6) 


Again the components are symmetric above and below 
y, with a separation 2g;poll o/h 

For x<1 (Zeeman region) where Av must be de- 
termined before the doublet search is undertaken, the gz 
term in Eq. (A.1) can be neglected, and an expansion 
of the equation to second order in x yields 


-(ms,—m_) 


21+1 


) 
+1 (m+m2)]). (A.7) 
(27+1)? 


The field-independent line of interest for 7=2 is an 
unresolved doublet with the m values m,=+4, 
m_= +}. Substituting these into Eq. (A.7), 


v= Avl1+ (12/25)? ] (A.8) 
To sufficient accuracy, from Eq. (9), 


xo~2.8H/ Ap, 


and the AF=0 flop-in transition in Rb* is used to 
calibrate the field, where its frequency is given by 


2.8Ho 


2(3/2)+1. 


Then substituting this into Eq. (A.8) and solving for Av, 


Av= v—0.00194 (ypp*)? Me/sec. (4.9) 
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Nuclear Orientation of Nd'‘*; 
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Neodymium-147 was aligned and polarized at low temperatures in a neodymium ethylsulfate lattice 
\ saturation correction for susceptibility was verified. The effect of nondiagonal interactions on nuclear 
orientation was illustrated. Spin assignments of $+, 3+, 3+, and $+ were made for the excited states of 
Pm"? at 91, 410, 531, and 686 kev, respectively. Mixing ratios were obtained for six mixed y rays in Pm‘? 
The magnitude of the amplitude mixing ratio 6(/2/M1) was found to be approximately proportional to 
ray energy. Evidence was obtained that the 8 branches with end points at 0.23, 0.38, and 0.81 Mev are 


mostly of the L=0 type 


I. INTRODUCTION 


EODYMIUM-147 and its daughter Pm'” are 

in a mass region where nuclear properties are 
not readily predicted from nuclear models. Considerable 
work has been done on the level scheme of Pm'”, 
and the level sequence of the four most heavily pop- 
ulated excited states has been known for some time.! 
Until recently, however, no spin assignments had been 
made for the highest three of these states. Recent 
angular correlation?* and experiments 
yielded considerable information about the spins of these 
excited states and the multipolarities of several y rays. 


conversion‘ 
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Fic. 1. Normalized angular distribution of three y rays at 0.021 
Normalized theoretical curves are fitted to the data. 


+ This work was performed under the auspices of the U. S 
\tomic Energy Commission 

1G. T. Ewan, M. A. Clark, and J. W. Knowles, unpublished 
data, 1957, quoted in D. Strominger, J. M. Hollander, and G. T. 
Seaborg, Revs. Modern Phys. 30, 585 (1958). 

2 E. Bodenstedt, H Korner, F. Frisius, D 
E. Gerdau, Z. Physik 160, 33 (1960 

3 Atam P. Arya, Bull. Am. Phys. Soc 

‘G. T. Ewan, Atomic Energy of 
River Project (private communication) 


Hovestadt, and 


6, 82 (1961). 
Canada Limited, 


Chalk 


A nuclear orientation experiment has been performed 
to fix these spin assignments, as well as to establish 
independently the multipolarities of six 4 
mixed multipolarity. 


rays of 


Another purpose of this experiment was to check the 
validity of the saturation correction that must be made 
to the susceptibility of neodymium  ethylsulfate, 
measured in a direction perpendicular to the c axis of the 
crystal, in the presence of an external magnetic field 
parallel to this axis, in order to determine the absolute 
temperature. This correction is sometimes important in 


nuclear orientation experiments.°® In order to test it, 
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Fic. 2. Temperature dependence of the angular distribution of 
three 7 rays of Pm"? following the decay of Nd" oriented in 
neodymium ethylsulfate. Intensities are measured along the 
crystal c axis. Data for the 531-key 7 ray include points taken in 
external magnetic fields of 0, 100, 200, and 400 gauss. Data are 
shown with theoretical curves calculated by using Eqs. (1), (2), 
and (3). Curves are normalized to the data at 1/7 =40. 

5C. E. Johnson, J. F. and D. A. Shirley, Phys. Rev. 
120, 2108 (1960) 

6 T). A. Shirley, J. F 
121, 558 (1961). 
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Schooley, and J. O. Rasmussen, Phys. Re 
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TABLE I. Values of several quantities characterizing the decay of Nd‘? oriented in neodymium 
ethylsulfate as determined by this experiment. 


Energy BLU 2F 
level E, at 
(kev) (kev) T =0.025°K 


91 


91 +0.0906+0.005 +0.307+0.025 


319 —().058+0.01 —0.30+0.05 
398 <0) <0 
121 


440 0.24+0.04 
531 —().149+0.006 


—0.78+0.20 
—0.486+0.030 


276 +0.064+0.03 
686 —(0).163+0.003 


+0.21+0.10 
—0.532+0.05 


* Assuming spin 7/2 for the 489-kev level 
Obtained from reference 4. 


one must consider the effects of nondiagonal interactions 
on alignment parameters. This is discussed in some 
detail in Sec. IV. 


Il. EXPERIMENTAL PROCEDURE 


The apparatus and experimental procedure have 
been described elsewhere.° Neodymium ethylsulfate 
was chosen as a lattice because the 7—7* relationship 
is well known,’ and because the spin Hamiltonian for 
neodymium ions in this lattice is known. Polarization 
experiments were performed with the aid of an iron-free 
magnet drawing a current from storage batteries, and 
it was possible to measure the susceptibility of the 
crystal in a polarizing field rather accurately. The heat 
leak into the cryostat was kept low enough so that the 
change in the absolute temperature of the crystal was 
less than 3° during a typical 5-min counting period. 
Only one count was taken per demagnetization, in 
order to minimize the effect of temperature inhomo- 
geneities that develop as a demagnetized crystal warms 
up. 

III. RESULTS 


Gamma rays of energies 91, 276, 319, 398, 440, 531, 
and 686 kev were found to be anisotropic, and the 


angular distributions of these y rays were studied as a 
function of temperature. The functional dependence of 
the angular distribution upon temperature was the 
same for all the y rays investigated, with the individual 
anisotropies related by (+ or —) scale factors. All 
the angular distributions could be described by func- 
tions of the form 1+.x2P2(cos@) in the temperature 
range investigated. 

Angular distributions of several y rays at 0.021°K 
are shown in Fig. 1. The temperature dependence of 
the anisotropy for these y rays, together with measure- 
ments taken in a polarizing field for the 531-kev y ray, 
are shown in Fig. 2. The coefficients of the Ps» term, 


Horst Meyer, Phil Mag. 2, 521 (1957). 


Type of 
B dec ay 
to level 


Spin of 
level 


5 
re 


+0.13+0.02 


~().36+0.02 


+0.82+0.65 
0.95+0.30 


+0.14+0.02 
—().95+0.30 


BLU oF 2, 
derived quantities, for several y rays, 


7T=0.025°K. 


are listed in Table I together with certain 
evaluated at 


IV. DISCUSSION 
A. Alignment Parameters 


The angular distribution of y radiation from oriented 
nuclei is given by the expression’ 


71(0)=14+ Bou 2F2P2(cosé)+---, (1) 


where P: is a Legendre polynomial, U, and F2 are 
specific nuclear parameters, and Bz is the normalized 
second moment of nuclear spin projection along the 
orientation axis. Only the two terms above were 
necessary to fit the present data for all the y rays 
investigated. 

The parameter By varies with temperature and is 
functionally dependent on the  hyperfine-structure 
energy-level spacing. To calculate this level spacing, 
all the terms in the relevant spin Hamiltonian must be 
known. Thus B, does not depend on nuclear properties 
alone, and considerable information is required about 
nonnuclear interactions in order to determine nuclear 
moments from nuclear orientation experiments. Al- 
though a good approximation to the spin Hamiltonian 
relevant to nuclear orientation experiments on a given 
be obtained from 
resonance spin Hamiltonian of a stable isotope of the 


isotope may the paramagnetic- 
same element in a magnetically dilute isomorphous 
crystal, additional terms may be necessary to account 
for quadrupole interaction’ or dipole-dipole interac- 
tions.°°* The former is sometimes not detectable by 
resonance experiments, whereas the latter is usually 
important in concentrated paramagnetic salts. 

If some of the terms in the spin Hamiltonian are not 

R. J. 
edited by S. Fliigge 

»M. W 


121, 538 


Blin-Stoyle and M. A. Grace, in Handbuch der Physik 
Springer-Verlag, Berlin, 1957), 

Levi, R. C. Sapp, and J. W. Culvahouse, Phys. Rev. 
1961 
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Fic. 3. Energy-level diagram showing the effects of several 
terms on the hyperfine splitting of the ground-state electronic 
doublet of Nd"? in neodymium ethylsulfate. [From Eq. (3).] 


diagonal in the (S’S,'//.) representation, it becomes 
necessary to solve secular equations to determine the 
energy levels and to diagonalize the representation in 
energy with the new base vectors, expanded in terms 
of those of the (S’S.’7/,) representation, in order to 
calculate the orientation parameters. Consider, for 
example, an n-fold representation with energy levels 
E(1< ign) whose base vectors 7) may be expanded 
in terms of the base vectors j) of the (S’S,’/1.) 
representation, thus: =a,; j). Then the expression 


for the orientation parameters’ becomes 


“JIM ;—M; 0 
x(-1)—%. (2) 


Be= (274135, Wi) E; a 


In the Gorter-Rose method of nuclear polarization": 
the appropriate spin Hamiltonian is partially diagonal- 
ized in the (S’S,'7/.) representation by application of 
a magnetic field H,, which reduces the influence of the 
off-diagonal terms on the energy level spacing. It 
should be remembered, however, that J, is not a good 
quantum number in applied fields of several hundred 
gauss, and the effect of off-diagonal terms must be 
taken into account in the interpretation of nuclear 
orientation data. 
For this experiment the spin Hamiltonian is 


KH=g, 8HS,4 AS,1,+ B(SA2+S,1,)+CS.T;. (3) 


The corresponding energy-level diagram is shown in 
Fig. 3. Following Elliott and Stevens,'* the quadrupole 
interaction term estimated and found to be 
negligible. The values of A and B were obtained by 
comparison of paramagnetic-resonance data for Nd'” 
in lanthanum magnesium nitrate'* with data for Nd'* 


Was 


 T. P. Gray and G. R. Satchler, Proc. Phys. Soc. 
A68, 349 (1955) 

1 C. J. Gorter, Physica 14, 504 (1948). 

2M. E. Rose, Phys. Rev. 75, 213 (1949). 

4 R. J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London) 
A218, 553 (1953). 

4 R. W. Kedzie, M. 
108, 54 (1957) 


(London) 


Abraham, and C. D. Jeffries, Phys. Rev 
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in lanthanum magnesium nitrate and in lanthanum 
ethylsulfate.!® This yields A =0.0289+0.0001 cm™ and 
B=0.01512+0.00005 cm~.'* The last term in 5 takes 
account of dipole-dipole interactions between the Nd'*” 
ion and its two nearest-neighbor neodymium ions in 
the lattice. The total spin operator for these two 
neighbors is denoted by 7, and 7, can have any of the 
values 1, 0, or —1. At high temperatures the relative 
populations of these three values approach 1:2:1. 
At lower temperatures and in a magnetic field, the 
relative populations must be weighted with the appro- 
priate Boltzmann factors. The value of C is not adjust- 
able, but is calculated from crystallographic'® and 
resonance'® data. For this experiment C=0.056+0.001 
cm. The effects of next-nearest, etc., neighbors on 
the alignment parameters can easily be shown to be 
negligible.'” This interaction was observed 
paramagnetic-resonance experiments.'5 

When the magnetic susceptibility perpendicular to 
the c axis, X,, is measured in the presence of an external 
field H along the ¢ axis in order to determine the 
temperature in a nuclear polarization experiment, a 
saturation correction to X, must be made. For S’=}$ 
this correction takes the form® 


in early 


X,7/X,°=tanh(g,,38H/2kT)/ (gi 8H 2kT). (4) 


This correction has been necessary in several investiga- 
tions performed in this laboratory.** It usually amounts 
to about 10% for moderate polarizing fields, and must 
be known accurately in nuclear moment determinations. 
In order to check the validity of Eq. (4) and to illustrate 
the variation of B, with external field in the presence 
of nondiagonal interactions, y-ray anisotropies were 
measured in the presence of polarizing fields of 100, 200, 
and 400 gauss along the c axis. The results, along with 
theoretical curves calculated from Eqs. (1) through 
(3), normalized empirically for the nuclear parameters 
UF, are shown in Fig. 2. We conclude that Eq. (4) 
holds very well under these conditions 


B. Energy Levels in Pm'*’ 


In addition to determining nuclear moments of the 
parent nucleus, the techniques of nuclear orientation 
may also be used to study the character of the 8 decay 
or to measure spins of excited states and determine 
multipolarities of y rays in the daughter. In experiments 
involving y-ray anisotropies, the quantity B,l A; is 
measured directly and comparison with calculated 


16 B. Bleaney, H. E. D. Scovil, and R. S. Trenam, Proc. Roy. 
Soc. (London) A233, 15 (1954). 

‘6 J. A. A. Ketelaar, Physica 4, 619 (1937). 

‘7 This proof shows essentially that these neighbors smear out 
the distribution of, rather than substantially augment, the local 
field due to dipole-dipole interactions. This can be shown through 
reference 18, J. H. Van Vleck, Phys. Rev. 74, 1168 (1948), and 


M. H. L. Pryce and K. W. H. Stevens, Proc. Roy. Soc. (London) 
A63, 36 (1950). 
18 B. Bleaney, R. J. Elliott, and H. E. D. 


Soc. (London) A64, 933 (1951) 


Phys. 


Scovil, Proc 
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values of B,, for example, yields the product U;,F, for 
each y ray. If the initial and final spins and multi- 
polarity of the observed y transition are known, F, 
may be calculated and compared with the experimental 
value of U’,.F, to obtain U;, a reorientation parameter 
dependent on the angular momenta involved in the 
preceding unobserved transitions. Conversely, if U, 
can be calculated, comparison with experiment yields 
I’, for the observed y ray. This F; function is a valuable 
parameter and cannot be obtained directly from angular 
correlation experiments alone, which measure only 
products of F;’s. 

In this experiment we have obtained UF: products 
for several y rays. Combining these with previous 
nuclear orientation data'® angular correlation data,?* 
and conversion data'* we have made spin assignments 
to the excited states of Pm’? at 91, 410, 531, and 686 
kev. Using the conversion data as a guide, we have 
assigned accurate M1-/£2 mixing ratios to several y 
rays. We also obtained evidence that three of the 3 
transitions are mostly of the type /=0. In the following 
detailed discussion, frequent reference will be made to 
the Fy parameters and the mixing ratios 6(£2/M1) for 
individual y rays. It should be noted that a given 
mixed y ray will in general have two values of 6(£2/ M1) 
differing only in sign,”’*' and fwo values of F2. One set 
of values of F2 and 6 is associated with the y ray when 
it is first in a cascade and one when it is last. To dis- 
tinguish these two sets of values we shall add the 
superscript “F” or “ZL”, for “first” or “last” in a 
cascade, to the symbol in question. This notation is 
applicable to multiple cascades in which the first and 
last transitions have the same values of F». as if there 
were no intermediate transitions, with the latter 
serving only to attenuate the correlation through l, 
factors.” In nuclear orientation experiments, the axis 
of quantization is determined by crystal axes rather than 
by the direction of propagation of preceding radiations, 
and F,” and 6” may be determined separately for each 
y ray. In the following discussion, the product UF». 
was obtained for each y ray by dividing the value of 
BUF, evaluated at T=0.025°K (Table I) by the 
value B,(7=0.025)=0.277, calculated from Eqs. (2) 
and (3). 


91-kev Level 


The evidence in favor of a spin and parity assignment 
$+ to this level is overwhelming. The log ft of 7.4 for 
8 decay from the $— ground state of Nd” indicates a 


first-forbidden transition with AJ=0 or 1. The pre- 


'®G. R. Bishop, M. A. Grace, C. E. Johnson, H. R. Lemmer 
and J. Perez y Jorba, Phil. Mag. 2, 534 (1957). 

* T. Lindqvist and E. Heer (note added in proof, quoting 
communication from M. A. Grace) Nuclear Phys. 2, 686 (1957) 

21 Shimon Ofer, Phys. Rev. 114, 870 (1959). 

2S. Devons and L. J. B. Goldfarb, Handbuch der Physik 
Springer-Verlag, Berlin, 1957), Vol. 42, p. 362. 

*3L. C. Biedenharn, G. B. Arfken, and M. E. Rose, Phys. Rev. 
$3, 586 (1951). 
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TABLE IT. Parameters F2” and 6” for the 319-kev y ray of Pm'”’ 
with various spins assumed for the 410-kev level. 


Spin of 410-kev level 3 $+ 3+ 

F” (319) from 
319-91 angular 
correlation 

F," (319) from 
nuclear alignment 

6/(319) from 
319-91 angular 
correlation 


—0.24+0.02 —0.55+0.03 —0.33+0.07 


—0.30+0.05 —0.35+0.06 —0.26+0.04 


—0.36+0.02 +0.1340.03 +0.37+0.05 


©. k2 from 


correlation data 11.54+1.1 1.8+0.8 12.242.8 


dominantly M1 multipolarity of the 91-kev transition 
to the $+ ground state of Pm"’ leaves only the assign- 
ments $+ and $+ as possibilities, and our value of 
F,£(91) = +0.307+0.0235 is in good accord with the $+ 
assignment if this transition is 1.2 to 2.1% E2. In 
particular, an excited-state spin assignment of $+ is 
absolutely excluded by this measurement for an £2 
admixture of 48% or less. Reinterpretation of the 
Oxford directional and polarization anisotropy data’® 
vields essentially the same results. The g factor of 
+1.42+0.20 recently obtained by Bodenstedt ef al? 
for this state would independently exclude a shell- 
model $+ state. A recent experiment by Arya led to 
an assignment of 3+ for the 91-kev state, but the analy- 
sis yielded mixing ratios for the 91- and 319-kev y ray 
in disagreement with other work. 

Our F. and 6 above were based on the assumption 
that the 8-decay branch to the 91-kev level is mostly 
of the type L=0, with no net angular momentum 
carried off by the electron-antineutrino pair. For L=1, 
we obtain F,4(91)=+0.45+0.04, requiring that the 
transition be 5+1% £2. But this is in serious disagree- 
ment with the conversion coefficients.'* Thus our 
results indicate that this 8 transition has L=0. 


410-kev Level 


In three angular correlation measurements on the 
319-91-kev cascade in Pm"’, Lindqvist, Bodenstedt 
et al.,2 and Arya® obtained, respectively, values of 
—(.097+0.007, —0.087+0.008, and —0.1030+0.0298 
for the A» coefficient, and +0.023+0.018, —0.001 
+0.003, and +0.0107+0.0099 for the A, coefficient. 
Because the predominantly M1 multipolarity'* of 
the two y rays disagrees with the two larger A, values, 
we shall use the results of Bodenstedt ef al. in our 
analysis. Combining our F,“(91) with A»=—0.087 
+(0).008, we obtain F.*(319)=—0.290+0.036. Here, 
as in the rest of our discussion, the error given for 
derived quantities is the standard deviation. In Table II 
are listed the values of F2"(319) and 4s:9% obtained by 
combining this value of F»* (319) with each of the 


*'T, Lindqvist and E. Karlsson, Arkiv Fysik 12, 519 (1957). 
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possible spins 3, 3, and 3 for the 410-kev state. We 
conclude that the 3+ assignment is ruled out, while the 
$+ and $+ assignments are equally acceptable thus far. 


531-kev Level 


From the 3 decay and multipolarities of the 276-kev 
and 531-kev ¥ 
r 3 5 
ol 37 


0380 


rays, only spin and parity assignments 
-, $+ 3+ are possible for the levels at 531 and 
kev. This experiment absolutely excludes the 
3+ possibility for either of these levels. If either level 
had spin and parity 3+, the direct transition to the 
ground state would be pure “2 and would have F,' 
—().143. The experimental Ff,” values in Table I are 
nearly four Thus only assignments of 
+ assignment for the 531-kev 
state may be established in two completely independent 
The first involves comparison of the Oxford 
polarization data on the 531-kev y ray with conversion 
data.'* A predominantly 1 y ray is consistent with a 
large negative polarization only if the spin of the 531-kev 
state is s+. The second method involves comparison 
of A.(4H40-91)=+0.065+0.010 with our F,.4(91 
+0.307+0.025 to obtain Fo? (440 +().212+0.037. 
The assignments 3+ and $+ for the 531-kev level then 
vield F,“(440)= —0.71+0.01 and +0.41+0.05, respec- 
tively. Our experimental value of F2“(440)=—0.78 
+0).20 leaves only the 3+ assignment. Using this, we 
tind F2“(531)= —0.486+0.030 for L=0 8 dec ay to this 
state, and F.,4(531 —().74+0.04 for L=1. The 
lowest possible value of F,! for the sequence $(D,O 5 
is —0.48, that the 6 transition is 
predominantly of the L=0 type. Values of 6” for 
for the 531- and 440-kev y rays derived from this ex- 
periment are given in Table I. 


, or 


times this large. 
5 


$4 and 3+ are left. The § 


ways. 


and we con lude 


686-kex Le vel 


As discussed above, only spin and parity assignments 
of 3 3+ are possible for this level. Both Boden- 
stedt ef al.2 and Arya 
correlation of the 319-kev 


_— and 
have measured the angular 
276-kev cascade, and their 
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ic. 4. Relative decrease 
in counting rate along the 
crystal axis in the 276-kev 
region of the energy spec 
trum obtained from decay 
of Nd'*?. Ordinate is ratio 
of the isotropic counting 
rate to the counting rate at 
7=0021°K 
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Fic. 5. Decay scheme of Nd'*’, including spin assignments for the 


energy levels in Pm’ as determined by this experiment 


values for A» of +0.0117+0.0025 and +0.0710+0.0162, 
respectively, are in very poor agreement. Only the 
former result agrees with our experiment, and this 
agrees only for the sequence 3+(D,V)}+ for the 
276-kev transition. A value of F.“(276)=+0.21+40.10 
was obtained from this experiment, in fair agreement 
with F2“(276)=+0.14+0.02 obtained by comparison 
of Ao=+0.0117+0.0025 with F.“(319)= —0.30+0.05 
to yield do74“= +0.14+0.02. All other combinations of 
spins give F,“(276) <0. 

In view of the poor agreement of the angular correla- 
measurements, it difficult to 
confidence in the spin assignments for the states at 
410 kev and 686 kev as in the other two excited-state 


tion is have as much 


spin assignments. The really crucial datum on which 


the respective assignments of 3+ 


and $+ depend, 
however, is the sign of F.”(276) in our experiment. Our 
least accurate data were those obtained on this y ray. 
We have plotted the ratio of warm to cold counting 
rates along the crystal axis in the 276-kev region in 
Fig. 4. 79 
for this peak, and the background is anisotropic, with 
(1./Tw)okg. <1. The dip at 276 implies that (/.//)oz 


for this peak is considerably yvreater than for the 


The peak-to-background ratio is about 


background radiation. A quantitative evaluation yields 
(/. I ~)ere> 1, which requires F.4(276)>1. We 
that the next best possible assignments are 3+ for the 
686-kev state and $+ for the 410-kev state 


note 


Thus an 
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accurate determination of the multipolarity of the 
410-kev transition to the ground state would be 
especially valuable. In fact, the very low intensity of 
this transition provides indirect evidence against any 
spin other than $+ for the 410-kev state, inasmuch as 
the probabilities for £2 transitions are somewhat less 
than those for M1 transitions for several other y rays 
in Pm'’, The decay scheme that fits all the foregoing 
data is shown in Fig. 5. 

Promethium-147 is very near the region 150<.4 < 190, 
where nuclear properties may be described by the 


collective model.*® The partial £2 transition probability 


is of interest in this connection, as the deviation of this 
parameter from the single-particle value should provide 
which collective 


behavior may be expected. In Fig. 6 we have plotted the 


a rough measure of the extent to 
comparative lifetimes for /:2 transitions in this region 
against neutron number, in the manner of Goldhaber 
and Sunyer.*® By combining the £2, M1 mixing ratio of 
the 91-kev y ray determined in this experiment with 
the lifetime of the 91-kev state of Pm!'’,? the partial 
f:2 transition probability for this transition may be 
obtained. The position of this point on the curve, (a) 
suggests that Pm!’ is fairly well up out of the collective 
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'iG. 6. Comparative £2 lifetimes plotted vs neutron number for 
several isotopes. The symbol ( denotes a mixed gamma transi 
tion. Points are calculated from-data obtained by a search of the 
literature to February 1961. 


26 B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab 
Selskab, Mat.-fys. Skrifter 1, No. 8 (1959) 

26M. Goldhaber and A. W. Sunyar, in Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (North Holland Publishing 
Company, Amsterdam, 1955), Chap. 16 
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Fic. 7. Absolute magnitude of the mixing ratio, 6(/2/4/1), 


for several y rays of Pm" 


region, and (b) provides further evidence that the onset 
of collective behavior is rather sharp at 4 ~ 150, whereas 
this behavior changes more slowly with neutron number 
near the higher end of this region, for 4 ~ 190.*6 

An unusual correlation, which is available here, is 
illustrated in Fig. 7, where we have plotted 6(/:2/M1) 
energy for rays. From Moszkowski’s 
table?’ we find the ratio of £2 to M1 transition prob- 
abilities on a single-particle model is given by 


against SIX 4 


T (E2)/T(M1)=5.7X10-A'EY?S p2/ Sm. 


Using the definition of 6, one obtains, for 4 = 147, 


6! (Sin /Sg¢2)'=0.066F 

The statistical factors have been omitted in Fig. 7 
because they cannot be calculated without a knowledge 
of the orbital angular momentum of each single-particle 
state. For at least one set of / assignments the linearity 
of the plot is made worse by inclusion of the statistical 
factors. With this qualification, we observe that Fig. 7 
is in fair agreement with the form of Eq. (5) for most 
of the transitions, but with a slope of 1.4, rather than 
0.066 (Mev)-'. Thus the M1 transition probabilities 
are hindered by a factor of about 450 relative to the £2 
transition probabilities in Pm'*? 


27'S. A. Moszkowski, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (North Holland Publishing Company, 
(Amsterdam, 1955), Chap. 13 
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The 8 decay in this system is not easily understood 
and gives evidence of an unfamiliar selection rule. Our 
experiment suggests that the L=1 components of 
first-forbidden 8 decay to the five levels in question are 
retarded or absent. This in turn may explain the 
absence of 8 decay to the }+ ground state, the possible 
absence of decay to the 410-kev spin $+ state, and the 
L=0 character of the 8 branches to the other three 
states. These L=0 assignments are obtained indirectly 
and we cannot place very much confidence in them. A 
different experiment to check this point would be very 
desirable. Among such experiments are (a) direct 
measurement of the §-particle anisotropy, and (b) 
measurement of the y-ray anisotropies at a temperature 
low enough to produce saturation of the alignment. 
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APPENDIX 


After this paper had been written we received a 
communication from G. T. Ewan ef al.2* They had 
made spin and parity assignments for the excited states 
of Pm'’ identical to ours, except that they had not 
eliminated the 3+ possibility for the 686-kev state. 
Their multipolarity assignments for the mixed y rays 
were in good agreement with ours. Such agreement 
between independent measurements is very encouraging, 
and we conclude that these experimental aspects of the 
decay of Nd'” are well understood. A theoretical 
explanation of the 8 decay would be very interesting. 


28G. T. Ewan, R. L. Graham, and J..S. Geiger, Bull. Am. 
Phys. Soc. 6, 238 (1961). 
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Elastic scattering of protons from Cu® and Cu® has been observed for several energies in the range 7 to 
12 Mev. When plotted as the ratio-to-Rutherford, the isotopic differential cross sections exhibit a shift 
which is two to three times larger than would be expected if the nuclear radius were governed by the A! law 

Inelastic scattering and (p,«) cross sections were measured to contribute to our knowledge of the reaction 
cross sections and to an unambiguous optical-model analysis. 


I. INTRODUCTION 


HE optical model has been remarkably success- 
ful'~” in describing, quantitatively, cross sections 
for the interaction of protons with a wide range of 
nuclei over a large spectrum of energies. This success 
has prompted workers in the field to perform experi- 
ments designed to test more severely some of the broad 


conclusions of the model. As a result, there were 

+ This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

'R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 

*M. A. Melkanoff, S. A. Moszkowski, J. S. Nodvik, and D. S. 
Saxon, Phys. Rev. 101, 507 (1956). 

* F. Bjorklund, S. Fernbach, and N. Sherman, Phys. Rev. 101, 
1832 (1956). 

*M. A. Melkanoff, J. S. Nodvik, D. S. Saxon, and R. D. 
Woods, Phys. Rev. 106, 793 (1957). 

5A. E. Glassgold, W. B. Cheston, M. L. Stein, S. B. Schuldt, 
and G. W. Erickson, Phys. Rev. 106, 1207 (1957). 

.. A. E. Glassgold and P. J. Kellogg, Phys. Rev. 107, 1372 
(1957). 

7F. Bjorklund and S. Fernbach, Proceedings of Second United 
Nations International Conference on the Peaceful Uses of Atomic 
we ts Geneva, 1958 (United Nations, Geneva, 1958), Vol. 14, 
p. 24. 

*R. Beurtey, Guillou, and J. Raynal, J. phys. radium 21, 402 
1960). 

*V. Meyer and N. M. Hintz, Phys. Rev. Letters 5, 207 (1960) 

R. D. Albert and L. F. Hansen, Phys. Rev. Letters 6, 13 
1961). 


discovered large differences''~"* in the differential cross 
sections of neighboring nuclei which were puzzling in 
the light of optical-model predictions for changes much 
more gradual with A. These differences were most 
clearly revealed at back angles where the elastic- 
scattering cross sections for even-Z nuclei were found 
to be generally larger than for odd-Z nuclei. It was also 
found that whereas the angular distributions for odd 
nuclei could be well reproduced with optical-model 
calculations, those for neighboring even-Z nuclei gave 
considerable trouble if they yielded to analysis at all. 
The interesting suggestion was put forth that these 
differences could be understood in terms of a compound 
elastic contribution which was smaller in the case of 
odd-Z nuclei because of competition from the greater 
number of exit channels. This is because the (p,m) 
threshold is generally considerably lower in odd-Z 


"D—D. A. Bromley and N. S. Wall, Phys. Rev. 107, 1560 (1956). 

2 A. P. Klyucharev, L. I. Bolotin, and V. A. Lutsik, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 30, 573 (1956) [translation: Soviet 
Phys.—JETP 3, 463 (1956) ]. 

8 W. F. Waldorf and N. S. Wall, Phys. Rev. 107, 1602 (1957). 

4M. Kondo, T. Yamazaki, A. Toi, R. Nakasima, and S. 
Yamabe, J. Phys. Soc. Japan 13, 231 (1958). 

‘8M. K. Brussel and J. H. Williams, Phys. Rev. 114, 525 (1959) 

16 C, A. Prescott and W. P. Alford, Phys. Rev. 115, 389 (1959). 
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nuclei, and inelastic scattering is expected to be more 
probable because of the greater density of final states. 

Data from isotopes are not expected to be so strongly 
subject to these considerations. In spite of this, recent 
observations'*~*4 from isotopes reveal differences perti- 
nent to the development of the optical model. It was 
to contribute to these observations that our study of 
the copper isotopes was undertaken. 


Il. EXPERIMENTAL GEOMETRY 


Figure 1 is a schematic diagram of the beam geome- 
try. After emerging from the cyclotron, the beam is 
focused at the quadrupole lens Q;. At M, it is deflected 
through an angle of about 25° into a second quadrupole 
lens Qo. The magnet Mz provides a small amount of 
steering or translation of the beam into S$), an adjustable 
four-jaw collimator where preliminary collimation takes 
place. Final collimation of the beam to a diameter of 
} in. occurs in the set of collimators and antiscattering 
diaphragms S» just ahead of the scattering chamber. 

The scattering chamber is 40 in. in diameter. At its 
center is an eight-position target holder which is remote 
controllable. On a rotatable table within the chamber 
are mounted radial tracks on which detectors may be 
quickly and accurately mounted. Table motion is 
remote ¢ontrolled and the table position readout, at a 
digital voltmeter in the control room, is precise to 
+0.10°. 

After traversing the scattering chamber, the unscat- 
tered beam is collected in the Faraday cup F. The 
diameter of the Faraday cup is 3 in. Its size and 
position were selected so that the solid angle it subtends 
at the target is sufficiently large that none of the beam 
multiply scattered in the target is lost. Suppression of 
secondary electrons produced in the Faraday cup by 
the incident beam is accomplished by means of a 
negatively charged grid placed just ahead of the cup. 
Bias curves, run by observing the number of particles 
scattered into a detector per unit charge collected by 
the Faraday cup, indicate that a plateau is achieved 
for bias voltages larger than —20 v. Subsequent 
experiments were conducted with a bias voltage of 


'7R. Beurtey, P. Catillon, R. Chaminade, H. Faraggi, A. 
Papineau, and J. Thirion, Nuclear Phys. 13, 397 (1959). 

'SR. A. Vanetsian, A. P. Klyucharev, and E. D. Fedchenko, 
Atomnaya Energ. 6, 661 (1959). 

9S. Kobayashi, K. Matsuda, Y. Nagahara, Y. Oda, and N. 
Yamamuro, J. Phys. Soc. Japan 16, 1151 (1960). 

20 N. Ya Rutkevich, V. Ya Golovnya, A. K. Val’ter, and A. P. 
Klyucharev, Doklady Akad. Nauk S. S. S. R. 130, 1008 (1960) 
[translation: Soviet Phys.—Doklady 5, 118 (1960) ]. 

#1 A. P. Klyucharev and N. Ya Rutkevich, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 38, 285 (1960) [translation: Soviet Phys. 
JETP 11, 207 (1960) }. 

2 A. K. Valter, I. I. Zalyubrovskii, A. P. Klyucharev, M. V. 
Pasechnik, N. N. Pucherov, and V. I. Chirko, Zhur. Eksptl. i 
Teoret. Fiz. 38, 1419 (1960). 

3 P. C. Gugelot, Proceedings of the International Conference on 
Nuclear Structure, Kingston, edited by D. A. Bromley and E. W. 
Vogt (University of Toronto Press, Toronto, 1960), p. 715. 

*C. B. Fulmer (private communication, to be published). 
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Fic. 1. Schematic dia 
gram of cyclotron beam 
geometry. 





—50 v. The charge collected in the Faraday cup was 
measured with a precision of 1%. 


III. ENERGY MEASUREMENT AND CONTROL 


Beside the entrance hole to S. and separated from it 
by 0.030 in. is another hole. The beam entering this 
hole is scattered 90° through a variable absorber into 
a double proportional counter. An anticoincidence 
arrangement permits us to make a range measurement 
of the incident beam. We feel that we can measure the 
beam energy with a precision about equal to that of 
the range-energy data, say +1%. 

Back of the proportional counter is a NaI(TI) crystal 
and photomultiplier tube. After the range has been 
measured, only enough absorber is left in to allow about 
1 Mev to be deposited in the crystal. Pulses from the 
photomultiplier tube are fed into our “continuous 
energy monitor’’—a device which measures the average 
height of input pulses and yields a continuously visible 
meter reading. Sensitivity checks show that in the 
course of our runs it was possible to keep the incident 
energy constant to +0.15%. 


IV. DETECTOR 


The detector consists of a NaI(T1) crystal and photo- 
multiplier tube preceded by a gas proportional counter 
with offset center wire. Signals from the gas counter 
(proportional to dE/dX) and from the NalI(TI) crystal 
(proportional to the energy £) are fed into the two 
sides of a pulse multiplier network. Then since dE/dX 
is approximately proportional to MZ*/E, the output 
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from this network will identify the detected particle as 
a proton, deuteron, a particle, etc. Electronic corrections 
are made to the signals to take account of the facts 
that dE dX is not strictly proportional to 1/E and that 
not all the particle energy is deposited in the crystal. 
For diagnostic purposes, an oscilloscope display was 
devised showing the output of the multiplier circuit on 
the vertical sweep versus the particle energy on the 
horizontal sweep. With this display it was possible to 
quickly and accurately adjust the circuit parameters 
for optimum particle discrimination. 


V. TARGETS 

Self-supporting foils of the two isotopes were prepared 
at this laboratory by a vacuum deposition technique. 
The average thickness of each foil was determined by 
first measuring the area with a traveling microscope, 
then carefully weighing the foil on a microbalance. 
With Verni-Ray,”> an instrument designed for measur- 
ing the uniformity of thin foils, there were found no 
variations larger than 4% of the average thickness in 
the region intercepted by the beam. The mean variation 
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Fic. 2. Typical spectra of scattered particles from proton 
reactions on Cu‘ - 2 p= 8.80 Mev a) For Cu® pp’), where 
8@=120°. (b) For Cu®(p,a), where 6=90.8°. 


25 J. Benveniste, R. Booth, A. Mitchell, C. D. Schrader, and 
J. Zenger, University of California Radiation Laboratory Report 
UCRL-6049, 1960 
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TABLE I. Proton reaction cross sections, in mb 


Cus 
a(p.a) 


Cus 
FE, (Mev) o(p.p’) a(p,a) o(p,q) 
5.19 732 49 + 
6.20 215425 35+3 50 +25 56+ 37+10 932: 
7.34 2422 68 + 

‘ a 
8.80 303+20 6144 . +2 £15 t3 138+ 
9.85° + 1 
10.20 340 +20 406 +2 50 + 2+ 1 
11.03 394 +20 46442 57 344 1 
12.3 486 


55 
72 
913 
19 


* A value of ¢(~.¢) =266 mb for 7.5-Mev protons o rmal Cu has been 
reported by B. W. Shore, N. S. Wall, and W. Jr., Bull. Am 
Phys. Soc. 5, 424 (1960). 


was found to be considerably smaller than this so that 
no correction from the average thickness measurement 
was necessary. 

Isotopic purity of the target material was checked 
twice, first in its original form by Oak Ridge National 
Laboratory, the supplier, then again after fabrication 
by M. C. Michel of our Berkeley laboratory. The 
results, appearing below, are in excellent agreement: 


ORNL Berkeley 


“os “ué 99.40' 99.55°% 
“us 0.60° 0.45°, 

“65” “u® 98.16° 97.89, 
; 1.84°, 2.2% 


VI. EXPERIMENTAL PROCEDURE 
_ These experiments were performed with the aid of 
‘“Scatterbrain,” a control system which conducts most 
of the necessary routine operations. Scatter- 
brain will select a scattering angle according to initial 
instructions, move the detector to the selected angle, 
reset the scalers, clock, beam-current integrator, and 
multichannel analyzer, start the accumulation of data, 
and continue the run until a preset charge setting has 
been reached. All the data pertinent to the run may 
then be read out on printed tape and, or punched paper 
tape. Upon completion of the cycle, a new angle is 
automatically selected and the cycle is repeated. 
Successive observations were customarily made in 30° 
steps. The first sweep was begun at 30°, the second 
sweep, at 20°. After a third sweep, begun at 40°, data 
were available every 10° in the interval from 20° to 
170°. Further sweeps were made when finer observations 
were desired. That 
studied in at least three sweeps meant that any instru- 


mental drifts would have been readily revealed. The 


Briefly, 


the entire angular interval was 


two copper isotopes were mounted in adjacent slots of 
the target changer and observations on the two were 


made successively at each angle setting. 


VII. RESULTS AND CONCLUSIONS 


With our particle identifier it was possible to measure 
(p,p’) and (pw) cross sections separately just by 
selecting the proper gate for the multichannel analyzer. 
Sample spectra appear in Fig. 2. These observations 
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TABLE II. Elastic scattering of protons by Cu® and Cu®. 


Bos @(@) (mb/sr) Bex @(@) (mb/sr) 
(deg Cus + % Cué + % (deg) Cus +% Cu® % 
Ep =12.29 Mev E, =10.20 Mev 
19.2 6147 1.7 6086 1.7 80.8 30.8 2.7 37.7 £7 
29.6 1502 1.4 1523 1.4 86.7 a2 4.2 39.4 1.7 
40.0 255.7 1.4 484.0 14 91.8 34.8 1.7 as 143 
50.8 137.0 1.7 124.0 1.7 96.8 33.8 1.7 34.6 1.7 
101.8 29.7. 1.7 ia 47 
61.4 33.3 49 3S 37 106.8 sa 17 20.5 1.7 
65.3 22.5 1.7 33 12 110.9 0.4 1.7 16.9 1.7 
71.0 18.7 2.4 23.5 2.4 116.8 8. 4:7 10.7. 1.7 
75.4 21.0 2.4 27.3 2.4 121.9 9.23 1.7 6.75 1.7 
80.4 24.1 2.4 29.4 2.4 126.7 5.80 1.7 4.00 1.7 
86.5 27.4. 2.5 28.4 2.5 132.0 4.36 2.4 2.82 2.4 
90.0 25.8 2.0 27.4 2.0 136.8 3.77 2.4 3.07 2.4 
95.4 23.4 2.5 22.8 2.5 | 140.7 4.10 2.4 4.03 2.4 
101.1 18.4 2.4 16.6 2.4 146.8 6.26 1.7 6.60 1.7 
105.7 14.4 2.4 10.5 2.4 151.7 R23 2.7 9.21 1.7 
110.8 9.73 2.4 6.23 2.4 156.7 11.46 1.7 cSt 2.7 
115.6 5.52 3.2 3.32 3.2 161.7 13.68 1.7 15.03 1.7 
120.3 3.04 3.2 2.19 3.2 169.4 16.72 1.7 18.0 1.7 
125.8 1.57 3.2 1.57 3.2 
130.8 134 42 200 4.2 Ep =8.80 Mev 
135.9 2.29 3.2 2.96 3.2 20.4 131340 1.7 
140.5 3.67 3.2 5.08 3.2 
145.6 6.32 3.2 6.40 3.2 | 306 2063 1.7 3047. 1.7 
152.7 8.41 2.4 8.09 2.4 | 
160.5 11.4 2.4 9.98 24 | 408 1017 1.7 1016 1.7 
165.1 13.1 2.4 10.9 2.4 | 51.4 334.2 1.7 305.5 1.7 
E,» =11.03 Mev 60.5 107.1 1.7 
0.8 7113 1.7 7384 1.7 66.3 62.2 1.7 63.1 1.7 
30.3 1823 1.7 1917 1.7 71.8 42.9 1.7 44.2 1.7 
40.7 629.3 ee Y 002.0 1.7 | 76.7 38.1 2.7 38.7 1.7 
51.3 181.0 1.7 150.4 1.7 | 81.8 40.6 1.7 a4 14.2 
56.3 86.9 1.7 73.5 2.4 | 868 43.5 1.7 49.5 1.7 
61.3 46.0 14 38.5 1.4 92.0 45.9 1,7 50.6 1.7 
66.5 25.9 3.2 Ws. 32 97.2 46.8 1.7 48.4 1.7 
71.6 23.5 2.4 27.6 1.7 102.1 410.0 ms 42.9 1.7 
76.5 24.6 3.2 32.5 3.2 
81.7 27.6 2.4 34.3 2.5 111.9 34.4°0=1.7 29.7 1.7 
91.8 27.6 1 32.9 1.7 122.2 21.6 1.7 16.7 1.7 
101.9 Ms 2s 22.4 2.5 132.8 8.7 22 8.41 2.2 
111.9 13 5 2. 2S 141.6 7.77 2.4 5.96 2.4 
121.8 §7 2.5 3.78 2.5 150.7 7.44 2.4 6.11 2.4 
126.2 34 3.2 7o 
131.9 ».2 3.2 2.2 3.2 162.2 10.13 2.2 11.65 2.2 
136.8 iS 22 3.0 3.2 168.2 Ze 22 13.54 2.2 
142.0 $0 3.2 4.4 3.2 S 
146.7 tS 6.6 3.2 E, =7.34 Mev 
151.8 Gf £7 9.3 1.7 20.6 22045 24 22240 4 
161.9 13.3 2.4 14.20 2.4 30.6 4510 2.4 4534 2.4 
166.8 15.8 3.2 16.4 3.2 35.8 2482 24 2434 4 
) : 40.9 1510 2.4 1494 2.4 
BE, 18.20 Me 51.1 579.2 2.4 554 2.4 
0.1 10213 1.7 71.4 97.6 2.4 92.7 2.4 
25.3 3720 1.7 4013 1.7 76.5 a0 62 73.2 2.4 
30.3 050 1.7 2252 5:7 | 81.5 63.5 2.4 66.6 2.4 
35.8 1173 1.7 1183 1.7 86.1 62.1 2.4 67.8 2.4 
40.4 758 1.7 734.1 $61.7 | Of 59.9 2.4 65.2 2.4 
50.4 239.5 1.7 207.5 1.3 111.6 50.5 2.4 52.7 2.4 
56.0 114.6 1.7 95.8 1.7 120.1 41.9 3,2 41.4 3.2 
61.1 60.3 1.7 53.0 1.7 131.3 29.8 3.2 25.3 3,2 
66.4 35.1 1.7 32.9 1.7 141.2 19.8 3.2 16.3 3.2 
71.5 27.8 1.7 SA7 92 «|| 1822 12.6 4.2 10.2 4,2 
6.5 28.4 1.7 34.2 1.7 161.5 10.2 4.2 8.4 4.2 


were customarily made at 30, 60, 90, 120, and 150 deg. 
In each case contributions due to the impurities H, C, 
and © were identified and subtracted prior to calcu- 
differential section. A smooth curve 
through these points was integrated over all 


lating a CTOSS 
drawn 
angles to yield the required cross section. It was 
necessary to correct the inelastic-scattering observations 
for slit-scattering effects. This was done by measuring 
the energy distribution of protons scattered from a 
thin gold foil, assuming that at these energies there 
should be only elastic scattering, and hence attributing 
all observed low-energy events to slit scattering. Upon 
normalizing the elastic peaks of the Au and Cu distri- 
butions, the correction to the Cu spectrum was found. 
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This correction amounted to 1.5 to 2.0% of the elastic 
peak. A major contribution to the uncertainty quoted 
for the (p,p’) cross sections is due to the large slit- 
scattering correction at 30° and the resulting poor 
information on the shape of the curve in this region. 

Our charged-particle cross sections appear in Table I. 


) 


These, together with (p,7) cross sections,?*** yield 
lower limits for proton reaction cross sections, which 
will contribute to an unambiguous 


analysis. 


optical-model 


The results of our elastic-scattering measurements 
appear in Table Il. The quoted errors include contri- 
butions from statistics, beam-current integrator meas- 
urements, and geometrical factors. Corrections due to 
finite angular resolutions and multiple scattering were 
investigated. The former effect was found to be insig- 
nificant; the latter contributes less than 3°% in the 
worst Case. 


Although differences are apparent, the representation 
in which the differences appear most strikingly is that 
where 


of Figs. 3-7, the ratios of differential cross 
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lic. 3. Ratio of the measured differential cross section for elastic 
scattering to the Rutherford cross section; ,;=7.34 Mev. 
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Fic. 4. Ratio of the measured differential cross section for elastic 
scattering to the Rutherford cross section; /,;=8.80 Mev. 
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28 R. D. Albert and L. F. Hansen (private communication, to 
he published) 
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sections to the Rutherford cross sections are displayed. 
This representation clearly shows a shift in the angular 
distribution, a shift in the same direction as that to be 
expected if Cu® were larger than Cu®; however, it is 
two to three times that expected if the nuclear radius 
were governed by the A! law. This can be seen by 
comparing Fig. 8, showing the shift given by the 
optical model of Bjorklund and Fernbach, with the 
experimental shift of Fig. 5 at the same energy. 

It is conceivable that we need make only one optical- 
model parameter isotope-dependent to explain the 
observed effects. Small changes in either the nuclear 
radius or the real potential depth would give qualitative 
shifts of the type we seek, although the fact of their 
interrelation may make it difficult to decide between 
them. We would have thought that if the radius 
parameter were unusually isotope dependent, this 
would manifest itself most clearly in observations on @ 
scattering. This is because optical-model analyses” 
have shown that for a particles, nuclei appear quite 
black (i.e., the radius parameter is critical but the 
potential can be almost anything). In fact, elastic- 
scattering data” do indicate departures from the A! 
law for isotopes and other neighboring nuclei. However, 
detailed optical-model calculations* have shown that a 
simple variation of the radius seems to be incapable of 
completely explaining the cross-section variations 
observed for protons and alpha particles on the Zn 





Fic. 5. Ratio of the measured differential cross section for elastic 
scattering to the Rutherford cross section; £,= 10.20 Mev. 





isotopes. 


On the other hand, a number of papers*-** have 
appeared in which are made attempts to understand 
the source of the difference in the proton-nucleus and 
neutron-nucleus potentials. Some of these calculations 
may bear on our results. 

Beginning with the Saxon potential, Sliv and Volchok 
have calculated the excitation energies for the first 
few levels of nuclei with doubly closed shells plus or 





6. Ratio of the measured differential cross section for elastic a J The : . . ie that tl 
scattering to the Rutherford cross section; E,=11.03 Mev minus one nucleon. Ihe assumption is made that these 


are single-particle levels. Comparing the calculated 
energies with experimental data, they find that the 
potential parameters are the same for all nuclei lying 
on the stability curve. For nuclei off the stability curve, 
the change in the depth of the proton potential is 
given by 





! 


EE 


AV=a(N—N«)/A, 


= 


™ G. Igo, Phys. Rev. Letters 1, 72 (1958 

»T). D. Kerlee, J. S. Blair, and G. W. Farwell, Phys. Rev. 107, 
1343 (1957). 

31 R. Beurtey, P. Catillon, R. Chaminade, M. Crut, H. Farazzi, 
A. Papineau, J. Saudinos, and J. Thirion, J. phys. radium 21, 
399 (1960). 

% A. A. Ross, H. Mark, and R. D. Lawson, Phys. Rev. 102, 
1613 (1956). 

3A. A. Ross, R. D. Lawson, and H. Mark, Phys. Rev. 104, 
401 (1956). 

4 AE. S. Green and P. C. Sood, Phys. Rev. 111, 1147 (1958) 

this paper contains a more complete bibliography 

3%. A. Sliv and B. A. Volchok, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 36, 539 (1959) [translation: Soviet Phys.—JETP 36, 
Fic. 7. Ratio of the measured differential cross section for elastic 374 (1959)]. 

scattering to the Rutherford cross section; :,=12.29 Mev. 36 (G. R. Satchler, Phys. Rev. 109, 429 (1958) 
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Fic. 8. Optical-model calculation showing shift in differential 
cross section expected if nuclear radius were governed by A! law; 
E,= 10.20 Mev. 


where AV=V—JN,, is the departure of the neutron 
number from its value for nuclei on the stability curve, 
A is the mass number, and a=80 Mev. If these results 
may be applied to the copper isotopes, we should expect 
an increase in the real potential depth of Cu® over Cu®™ 
of 2.5 Mev. 

Green and Sood calculate the proton potential by 
altering the neutron potential with the Coulomb 
perturbation and adjusting the proton potential 
anomaly to achieve the experimental binding energy for 
the last proton. They find for the potential anomaly 


AV=Ca(N-—Z)/A, 


where C4=57+4. This yields for the two copper 
isotopes a potential difference of about 1.8 Mev. In 
Fig. 9 we show the effect of increasing the depth of the 
real well of Cu®® by 1.5 Mev. Comparison with Fig. 6 
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Fic. 9. Optical-model calculation which includes effect of proton 
potential anomaly; £,=10.20 Mev. V is the real potential depth 
in Mev, W is the imaginary potential depth in Mev, ais the fall-off 
parameter in fermis, 6 is the width of the imaginary potential 
in fermis, and is the factor by which the Thomas term must be 
multiplied to yield the spin orbit potential. The nonelastic cross 
section is given in millibarns. 


suggests that this correction comes quite close to 
explaining our present observations. Of course, the 
significance of this agreement awaits application to a 
broader range of observations. 
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Dynamic nuclear orientation has been used to study the 
2- ++ 2* 1.42-Mev beta ray in the decay of Sb™. The Sb™, 
which was a substitutional donor atom in a silicon crystal, was 
oriented by saturating each of the four A(m;+m,) =0 forbidden 
Che angular distribution of the gamma ray following 

was measured with two scintillation counters. The 


transitions 

the beta ray 
nuclear and electron relaxation times were determined by the 
rate of growth and decay of the nuclear orientation. The electron 
Am;=+1, Am,;=0) relaxation time was found to be (4.9+1.2) 
min. The nuclear relaxation can be represented as due to a com 
bination of the modulation of the isotropic hyperfine inter- 
action and nuclear quadrupole relaxation. For the dipole mecha 
nism, 50 min< 7y<100 min and for the quadrupole mechanism, 


HIS paper reports the use of dynamic nuclear 

orientation to study the 2~ «> 2* first-forbidden 
beta transition in Sb. There are, in general, six 
nuclear matrix elements which can contribute to this 
decay ; two which carry off no angular momentum, three 
which carry off one unit of angular momentum, and 
one which carries off two units of angular momentum. 
In this experiment the Sb™ nuclei in the ground state 
are oriented and the angular distribution of the gamma 
ray following the first-forbidden beta ray is observed. 
The orientation parameters of the initial state can be 
calculated from the known method of orientation and 
the measured nuclear relaxation times; the orientation 
parameters of the daughter state are determined from 
the gamma-ray angular distribution. The change of 
orientation parameters due to the beta decay can 
consequently be determined. This change depends 
upon the angular momentum carried off by the electron- 
neutrino system. The method of analysis of the data 
is similar to that used for As*®. Since this has been 
described elsewhere,! only an outline of the theory will 
be included here. 


REVIEW OF THE THEORY 
A. Description of Nuclear Orientation 


The decay scheme of 65-hr Sb’ has been extensively 
investigated by many workers, the 
principal ones are Glaubman? and Farrelly ef al. The 


among whom 
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150 min<7y<1700 min. An analog was used to 
correct the initial orientation parameters for the effects of nuclear 
relaxation. From these, data restrictions can be placed upon the 
relative amounts of angular momentum carried off by the 1.42 
Mev 8 ray. The modified B,;; approximation was then used to 
analyze this result in conjunction with the beta-gamma angular 
correlation. There are three sets of matrix elements which can 
explain the observed data. One set implies that all the antimony 
atoms are in the simple donor sites; the other two sets imply that 
only 40% of the antimony atoms are in the donor sites. The 
first set gives V=—0.5+0.1, F=—0.5+0.1; the 
V=—4.242.0, Y=—1.4+0.5; the third set, V=—63+1.0, 
Y=+18+1.5 


computer 


second set, 


decay scheme which is given by the most recent set 
of Nuclear Data Cards’ is shown in Fig. 1. The unique 
first-forbidden shape of the 1.97-Mev beta ray leads to 
the assignment of spin 2 
ground state of Sb’. This is confirmed by the com- 
parison of the experimental and theoretical A capture 
ratios for the Sb'-Sn™ ground-state transition,® 
and by a previous orientation experiment.® The spin 
and parity assignments for the excited states of Te'™ 
have been made from a study of the beta-gamma and 


and negative parity to the 
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gamma-gamma angular correlations.’~’ The radiations 
yi and ys are pure electric quadrupole; the radiation 
y2 is a mixture of (92+4)% electric quadrupole and 
(8+4)% magnetic dipole. The mean life of the 564-kev 
state of Te’ has been found to be 2.2X10~ sec by a 
coincidence technique’ and 1.410" sec by a study 
of the Coulomb excitation of the 564-kev level." 

The 1.40-Mev beta ray ($2) is a_ first-forbidden 
transition with an allowed spectrum shape. The 62.—71 
angular correlation has been measured” for beta rays 
of energy 1 to 1.4 Mev the angular correlation is 


1+ (0.099+ 0.013) P2(cosé@). (1) 


Somoilov ef al.’ have oriented Sb” by an adiabatic 
demagnetization experiment. In their experiment the 
antimony was an impurity atom in an iron lattice. In 
this environment there exists a magnetic field of the 
order of 200 to 300 kgauss at the antimony nucleus. The 
antimony atoms were cooled by placing the iron foil 
in thermal contact with a paramagnetic salt which 
could by demagnetization. The result of 
their experiment can be expressed in terms of the ob- 
served gamma-ray angular distribution, 


be ( ooled 


(2.2+0.2) 10-5 
W(@)=1- P(cos@), 
rn” 
where 7’ is the absolute temperature. 

In the experiment reported in this paper, the angular 
distribution of the gamma rays from dynamically 
oriented Sb'*? 
orientation parameters of nuclei which have reached 
the 564-kev level via the emission of 8». The angular 
4 


is observed. It is desired to deduce the 


distribution of those y; which follow Bz is! 


W (0) =1— (10/7) BofoP2(cos@) 


— (40 3) BsfsP4(cos8), 
where 
1 
> mo? (amo— §), 


Jo mo 


5a 
d m2t me ) (am t), 
<a : 


] 


and 


P3(cos@) = 3(cos*@—}), 


P (cos0) = (35, 8)[cos'@— (6 7) cos*é+ (3/35) 
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The parameters 5, and #, are attenuation factors 
which depend upon the angular momentum carried off 
by the electron-neutrino system. If a, ai, and az 
represent the relative probabilities that the beta ray 
carries off angular momenta, 0, 1, and 2, respectively, 
then 


B2.=1—(a/2)— (17a2/14), (4) 


Bs=1—(5a,/3)— (S5a2/7), (5) 
where 1. The principal object of this 
experiment is to determine By and By and from them 
a, a1, and ae. In describing the orientation it is sometimes 
advantageous to speak of the signals S(@)=I(@)—1 
and the nuclear polarization 


Qy Tait Qe 


1 
> my(amy— }) 


” 
, mo 


The angular distribution of y; will be given by an 
identical expression with Bz and B, replaced by By,’ and 
By, the parameters which characterize 33. In a similar 
fashion y4 can be characterized by Be” and By’. The 
angular distribution of y2 will be! 


1 
—21a;°+4 126( 
21 1 


X foB»s' P»(cosé)— 
) 


W(@)=1-4 


a?fsBq Ps(cos@), (6) 


where a; and ds» are the reduced matrix elements for 
the magnetic 
ponents of y2 


dipole and electric quadrupole com- 
normalized so that 


For Sb!*?,7 


+ 3.5+0.4. 

The angular distribution for those y; which follow ye is 
WW (@)=1—(10/7)[ (ay°/ 2) — (3a2?/ 14) ] foBs’ P2(cos@) 
— (40/3)[— (2a;2/3)+ (2a2/7) ] faBy' Py 

xX (cosé). (7) 
If it is assumed that all the y rays are counted with the 
same efficiency, then the intensity of the gamma rays 
given in Fig. 1 can be used to compute the total angular 
distribution. The result of this calculation is 


(8) = 1— (10/7) [0.897 Bs—0.030B.' +0.010B." ] 
X foP2(cos@)— (40/3)[0.897 Bo—0.032B,' 
+0.010B4'" | fyP4(cos@). (8) 


B. Initial Orientation Parameters 
In order to find the initial orientation parameters, we 
must consider the mechanism of orientation and the 
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Fic. 2. Energy levels of the Sb'* donor atom in a silicon crystal. 
The arrow with an H indicates the order in which the transitions 
occur with fixed oscillator frequency and increasing magnetic field. 


manner in which the nuclear relaxation can change the 
orientation parameters. The energy levels of the anti- 
mony donor atom are shown in Fig. 2. The orientation 
is produced by the saturation of the A(m;+m,)=0 for- 
bidden transitions. This process of production of the 
orientation is shown schematically in Fig. 3. If the 
only relaxation were due to electron spin translations 
(Am;= +1, Am;=0), then saturation of the four for- 
bidden transitions would result in the equilibrium values 
of fz and f, shown in Table I. Nuclear relaxation will 
cause the fz and f, to depart from these values. 


(o) INITIAL STATE 
Fic. 3. Schematic 
representation of the 
formation of the nu 
clear orientation by 
saturation of a 
forbidden transition. 


The symbol a stands 
for e~ 2uoH/kT). 
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(b) IMMEDIATELY AFTER APPLICATION OF RF FIELD 
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c) FINAL EQUILIBRIUM STATE 
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If the relative populations of the various magnetic 
substates are P(m,s,mr), where 


> P(m,,mz) 


mi,my 


then the change in time of these populations can be 
described by the set of equations® 


Pay ar™ } 


my’ ,my’ 


W (m y,myz| my’ m7") 


X{exp[— (uo /kT)(ms—m,y’) |P(my' my’) 


—exp[— (uo /kT)(m,s'’—m,z)|\P(ms,m;)}. (9) 


In this expression W(m ,mr m,',mz;') are coefficients 
which determine the relaxation rate. For an atomic 
spin of 3 they can be expressed in terms of the Clebsch- 
Gordan coefficients. For the analysis of the antimony 


TaBLeE I. The /; and f, parameters for saturation of the four 
A(m;+m,)=0 forbidden transitions. It has been assumed that 
there is no nuclear relaxation and that the time of application of 
the radiofrequency field is much longer than the electron relaxation 
time. 


Transition 


,—1) 


it will be assumed that 
mechanisms are present : 


the following relaxation 


(a) Pure electron relaxation (Am;=0, Am,;=+1). 


W (my,mz|my'mz') = W y6mz.mp'(1—dmz.mz’). (10) 


(b) Nuclear relaxation through modulation of the 
isotropic hyperfine interaction. 
W (my,mz| my’ mr’) 
=W.(11my'u! 11Im;)? 
X (1—bmy.mz’)bmz 4 (11) 


my.my'+my’. 
(c) Nuclear quadrupole relaxation. 
, ! , , 
W(m s,m;\ my’ my’) 
= W3(12my'u I2Imy, bm my’ | | —dmy my’). (12) 


For a general mixture of relaxation mechanisms, the 
behavior of the nuclear populations as a function of 
time will be rather complicated and some form of 
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computer is useful in solving the equations. There 
are two simple cases, however, which can easily be 
solved and which serve as a guide in determining the 
relaxation times. In both of these cases it is assumed 
the the electron relaxation time is much shorter than 
the nuclear relaxation time. For the formation of the 
orientation. 


fo(t)=fo(% )(A— fe 
fs(O=f4(%)A—de ARt) 


> Art) 
’ 


(13) 


when Ar=1/27s and Ts is the electron relaxation 
time as it is customarily defined.'® For the decay of 
the orientation, 


=fi(O)e™', 
(t)=f2(O)e™", 
A(D=fs(Oe, 


where Aj, Av, and Ag depend upon the relaxation 


mechanism. For a dipole relaxation mechanism, 
which the hyperfine relaxation is an example, 
Ai=qeW 2 sech(uoH /kT), 
Ao= FIV 2 sech (uo /kT), 
y= 3H kT), 


of 


. sech (uoH 
For the quadrupole mechanism,"’ 
A= W; Z, 
Ao= (17/14) W 
a= (5/7)W3. 


Thus by observing the decay of the orientation, the 
relaxation time can be measured and the relaxation 
mechanism discovered. 

To solve the more general problem it is convenient 
to use an analog computer. The equations for the 
relaxation can be duplicated by a system of condensers 
and resistors. The circuit for the 
plus the modulation of the 
action is shown in Fig. 4 


electron relaxation 
isotropic hyperfine inter- 
; that for the electron relaxation 
plus the quadrupole relaxation in Fig. 5. In this analog 
the charge on the condensers corresponds to the 
populations of the levels. In terms of the resistors and 


capacitors, 

‘( 1 ) 1 

3\ita/’l Rx 

1 ) 1 

1+a RC 

5 1 1 

u--( —)—, 

3 1+a RoC 


16 J. W. Culvahouse and F. M. Pipkin, 
(1958). 

7 The expressions quoted for A» and Aq in references 6and 16 are 
interchanged. 


A= 
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Fic. 4. Analog circuit for nuclear relaxation due to modulation 
of isotropic hyperfine interaction plus electron spin relaxation. 


2 


The symbol a is an abbreviation for e~ (?#0//*7 





for Fig. 4, and 


Ay= 


for Kig. 5. The detailed circuit which was used to 


analyze the experiment is described elsewhere.! 


EXPERIMENTAL PROCEDURE 


After neutron activation in the materials testing 
reactor at Arco, Idaho, the sample was annealed for 
five hours at 1100—1200°C to heal the radiation damage. 
It was placed in the rectangular microwave cavity 
and the wave guide assembly was inserted into the 
helium filled Dewar. Two integral discriminators were 
used with each Nal(TI) scintillation detector, one set 
below the 564-kev gamma-ray photopeak and the other 
set just above this photopeak. A vacuum was pumped 
on the helium to reduce the temperature to 1.15°C. 
A well-coupled cavity located and the 


mode was 
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Fic. 5. Analog circuit for nuclear relaxation due to nuclear 
quadrupole interaction plus electron spin relaxation. The symbol 
« is an abbreviation for e~ @#0#/*?), 
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Fic. 6. A plot of the counting rates versus time for both 90 
and 0° positions and for each forbidden transition. The curves 
are just drawn through the points and do not represent a theoreti 
rhe silicon sample (S-2) had a concentration of 
310! donors/cm’ and was irradiated for a 
a flux of 10" thermal neutrons/sec cm?. It had 


irradiated before 


cal predic tior 
approximately 
48-hr perl 


never been 


positions of the four forbidden lines were caitulated. 
At this point the klystron was turned off and the 
magnetic field at the sample was reduced to zero for 
a five minute period to establish initially an isotropic 
nuclear population. The magnetic field was turned 


ase II. Data on the S-3 Sb sou 
in a flux of 10% thermal neutrons/cm 
field is turned on and before the slow rise 
be equal to one-half the final signals 
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According to the simple theory which neglects nuclear rela 
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Fic. 7. The long runs which were used to determine the relaxa 
tion times for S-2. The change in counting rate at the end shows 
where the magnet was turned off to relax the sample 


on and adjusted so that one of the forbidden transi- 
then 
recorded for a period sufficient to establish a good 
reference level and the klystron was turned on. The 
klystron was left on until the counting rates 
appeared to be changing. At this point the klystron was 
turned off and the decay of the orientation observed. 


tions was in resonance. The counting rates were 


no longer 


Three sources were used in this experiment. The 
first (S-1) was doped with 6X 10'* antimony atoms, cm® 
and it was irradiated for a period of 44 hr in a flux of 
10" thermal neutrons ‘cm? sec. The second 
doped with 3X10'® Sb/cm* and it was irradiated for 
48 hr in a flux of 10 thermal neutrons/cm? sec. The 
third (S-1 


(S-2) was 


(S-3) was the old source and it was ir- 


rce. This crystal had a concentration of 6X 10'* donors/cm? and was irradiated for a period of 96 hr 
sec. The initial signals refer to the change in the orientation immediately after the radio-frequency 


laxation these initial signals should 


Initial signals in % Final signals in % 


S(90°) S(0°) S$(90°) S(0°) 


0.77+0.2 4.78+0 
0.21+0 65+0.1: 
0.43+0 


2.41+0.20 
1.94+0.10 
2.91+0.2 


0.0 +0.2 
0.0 +0.2 


+0.97+0 
+0.63+0 
+0.91+0 


0.0 +0.2 
0.0 +0.2 
0.0 +0.15 


-2.89+0. 
3.16+0.2 
2.13+0. 


2.46+0 
2.64+0 
2.64+0 
1.96+-0 


1.48+0.17 —2.95+0. 
.36+0.12 ~3.07+0 
.52+0.20 3.07+0. 
24+0.24 2.68+0 


3.69+0 
2.92+0 
3.23+0.10 


2.04+0. 
0 +0 
1.68+0. 


81+0.11 
77+0.10 
2.25+0.10 


0.0 +0. 
0.0 +0.20 


0.28+0.12 
0.0 +0.15 


0.0 +0.20 0.0 +0.20 0.099+0.20 
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radiated again for 96 hr in a flux of 10" thermal 
neutrons/cm* sec. A period of two months elapsed 
between the two irradiations. 


ANALYSIS OF THE DATA 


In order to determine the true angular distribution, 
the counting rates must be corrected for counts due 
to Sb'4, for the counting rate loss, and for the finite 
solid angle subtended by the counters. The fraction of 
the counts due to Sb" was determined by observing 
the counting rate in the two channels over a period of 
ten days to two weeks. The counting rates versus time 
were then plotted on semilog paper and the fraction 
of the source which was Sb" was determined. In- 
dependent measurements on Sb'* alone showed that 
there were no observable (>0.5%) radio-frequency- 
produced anisotropies which would confuse the meas- 
urements. The data were also corrected for the decay 
of the Sb’. Figure 6 shows one run for each of the for- 
bidden transitions for source S-2. Figure 7 shows two of 
the long runs used to measure the nuclear relaxation 
times for source S-2. Data taken on source S-3 are shown 
in Table II. These data illustrate the reproducibility of 
the measurements. 

A numerical integration was used to correct for the 
finite solid angle of the counters. These correction 
factors can be expressed as attenuation coefficients 
So, Sy in the angular distribution 


W (@)=1— (10/7)S2BofoP2(cos8) 


— (40/3) S,BafyP2(cos@). (19) 


The values of So and S, for the various sources are 
shown in Table ITT. 

The electron relaxation time was determined by 
fitting the rise of the signals to an expression of the 
form 

i— Be-** 
The data were then analyzed into Bef, and Byfs com- 
ponents and the nuclear relaxation was investigated 


TABLE IV. The average values of Bo fs and By, f;, the rise constant 
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TABLE IIL. Solid-angle correcti on factors. 


0° 
Se 


90° 
Ss 


counter 
S4 


counter 
Source Ss 
0.884 
0.924 
0.924 


0.655 
0.763 
0.763 


0.921 
0.871 
0.935 


0.831 
0.621 
0.795 


S-1 
S-2 
S-3 


by fitting the decay of the B2f. and Byf, to curves of 
the form 
B 


Bafs 


ofe (Bofo)oe Ast 


( Bsfs ) of 


The average results of these calculations for each of 
the transitions and for each source is shown in Table IV. 
The average rise constant for all three sources is 


Ar= (1.40.4) XK 10- sect. 
This implies that the electron relaxation time is 
T s= (4.91.2) min. 


From the A» and A, derived for each transition, 7. and 
Ws, can be determined. The average value for H2 ob- 
tained in this fashion is 

W 


2 


132 sec, 


+1.0)* 10 


The average value of W 


W 


= (1.2+1.0) 10 


sec. 


The corresponding relaxation times for the nuclear 
polarization can be found from Eqs. (15) and (16). 
For the modulation of the isotropic hyperfine inter- 
action the nuclear relaxation time is 


50 min< 7y<100 min, 
and for the quadrupole relaxation 
150 min< 7y<1700 min. 


Xp, and the decay constants Az and A, obtained from all three sources. 


The errors are based upon the spread of the various measurements. The total spread of the By fz andB 4/, values for one source was about 


10%; this is taken as an estimate of their error. 


Transition Source Bz fein % 
70 
39 
.26 


.20 
30 
ioe 


Byf,in % 


Ae 


(10° sec 


AR 
(10-3 sec) 
1.7+0.: 
1.1+0.. 
1.9+0.: 


2.0+0.: 
1.0+0.: 
1.4+0.! 


2.3+0.5 
1.6+0.: 
2.3+0.6 


2.1+0.:! 
2.1+0.8 
1.7+0.: 
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Fic. 8. A set of runs on 
the analog computer which 
shows the formation of 











N 


the signals. For this run 
the circuit was as shown in 
Fig. 4, with R;= 100 kohms, 
R.=214 kohms, c=20 mf, 
and a=0.4. S, is the signal 
at 0° and S, the signal at 





90°. The starred quantities 








are for the computer when 
R,=0, R2= «. The figures 
in parentheses give the 
relative gain of the com 





puter on the basis of full 

















fa(!.50) 
_— Lous 
- 


gain being 10. Full scale 
(+10) on the recorder 
corresponds to /f2:=—2, 
f,=10, S(0°)=S,=4, and 
S(90°)=S,=—4. The ver 
tical black line corresponds 
to the point in the experi- 
ment of which the saturat- 
ing microwave field was 
turned off. 





























In order to calculate the By and By, the fz and f, 
must be known. The analog computer was used to 
determine j2 and f, in terms of f2* and f,*, which are 
the fy and /, given by the simple no-nuclear-relaxation 
theory (Table I). The correction coefficients A; are 
defined by 

Af}. 


Taste V 
The notation for the various transitions is as follows: ,, (— 
(—4,0) — (4, —1). The column labeled ‘“‘Run” 


The A; were determined as follows: The quantities 
Ao/Ar and A4/Ag were first calculated. Then it was 
assumed that the nuclear relaxation was due to a 
mixture of the modulation of the isotropic hyperfine 
interaction and the nuclear quadrupole interaction, 
and such a mixture was taken so as to reproduce the 
heo/Aw and A4/Ag values. The computer was then set 


rhe time constants and their reproduced values. All time constants are expressed in terms of the rise time constant. 
4,2) — (4,1); wi, (—4, —1) > (4, —2); on, 
refers to the transition from which the decay data were taken and the relaxation 


— (4,0); @,: 


(—4#, 1) 


mechanism used to set up the computer. The W:/W; gives the relative contributions of dipole and quadrupole relaxation mechanisms. 


Simple 
theory 


6.24 5. Y 3 §.37 
20.8 


Run Quantity Exp. Average 


5.9 
25.1 
3 
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Fic. 9. A set of runs on 
the computer which shows 
the formation and decay 
of the signals. The circuit 





values are the same as in 
Fig. 8. 
































up to duplicate this situation. The various transitions 
were run and the fs, fs, S(0°) and $(90°) recorded. 
The nuclear relaxation resistors were removed and the 
resistors representing the electron relaxation were 
shorted out. The signals observed with this arrange- 
ment gave a calibration with which to determine the 
A, coefficients. To set up the computer only the relaxa- 
tion data for the (—3, 2)->(4, 1) and (—}, —1)—> 
5, —2) transition were used. In case the measured 
relaxation times for these two transitions differed, a 
computer run was made for each of them. Figure 8 
shows a typical run with the computer illustrating the 
formation of the signals. Figure 9 shows a run illustrat- 
ing not only the formation but also the decay of the 
signals. The point at which the A; were determined 
was selected by finding that time which corresponded 
to the point in the experiment at which the klystron 
was turned off. Table V gives a comparison between the 
time constants observed for the various transitions and 
those calculated on the basis of the simple theory which 
assumes predominance of the electron relaxation. 
Table VI gives the A, coefficients which were deter- 
mined for the various transitions. 

Once the A; have been determined, it is a simple 
matter to calculate the values of Bz and By. The 
results of these calculations are shown in Table VII. 
In order to check the consistency of the procedure, the 
calculated By and By, were then used to set the com- 
puter that it 


so reproduced the observed signals. 


Figure 10 shows a comparison between the observed 
signals and those reproduced in this fashion. A repro- 
duction is shown for decay constants determined from 
both the (—3, 2)->(4, 1) and (—}, —1)—>(3, —2) tran- 
sitions; the B, and B, values were the averages of those 
obtained from these transitions. 


INTERPRETATION OF THE RESULTS 


It is clear from Table VI that essentially the same 
result is obtained for B, from all the transitions and for 
all three sources; this is not true, however, of Be. 
The value of B, for the (—4, 0) <> (4, —1) transition 
is particularly erratic. The reason for this behavior is 
not known; a similar behavior was found for As7®. In 
particular, it is not clear whether this behavior indicates 
that all of the Sb! atoms are not in the assumed 
donor sites or that there are some nuclear relaxation 


TABLE VI. Ao and A, correction factors. The notation for the 
various transitions is as follows: 2., (—}4, 2) — (4,1); 71, 
(—4, —1) > (4, —2); ou, (—4, 1) > (4, 9); 01, (— 3,0) — (, —1). 


Relaxation 
data 


0.77 
0.94 
0.73 
0.83 
0.84 


1.33 
0.96 
1.23 
1.28 
1.05 
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processes in which the Sb” donor interacts with other 
paramagnetic centers. For our analysis it will be 
assumed that only the Bs values from the outer 
[(—4, 2)(4, 1) and (—4, —1)—>(4, —2)] transitions 


i= 
are reliable. On this basis we conclude that 


> 


34=1.2+0.2, 
B,= (0.37 +0.05) ”. 


The parameter 7 is an orientation efficiency ; it is equal 
to the fraction of the Sb'™ atoms which are in the 
simple donor sites depicted by the theory. From this 
experiment 

0.32<9< 1. 
To see what this implies concerning ap, 
instructive to plot the line 


a}, and ag, it is 


Bz 1—(a;/2)— (17a2/ 14) 


= 1.2+0.2, (20) 


B, 1— (5a; 3)— (Saez 7) 


and the set of lines 


By=1-— (5a; 3 — (Sao 1)= 


(0.37+0.05)/n 
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Fic. 10. A figure showing a 
comparison between the observed 
signals for S-3 and those which 
are reproduced by the computer 
For the solid line the resistors 
were chosen to reproduce the 
average relaxation times observed 


for the (—}, 2) — (4, 1) transi 
line, the 


tion; for the dashed 

(—}, —1) — (4, —2) transition. 
The average values of the Bz and 
B, obtained from both transitions 
were used. 


on the same graph. This plot is shown in Fig. 11. The 
shaded region gives those values of a, a1, and a» 
compatible with the results of this orientation ex- 
periment. 

The data from the orientation experiment of Somoiloy 
et al.'3 can be used to express By in terms of the unknown 
magnetic field H at the antimony nucleus in the iron 
sample. The result is 


Bo= {( (1.90.2) X 10°/ HJ}. 


If a value of H is assumed, then a value of By can be 
obtained. A set of lines for various values of H super- 
imposed on the result for this experiment is shown in 
Fig. 12. From the two experiments we conclude that 


170 kgauss< H< 400 kgauss. 


If the nuclear resonance for a stable Sb nucleus in an 
iron sample could be found, light would be shed on 
both orientation experiments. 

To secure further information concerning the nuclear 
matrix elements, it is necessary to take a closer look 


TABLE VII. The B, and B, coefficients calculated for the various runs. The correction column shows the transition whose data were 
used to determine the nuclear relaxation times in order to correct for the effect of nuclear relaxation on the initial f, and /, parameters. 


-4, 2) 


The notation for the transitions is 7,, 


> (4,1); m1, (—}, —1) 


» (4, —2); ou, (—4$, 1) > (4,9); v2, 4,0) — (4, —1). The 


uncertainty in the determination of the B» and B, values is estimated to be 10 to 15%. 


B 


Source Correction 





B-DECAY MATRIX 
at the beta-decay theory. In the notation of Kotani,'*' 
the six nuclear matrix elements which can contribute 
to a first-forbidden transition are 


nu Ca forrs ni? =Ca f in 
nu “Caf ioxe: nt'y= = Cr f iain —Cr fr A\=1 
m=Ca f Bi 


The parameter A gives the angular momentum carried 
off by the electron-neutrino system. Five of the matrix 
elements can be expressed in terms of the unique one z 
by choosing n so z=1. In the expressions for the spec- 
trum shape, angular correlation, etc., there occur two 
particular combinations of matrix elements for which it 


A=0 











Fic. 11. A diagram showing the possible a; and a2 which are 
compatible with this experiment. This restriction is based on the 
observed B, and the Bs/B, ratios for the two outer transitions 


is advantageous to introduce a 
combinations are 


special notation. These 


V = £0+ tw, 
V=iy—i(ut+x), A=1, 


where £=aZ/2p; p is the nuclear radius in units of the 
Compton wavelength, @ is the fine structure constant 
and Z the charge on the nucleus. For Sb', = 12.7. 
For our analysis the modified B;, approximation will 


be used. This assumes that 


0. Y¥30; V0. 
but 

0. [Y, V<é]. 
In this approximation 
spectrum is given by 


the shape factor for the beta 


C(W)={1°7+V2+((¢+Aip°/12]}, 


‘8 T. Kotani, Phys. Rev. 114, 795 (1959). 
'’ T. Kotani and M. Ross, Phys. Rev. 113, 622 (1959) 











Fic. 12. A diagram showing the relationship between the 
orientation experiment of Somoilov ef al. and this one. From the 
two experiments we conclude that for Sb in iron 170 kgauss< 
< 400 kgauss. 


where g is the neutrino momentum, Pp the electron 
momentum, and A, is a relativistic parameter which 
has been tabulated by Kotani and Ross.'* In the B,; 
approximation the values for ao, ay, and a» are 


327), 


0.521/(V?+ Y?+-0.521). 


The normalization relationship between these parame- 
ters can be expressed in the form 


ye+y? =0.521[1 ae— 1 

This equation together with Eq. (20) defines a locus in 
the V, ¥ plane of those points which are compatible with 
the observed orientation, that is, the shaded region in 
Fig. 11. Figure 13 shows this plot. 








Fic. 13. A diagram showing the values of V and Y which are 
compatible with this orientation: experiment and the observed 
angular correlation. For this analysis the modified B;; approxi- 
mation was used. Nolte added in proof. The labels for €(z 
the smallest and largest circles should be interchanged. 


p?) on 
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In terms of the B,; approximation the 8-y angular 
correlation is given by the expression'* 


1+ €P2(cos@), 
where 


e= (P/W)(Rkt+eWk)/C(W), 
Rsk=)2(1/56)"[¥—(8/3)'V], 
ek= — (A, 112). 


The relationship between FY and V given by the 
angular correlation can be written in the form 


9 


Ae 2 Ae T 
Plt waa 
2(21)'eW/p? 2(56)'eW /p 


11, 


MW St+Ap? 


672[eW/ PP 112W Pp 12 
The three circles corresponding to the experimentally 
observed value and its limits of error are shown in 
Fig. 13. The overlap of these circles and the area given 
by the orientation experiment gives three regions of 
possible solution. These solutions are 

V=—6.3241.0, 


Y=+1.82+1.5, 


"= —4.2+2.0, 
—1.4+0.5, 


*=—0.5+0.1, 
“= —0.5+0.1. 


The first two of these imply that the orientation 
efficiency is ~ 40%; the third implies that the orienta- 
tion is 100% efficient. The first two imply that for Sb 
in iron 

H=190 kgauss; 
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the third implies that for Sb in iron 


H= 340 kgauss. 


DISCUSSION 


At present there is insufficient evidence to 
decide between these three possibilities. We can only 
suggest additional experiments which would clarify 
the situation. 

(1) Determination of the field at an 
antimony atom in an iron lattice. This could be done 
by a nuclear resonance method. Antimony is soluble in 
iron up to a concentration of a few percent. Experi- 
ments with Fe*’ centers in such a lattice indicate that 
the nuclear resonance should be detectable. If this 
magnetic field could be found, then By could be found 
from the orientation experiment of Shaknov and con- 
sequently the orientation efficiency in our experiment. 

(2) An improved measurement of the beta-gamma 
angular correlation as a function of energy. This would 
not only narrow the wide limits of the region of inter- 
section, but it would also give a clue to the validity of 
the modified B,;, approximation. 

(3) Measurement of the correlation between the 
direction of the beta ray and the circular polarization 
of the subsequent gamma ray. This gives an indepen- 
dent relationship between the nuclear matrix elements. 

(4) A more precise measurement of the spectrum 
shape to see if the beta ray has a component with a 
unique forbidden shape. 


magnetic 
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Modified Analysis of Nucleon-Nucleon Scattering. 
IV. p-p Scattering between 9.68 and 98 Mev* 
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Proton-proton scattering experiments at 9.68, 18.2, 19.8, 25.63, 
39.4, 46, 66, 68.3, 95, and 98 Mev are analyzed under the assump- 
tion that the higher partial waves are correctly represented by 
the one-pion exchange contribution (OPEC). Although the data 
do not determine a unique phase shift set at any energy, the theo- 
retically reasonable requirement that the 'Dz phase be positive 
and the *P.—5F, coupling parameter be negative at 68 and 98 Mev 
singles out the following solutions (nuclear-bar phase shifts in 
degrees) : 


Energy 1So 'Ds 3Po P, 3P, 


2.62° 
3.87° 


68.3 Mev 
95 Mev 


30.45° 
22.18 


18.59° 
14.24° 


— 10.49° 
— 11.98° 


6.69° 
£1:17° 


This solution type can be qualitatively followed to both lower and 
higher energies. Such an extension (a) has been shown by Riazud 
din to be required by triplet nucleon-nucleon dispersion relations 
at 4 Mev, (b) is consistent with the best solutions at both 210 


I. INTRODUCTION 


HE proposal that the phase shift analysis of 
nucleon-nucleon scattering experiments be modi- 
fied to include the one-pion exchange contribution 
(OPEC) for high angular momentum states,' has had 
considerable success in reducing the allowable p-p phase 
shift sets at 310 Mev? and at 210 Mev.’ In the present 
paper we investigate whether it also has a significant 
effect on the analysis of p-p scattering experiments in 
the 10-98 Mev range. 

Energy-dependent fits for the whole region up to 
310 Mev have been undertaken by Breit ef al.,‘ and 
by Stapp ef al.° We are concerned about the possibility 
that the arbitrariness in the choice of particular forms for 
the energy dependence may be forcing the acceptance of 
a restricted subset of the solutions allowed at individual 
energies, and, if so, whether this restriction is physically 
significant. We have therefore confined ourselves in 
this paper to the analysis of experiments at the indi- 

!M. J. Moravesik, University of California Radiation Labora- 
tory Report UCRL 5317-T, 1958 (unpublished); A. F. Grashin, 
J. Expt. Theoret. Phys. 36, 1717 (1959). 

?P. Cziffra, M. H. MacGregor, M. J. Moravesik, and H. P. 
Stapp, Phys. Rev. 114, 880 (1959); M. H. MacGregor, M. J. 
Moravesik, and H. P. Stapp, ibid. 116, 1248 (1959). In Table V 
of the second of these papers the sign of all the numbers in the 
columns headed by B, C's, G, H, and N should be reversed. 

3M. H. Moravesik and M. H. MacGregor, Phys. Rev. Letters 
4, 524 (1960); K. Gotow and E. Heer, Phys. Rev. Letters 5, 111 
(1960); see also reports by J. H. Tinlot and by H. P. Noyes at 
the Proceedings of the 1960 Annual International Conference of 
High-Energy Physics at Rochester (Interscience Publishers, Inc., 
New York, 1960). 

4G. Breit, M. H. Hull, Jr., K. E. 
Phys. Rev. 120, 2227 (1960). 

5H. P. Stapp, M. J. Moravesik, and H. P. Noyes, Pro- 
ceedings of the 1960 Annual International Conference on High- 


Energy Physics at Rochester (Interscience Publishers, Inc., New 
York, 1960), p. 128. 
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and 310 Mev, (c) is qualitatively similar to the requirements of 
the best phenomenological and semiphenomenological potential 
models, and (d) carries the signature of the P phases required for 
consistency with the final-state interaction in the photodisinte- 
gration of the deuteron. An attempt to tie solutions at 9.68, 
25.63, and 39.4 Mev together using a three-parameter P-phase 
energy dependence derived by Fubini and Stanghellini, with two 
of the parameters determined by single pion exchange, was 
qualitatively consistent but quantitatively unsuccessful. 

Although on the above grounds, we believe that this is the 
physically correct solution type in this energy range, the reader is 
warned that the solution is experimentally not unique, and that 
the phase shifts can be varied by a few degrees in a correlated way 
without doing undue violence to the data. On both counts, it is 
highly desirable that the triple scattering experiments needed for 
refining these values be carried through. That only two such ex- 
periments at a single angle are needed has recently been shown by 
Iwadare. 


vidual energies indicated. Comparison with the over-all 
fits is deferred to a later paper. 


II. 9.68 TO 39.4 Mev 


If the singlet scattering amplitude is assumed known, 
and the only triplet states present are *Po, °P;, and *P2, 
Clementel and Villi have shown® that the differential 
cross section can be fitted by three uniquely determined 
constants. The three P phase shifts are then determined 
by trigonometric equations which have four roots, so 
there is an intrinsic phase shift ambiguity unless addi- 
tional information is used. At 40 Mev, it was found’ 
that the Clementel-Villi equations have complex roots 
unless the .So phase is unreasonably small and the 'D» 
phase is unreasonably large. Further, even if these 
values are accepted, the phase shift solution predicts a 
polarization of at least 15%. The variation of p-p 
polarization with energy has been explored at energies 
above 46 Mev,® and any reasonable extrapolation to 
39.4 Mev would lead one to expect a maximum polari- 
zation of (1+1)% at that energy. It is therefore safe 
to conclude that triplet scattering at 39.4 Mev includes 
states other than P waves. We have reanalyzed the 
data® using phenomenological S and P waves assuming 
that all higher partial waves are given by OPEC, and 
find that, although a phase shift ambiguity persists, 
the 'So phase for all good solutions lies between 45° 
and 47°. The values of the S phase so indicated are 
considerably higher than the 38.3° phase shift predicted 


6 E. Clementel and C. Villi, Nuovo cimento 2, 1165 (1955). 

7H. P. Noyes and M. H. MacGregor, Phys. Rev. 111, 223 
(1958). 

8 J. N. Palmieri, A. M. Cormack, N. F. Ramsey, and R. Wilson, 
Ann. Phys. 5, 299 (1958). 

® L. H. Johnston and D. A. Swenson, Phys. Rev. 111, 212 (1958). 
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3° 
2 
Fic. 1. Allowed regions of 'D». and e at 39.4 Mev for fixed 
'So phases of 38°, 42°, or 45.3° with phenomenological P phases 
and higher phases given by OPEC 


by the Gammel-Thaler potential at this energy" or by 
the Raphael extended effective range formula," but 
are close to the value given by the extended effective 
range calculation of Noyes and Wong” or Cini ef al. 
However, Perring and Phillips’ have recently shown 
that it is possible to construct hard-core potential 
models which give a phase shift as high as 45° at this 
energy, so even if established, the result could not be 
used to discriminate between potential model calcula- 
tions and the partial wave dispersion relation.”-" 

Because of the usefulness of a precise S phase at this 
energy whatever the model used, we have examined 
the sensitivity of the above result to departures of the 
'D» phase and the *P.—*F, coupling parameter from the 
values given by OPEC. 40 Mev is already at a high 
enough energy that some deviation from the OPEC 
value might reasonably be expected. We have therefore 
explored the x’ surface as a function of these two phases 
for fixed 'S» phases of 38°, 42°, and 45.3°. The allowed 
values of these parameters fall within the contours 
plotted in Fig. 1. We see that although the solution 
region is small for an S phase of 38°, rather precise 
limits on the allowable departure of 'D» and 2 from the 
OPEC value would have to be fixed in order to show 
that it is excluded. 


J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957). 

" Proceedings of the International Conference on Nuclear Forces 
and the Few Nucleon Problems, London, July, 1959 (Pergamon 
Press, New York, 1960), p. 39. 

22H. P. Noyes and D. Y. Wong, Phys. Rev. Letters 3, 191 
(1959). 

4M. Cini, S. Fubini, and H. Stanghellini, Phys. Rev. 114, 1633 
(1959). 

4 J. Perring and R. Phillips, Nuclear Phys. (to be published). 
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At energies below 40 Mev, it is much more reasonable 
to assume that everything except S and P waves is 
adequately represented by OPEC. Unfortunately, the 
data are not sufficiently precise in this region to give 
evidence for the very small phase shifts predicted by 
OPEC, so we cannot hope for much improvement in 
the analysis. We have checked this in detail using dif- 
ferential cross sections at 9.68,'° 18.2,'° 19.8,'7 and 25.63" 
Mev, and find that the solution regions already given 
by one of us (MHM)"* are not significantly changed. 
At first sight, one might hope that at sufficiently low 
energy, the *P phases could be taken from OPEC, but 
model calculations show that the centrifugal shielding 
is insufficient to make this true even at 4+ Mev.’ If 
we analyze the 18.2-Mev data using in addition the 
polarization measured at 16 Mev,?' we find that the ‘So 
phase is more likely to be 50° or 51° than either 49° 
or 52°, but this uncertainty covers the 
theoretical interest. 


region of 


Since the data do not determine the S phase, we have 
attempted to see if, for reasonable S phase, the energy 
variation of the P phases gives any clue. We have com- 
puted the S phase at four energies both from the usual 
shape independent effective range formula and from 
the fit to the Raphael formula,'' and searched to find 
the 4 types of P-wave solutions, assuming higher partial 
waves are given by OPEC. The results are given in 
Table I. We see that qualitatively the four types can 
be followed from one energy to the next, except that 
solutions of type II tend to flop over into I or IV, but 
that the fluctuations from an expected smooth energy 
variation are large. One can conclude from this either 
that the S-wave energy variation we have assumed is 
not accurate enough to give consistent results, or that 
there is some systematic 
two intermediate experiments and those 
the range. We remind the 
reference 19, phase shifts obtained from analyzing 
a(@) are extremely sensitive to systematic errors (“tp- 
ping’’) in angle. 


between the 
at the end of 


inconsistent Vy 


reader that, as noted in 


We have also tried to avoid this possible inconsistenc y 
between different laboratories by taking only the Minne- 
sota experiments at 9.68, 25.63, and 39.4 Mev, and try- 
ing them together by a theoretically derived energy 
dependence for the P phases. Fubini and Stanghellini” 
have used a technique analogous to the one used for the 
‘Sy state by Cini ef al.’ parameter 
formula for each of the P 


to derive a three 


states. In this formula two 


. H. Johnston and D. E. Young, Phys. Rev. 90, 989 (1959) 
. L. ¥Yntema and M. G. White, Phys. Rev. 95, 1226 (1954). 
‘7 J. W. Burking, G. E. Schrank, and J. R. Richardson, Phys. 
Rev. 100, 1805A (1955). 
18 T. H. Jeong, L. H. Johnston, D. E 
Phys. Rev. 118, 1080 (1960 
19M. H. MacGregor, Phys. Rev. 113, 1559 (1959) 
* T. Hamada, J. Iwadare, S. Otsuki, R. Tamagaki, and W 
Watari, Progr. Theoret. Phys. 22, 566 (1960 
21 W. A. Blanpied, Phys. Rev. 116, 738 (1959 


2S. Fubini and A. Stanghellini (private commu 
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l'as_e I. Nuclear-bar phase shift sets for fixed ‘So phase, and 'Ds, es, and higher phases taken from OPEC. (a) So phase from the 
shape-independent effective-range approximation. (b) 1S» phase from the Coulomb-corrected Raphael formula fitted to SYM-1 at 


310 Mev. 


Energy 
(Mev) 


(a) 9.68 
18.2 
19.8 
25.63 

(b) 6.98 
18.2 
19.8 
25.63 


of the parameters can be derived from single pion 
exchange, and the third, taken to represent the rest 
of the interaction, can be fitted to experiment. We have 
fitted this constant to the 25.63-Mev P phases, and 
calculated to phase shifts at 9.68 and 39.4 Mev for all 
the cases given above. At neither energy did we obtain 
an acceptable fit, so we searched for solutions using 
these values as a starting point. In most cases the *P; 
phase did not change a great deal, but the other two 
changed by 25-50% or even more. We conclude that 
while this approach gives a qualitatively adequate 
description of the energy variation, it still does not allow 
us to resolve the phase shift ambiquity. This attempt 
to correlate the data at different energies, although 
unsuccessful, is, in one sense, encouraging. It shows 
that the data are quite restrictive if a quantitative model 
for the two-nucleon interaction is required to fit them. 
The conclusion we reach from this study is that triple 
scattering experiments are required to give an experi- 
mental determination of the phase shifts in this energy 
range. Recently Iwadare® has explored this situation 
in detail, and finds that two such experiments at an 
appropriate angle can indeed give the required informa- 
tion. We refer the reader to his paper for details. 
Another way to resolve the ambiguity has recently 
been given by Riazuddin.** This makes use of dispersion 
relations for certain combinations of the triplet ampli- 
tudes evaluated at low energy. This calculation uniquely 
specifies the signs of certain combinations of the P 
phases. Together with the measured sign of the polari- 
zation at 16 Mev, this allows him to conclude that solu- 
tion type I given above is the physically correct one. 
To obtain the acutal values of the phases, the triple 
scattering experiments are, of course, still required. 


III. 66 AND 68.3 Mev 


The differential cross section has been measured at 
68.3 Mev,*® and the polarization at 66 Mev.* We have 
analyzed these data, given in Table II, assuming both 
at an energy of 68.3 Mev. Starting from random values 


Phys. Soc. London (to be published). 


23 J. Iwadare, Proc. 
* Riazuddin, Phys. Rev. 121, 1509 (1961). 
25D. E. Young and L. H. Johnston, Phys. Rev. 119, 313 (1960). 


sin om 
“ION bh 


for the phase shifts and searching on S, P, and D waves 
with the higher phases taken from OPEC did not lead 
us to solutions with physically reasonable values for 
the S and D phases, so that the data did not determine 
the phases without additional assumptions. By holding 
the S wave fixed at values lying between 30° and 40°, 
however, we were able to get sets which look vaguely 
like the four Clementel-Villi solutions at lower energy, 
but usually with poor x? values. If one believes that at 
this energy the D phase should be greater than 1° and 
that €2 is negative, only one of these sets looks reason- 
able. We therefore took this set and searched on S, P, D, 
and €:, starting from various values of the S phase and 
OPEC values for 'D, and es. All these searches ended up 
close to a single solution, which is given in Table III. 


TABLE II. Differential cross section data at 68.3 Mev (reference 
24) and polarization data at 66 Mev (reference 8) used to obtain 
the phase shift solutions given in Table IIT. 


68.3 Mev 66 Mev 
(1) (2) (3) ( (5) (6) 


Go.m a(@) (mb) P(@) 
10.18 2.96+0.104 
12.215 7.05+0.056 
13.233° .14+0.049 
14.25 53+0.044 
16.29° 20+0.042 
18.32 24+0.042 
20.36 50+0.044 
22.39 .65+0.045 
24.42 81+0.047 
26.45 .94+0.048 
28.48 .11+0.049 
30.51 23+0.050 
32.54 .28+0.050 
34.57 33+0.051 
36.61 30+0.050 
40.67 .34+0.051 
44.71 31+40.050 
50.80 .34+0.051 
54.83 6.30+0.050 
60.90 6.34+0.051 
64.93 6.28+0.050 
70.97 6.21+0.050 
74.99 6.17+0.049 
81.01 6.18+0.049 
91.04 6.17+0.049 

101.01 6.17+0.049 


0.050+0.014 
0.047 +0.009 
0.077+0.010 
0.078+0.008 
0.062+0.008 
0.069+0.008 
0.067 +0.008 
0.059-+0.008 
0.058+0.007 
0.053+0.007 
0.038+0.007 


ant 


—~ = 


P/sin@ cos@+AP/sin@ cosé 


0.153+0.043 
0.121+0.023 
0.176+0.023 
0.165+0.017 
0.125+0.016 
0.138+0.016 
0.137+0.016 
0.127+0.017 
0.137+0.016 
0.142+0.019 
0.123+0.023 


~r~ aa 
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Energy 
(Mev) Authors 'Ds 3Py 
18.59° 
16.65 
14.24° 


14.05 


Present work 
Perring 

95 Present work 

98 Perring 


68.3 


68.3 


The expected value of x’ is 28 as compared to values 
of 40-46 for phase shifts in this neighborhood. However, 
16 of this value comes from the smallest angle point 
where the cross section is varying so rapidly as to make 
this discrepancy reasonable. We conclude that this is 
the physically reasonable solution at this energy, al- 
though it is not experimentally unique. A similar solu- 
tion has been found by Perring,?* which we quote for 
comparison. He used fewer pieces of data, and took 
es from OPEC;; the difference in the phase shift values 
should serve as a warning that the uncertainty in these 
values is quite large. Again it is clear that triple scat- 
tering data are needed both to give an experimental 
resolution of the phase shift ambiguity and to give an 
accurate value of the 'So phase. 


IV. 95 AND 98 Mev 


We have analyzed differential cross section and polar- 
ization measurements at 95 Mev, and depolarization” 
data at 98 Mev, assuming all measurements were at 95 
Mev. The data used are given in Table IV. Searching on 
S, P, and D phases, and taking the rest from OPEC, 














¢* 
Fic. 2. Value of x? vs G? for 5 and 6 parameter fit to 
95-Mev p—>? scattering data 
26 J. Perring, Atomic Energy Research Establishment Report, 
Harwell AERER 3324, 1960 (unpublished). 
27 E. H. Thorndike and T. R. Ophel, Phys. Rev. 119, 362 (1960). 
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I'ype I nuclear-bar phase shift sets at 68.3 and 95 Mev obtained from the analysis of the data given in 
Tables II and IV. Similar sets found by Perring (reference 26) are given for comparison. 





ig 2 €2 
—10.49° 
— 10.22 
—11.98° 
— 12.88 


x? (expected) 
—2.38° 

OPEC 
—2.78 
OPEC 


42.0 30 
38.0 26 


30.84 
16.5 


we found only one solution type. Displacing the initial 
value from this solution and searching on 2 as well, 10 
searches returned to this solution, which is given in 
Table III, again in comparison with a similar solution 
found by Perring.*® The eleventh search found a different 
relative minimum with a negative D phase and positive 
€. but the x’ is 123.7. If we also allow the F phases to 
vary, many solution types can be found, so this solu- 
tion is “unique” only under rather strict assumptions 
about the higher partial waves. That the solution is 
only qualitative is emphasized by Fig. 2, where we plot 
x’ as a function of the pion-nucleon coupling constant. 
Note that the fit is improved by including ¢2 as a phe- 
nomenological parameter, but that the minimum as a 
function of G? comes at an unreasonably high value. 
Since this work was completed, we have learned of a 
new analysis by Palmieri and Prenowitz?* using more 
recent and more extensive data, as well as a more 
careful treatment of the experimental errors. They have 
found the same solution type that we present here, 
without using OPEC for the higher partial waves. 


V. CONCLUSION 


We conclude that the published p-p scattering data 
in the range 10-98 Mev do not allow a unique experi- 
mental determination of the phase shifts at any single 
energy when supplemented only by the requirement 
that the higher partial waves be given by OPEC. How- 
ever, the very plausible requirement that the 'D2 phase 
have a reasonable positive value and the e2 be negative 
does single out one solution type at both 68 and 95 Mev. 
This can be followed down in energy, qualitatively, and 
is the same solution favored by the dispersion theoretic 
analysis of Riazuddin™ at 4 Mev. It also is reasonable 
from the point of view of phenomenological or semi- 
phenomenological”® potential models, and when com- 
pared to solution 1 at 310 Mev,? and solution 6 at 
210 Mev.’ In addition we point out that the signature 
of the P phases in this solution type is the only one 
consistent with the final state interaction in the photo- 


*8 J. Palmieri and E. Prenowitz, reported by R. Wilson at the 
Proceedings of the 1960 Annual International Conference on High 
Energy Physics at Rochester (Interscience Publishers, Inc., New 
York, 1960). 

*R. A. Bryan, Nuovo cimento 16, 895 
Progr. Theoret. Phys. 24, 1033 (1960). 

» H. P. Stapp, T.,.J. Ypsilantis, and N. Metropolis, Phys. Rev. 
105, 302 (1957). 


1960); T. Hamada 
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TaBLe IV. Harvard p—> scattering experiments at 95 Mev (reference 8, 26) used to obtain the phase shift sets in Table III.* 


6c.m a (6) Aa (8) 
(deg) (mb/sr) (mb/sr) r(x) P(x) 
0.928 
1.024 
1.069 
1.083 
1.062 
1.076 
1.076 
1.058 
1.053 
1.051 
1.046 
1.040 
1.024 
1.012 


Ar(x) 


0.0182 
0.0182 
0.0182 
0.0182 
0.0182 
0.0182 
0.0182 
0.0182 
0.0182 
0.0182 
0.0182 
0.0182 
0.0182 
0.0182 


0.08 
0.08 
0.08 
0.08 
0.08 
0.08 
0.08 
0.08 
0.08 
0.08 
0.08 
0.08 
0.08 
0.08 


4.09 
4.51 


20.6 
25.7 
30.7 
35.8 
40.9 
46.0 
51.1 
56.2 
61.2 
66.3 
71.3 
76.4 
81.4 
86.4 


ee ie hoe 
a ee ON 


ARDASD 
= & & 


at etebababalaletetatete 
= 


uw 
a 


0.023 


AP (x) 
0.010 
0.008 
0.007 
0.007 
0.007 
0.007 
0.007 
0.007 
0.007 
0.007 
0.008 
0.007 
0.007 
0.007 


AD (x) 
0.08 


At(x) 


0.08 


5(x) 
0.279 
0.284 
0.296 
0.276 
0.226 
0.252 
0.235 
0.208 
0.234 
0.236 
0.227 
0.254 
0.257 
0.367 


As(x) 


0.030 
0.021 

0.016 
0.015 
0.014 
0.014 
0.014 
0.015 
0.017 
0.019 
0.026 
0.031 
0.047 
0.112 


D(x) t(x) 


“0.00. 1.00 


0.00 0.07 1.00 0.07 


0.00 0.08 0.08 


—0.12 0.10 0.10 


—0.11 0.16 0.16 


® The differential cross section at 90° was taken to be 4.405. This reference value has an absolute error of 5°. D was actually measured at 98 Mev. The 
definition of the quantities r(x) and s(x) and ¢(x) are as in Ref. 30: r(x) =o (8) /0(90°), s(x) =P(x)/sin6cos@, t(x) =1 —D(x), where all the @’s are 6c.m. 


disintegration of the deuteron.*!* From a theoretical 
point of view, we therefore have little doubt that this 
is the correct solution type at low energy, but the triple 
scattering experiments which would settle the question 
are clearly desirable. Further, they are urgently needed 
to give reasonably accurate phase shifts for more quanti- 
tative comparison with theories of the two-nucleon 
interaction. That the data considered as a function of 
energy put serious restrictions on such models is shown 
by our failure to fit the 9.68, 29.63, and 39.4 data simul- 
taneously with a simple, but theoretically reasonable, 
energy dependence. 

31 J. J. de Swart and R. E. Marshak, Phys. Rev. 111, 272 (1958); 


Physica, 25, 1001 (1959). 
® G. Kramer, Nuclear Phys. 15, 60 (1960). 
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rhe electron-electron differential scattering cross section has 
been measured with the use of a 500-Mev electron beam from the 
Stanford Mark III linear electron accelerator. 
sought from the theoretical cross section as calculated in first-order 
perturbation theory (Moller The experimental 
results were compared with the Moller formula as corrected to 
the next order in perturbation theory by the work of Tsai 

Atomic electrons in a beryllium target foil constituted the 
target for the electron-electron scattering. The scattered electrons 
passed through a slit system which defined the angle of scattering 
and the solid angle. After the particles passed through the slit 
system, they entered a double-focusing magnetic spectrometer, 
which analyzed the particles in momentum. The 
electrons emerging from the spectrometer were detected by a 
liquid Cerenkov counter. The incident beam was monitored with 
the use of a Faraday cup and an electronic current integrator 


Deviations were 


scattering). 


scattered 


I. INTRODUCTION 
A. Theoretical Background 


HE fundamental interaction between elementary 
particles is one of the centers of interest in 
modern physics. The electron is one of the earliest 
known elementary particles, and the interaction 
between electrons (quantum electrodynamics) _ is 
supposed to be the best-founded branch of modern 
field theory. However, the experimental tests of the 
theory have been performed only at low momentum 
transfers (e.g., the Lamb shift), and the experiments 
which have been performed so far on the scattering of 
electrons by electrons have been done only below 16 
Mev. It is known that the higher order effects (radiative 
corrections) manifest themselves mainly at high 
energies in scattering experiments, and it is important to 
be able to say that these corrections are well understood 
both theoretically and experimentally. This is the first 
experiment on the scattering of electrons by electrons 
to be performed at high energies. 
When the Dirac equation is applied in the lowest 
order of perturbation theory to the calculation of the 
differential cross section for the scattering of electrons 


by electrons, the following expression is obtained for 


the laboratory system: 
da . : (>*)? cosé 
(@a\—? 


[cos*é+ (y*)? sin’é | 


2(A* 2) sec? (@* 2 


[1 +4 csc*A* } cm* sr. 


(1) 


This work was supported in part by the joint program of the 
Office of Naval Research, the Atomic Energy Commission, 
and the Air Force Office of Scientific Research 

+ Now at the Physics Institute, University of Zurich, Zurich, 
Switzerland 


I S 


In order to enhance the accuracy of the experiment, the experi 
mental electron-electron scattering was compared to the elastic 
electron scattering from the target nuclei (Mott scattering 

The cross section was, measured at approximately 2.6, 3.5, and 
4.5 degrees in the laboratory system 
approximately 90, 107, and 120 deg in the center-of-mass system, 
respectively. 

The theoretical magnitude of the radiative corrections is —5.5, 
—4.9, and —4.9; for the scattering angles 2.6, 3.5, and 4.5 deg, 
respectively. The from the 
Moller formula found for the above angles was —3.0 (+2.3)%, 
(+2.9)°%, and —5.9 (+2.3)°%, respectively, where the 
error cited is total statistical error. In addition to the statistical 
error there is a maximum estimated +2°, possible systematic 
error. 


These angles correspond to 


average experimental deviation 


2s 
—J.J 


This is the well-known result first obtained by Meller. 

In the above expression @ is the angle of scattering in 
the laboratory system and @ is the corresponding angle 
in the center-of-mass system. The symbols e, mo, and 
incident 
velocity in the laboratory system, respectively. The 
quantity y=[1—77/¢ ] [(y+1)/2]!, which 
is the y corresponding to the center-of-mass system. 
The terms which are dependent on the laboratory angle 
arise from the relation between the center-of-mass solid 
angle and the laboratory solid angle. 


v are the electronic charge, rest mass, and 


and y* 


The terms in the result may be identified according 
to their physical origin. The first term in the curly 
brackets is the contribution from direct 
the third term is the exchange scattering part; while 
the second term is the interference term between direct 


scattering ; 


and exchange scattering. The last term in the curly 
brackets is the part of the interaction which is con- 


tributed by the magnetic moment of the electron. 


The experiments which have been performed at low 


energies have verified the necessity of the presence of 
all these terms in the equation. 

Until now, previous experiments on electron-electron 
scattering which have been performed with the use of 
particle accelerators have been done only at relatively 
low energies. Scott ef al.2 did an experiment similar to 
this experiment, with the use of an external betatron 
beam at 15.7 Mev. Barber ef al.’ pe rformed a coincidence 
experiment at 6.1 Mev with the use of the Stanford 
Mark II linear Kepes et al. 
measured the cross Mev with an 
electrostatic accelerator. The results of these experi- 


accelerator. 
2.00 


electron 
section at 1 


'C, Maller, Ann. Physik 14, 531 (1932 

2M. B. Scott, A. O. Hanson, and E. M vi n, Phys 
638 (1951) 

mW.C 
950 (1953) 

‘J. J. Kepes, B. Waldman, and 
(1959), 


Rev. S4, 


Barber, G. E. Becker, and PI Rev. 89 
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ments were, in general, a few percent lower than the 
Mller cross section. 

A positron-electron scattering experiment has been 
performed at 200 Mev with the use of a cloud chamber 
and the Stanford Mark III accelerator by Poirer et al.® 
Their result was a (—13+9)% deviation from the 
theoretical (Bhabha®) cross section. There have been 
no radiative corrections calculated for this experiment, 
so their result cannot at present be compared with such 
corrections. 


B. Radiative Corrections 


The radiative corrections for electron-electron scat- 
tering were first calculated by Redhead? and later by 
Polovin.* Both authors made two restrictions on their 
calculations. First, they restricted the energy k of the 
emitted photon to be <«mce*. Second, they limited 
Ruwax tO an isotropic distribution in the laboratory 
system. These limitations unrealistic for the 
present experiment. In this experiment, the maximum 
energy of the photon which is emitted can be as large 
as the energy of the undetected electron. Furthermore, 
the distribution is not isotropic, but tends to be peaked 
in the direction of the undetected electron. As a result 
of the restrictions, the results of Redhead and Polovin 
contain terms of the order a@ In*(q*, m?), compared to one 
(g=four-momentum transfer in the scattering process, 
a is the fine structural constant). For this experiment 
these terms are as large as 30%. As the value of gq is 
increased, the terms approach a relative value of 100°, 
which would make questionable the result of a perturba- 
tion calculation. 


are 


At the time of completion of this experiment, a 
calculation of the radiative corrections for this experi- 
ment was completed by Tsai.’ Tsai calculated these 
corrections for two reasons. First, he wished to find 
out the origin of the existence of the @ In?(q?/m?*) terms 
of Redhead and Polovin’s results, and 
wanted to develop the techniques which were necessary 
in order to calculate radiative corrections for systems 
in which the undetected particle can recoil with a large 
amount of energy which permits the undetected particle 
to radiate a high-energy photon. He showed that the 
results of Redhead and Polovin were correct within 
their restrictions. However, result not 
contain a |In?(qg?, m*) terms. These terms canceled in 
his calculation. 


second, he 


does 


Tsai’s 


The Tsai result predicts radiative corrections to the 
Mller cross section of approximately —5% for this 
experiment. The calculation has a maximum theoretical 


6 J. A. Poirier, D. M 
117, 557 (1960) 

‘H J Bhabha, Proc Roy 

M. L. G. Redhead, Proc 

1953) 

*R. V. Polovin, Soviet J. Phys. 4, 385 (1956). 

'Y.S. Tsai, Phys. Rev. 120, 269 (1960); referred to as experi 
ment IT in this paper. 


Bernstein, and Jerome Pine, Phys. Rev. 


Soc. (London) A154, 195 (1936). 
Roy. Soc. (London) A220, 219 
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uncertainty of +2% which arises from the neglect of 
terms of the order of one compared to In(q?/m?). 


C. Breakdown of Quantum Electrodynamics 


the low momentum transfer in the 
center-of-mass system, this experiment is not sensitive 
to a possible breakdown of quantum electrodynamics of 
the types described in papers by Yennie ef al.'!° and by 
Drell.!' The center-of-mass four-momentum transfer 
varies approximately as (2mE)?, where E is the incident 
laboratory energy. The experiments on electron-proton 
scattering which have been performed by Hofstadter?:™ 
have already set limits on a possible breakdown of 
quantum electrodynamics below the distance probed in 
this experiment. For this experiment, with 500-Mev 
incident electrons, and for the case of 90° center-of-mass 


Because of 


scattering angle, the momentum transfer expressed in 
fermis, is approximately 10 fermis. The distance 
probed in the electron-proton scattering experiments is 
about 0.8 fermi. 

An experiment which is designed to test the limits of 
a possible breakdown of quantum electrodynamics is 
currently in preparation at Stanford. This is the 
colliding-beam experiment of O’Neill ef al." 


D. Synopsis of This Experiment 

The object of this experiment is to look for deviations 
from the Mller scattering cross section. Such devia- 
tions are expected because of radiative effects. 

The procedure consisted of bombarding a beryllium 
target foil with a high-energy (500-Mev) electron beam 
from the Stanford Mark III linear electron accelerator. 
Electrons which scattered at a specified angle passed 
through an entrance slit which defined the solid angle 
and_ then magnetic spectrometer which 
analyzed the electrons in momentum. After leaving the 
spectrometer, the electrons were detected by a liquid 
Cerenkov counter. The number of incident electrons 
was determined with the use of a Faraday cup and an 
electronic charge integrator. From this information a 
cross section could be determined. The cross section was 
actually obtained by comparing the electron-electron 
scattering to a known cross section: the Mott cross 
section'® (relativistic elastic-nuclear scattering). The 
method of comparison was chosen in order to reduce 
the systematic errors of the experiment. This experiment 
has the advantages of good energy resolution and 
small or negligible corrections for plural scattering, 
energy straggling, and other target-thickness or geo- 
metric effects. 


entered a 


0D. R. Yennie, M. M. Lévy, and D. G. 
Modern Phys. 29, 144 (1957). 

"S$. D. Drell, Ann. Phys. 4, 75 (1958). 

2 R. Hofstadter, Revs. Modern Phys. 28, 214 (1956) 

‘8 R. Hofstadter, Ann. Revs. Nuclear Sci. 7, 231 (1957) 

4 W.K.H. Panofsky, in Proceedings of the 1960 Annual Inter 
national Conference on High-Energy Physics at Rochester (Anter 
science Publishers, Inc., New York, 1960), p. 769 

16N, F. Mott, Proc. Roy. Soc. (London) A124, 425 


Ravenhall, Revs. 


(1929), 
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Results are presented for the laboratory scattering 
angles of approximately 2.6, 3.5, and 4.5 deg. For an 
incident energy of 500 Mev, these angles correspond to 
90, 107, and 120 deg in the center-of-mass scattering 
system, respectively. The results depend explicitly on 
the assumption of the validity of the Mott scattering 
formula at small angles, as corrected for radiative 
effects, and the validity of relativistic electron-electron 
kinematics. 

Il. APPARATUS 
A. General 

Electron-electron scattering presents experimental 
problems which require special consideration. Referring 
to Fig. 1, which is a plot of laboratory scattering angle 
vs center-of-mass scattering angle for 500-Mev incident 
electrons, one sees that the 90-deg center-of-mass angle 
becomes approximately 2.6 deg in the laboratory 
system. Thus, the angles of scattering in the laboratory 
are very small. The relationship connecting center-of- 
mass angle 6* and the laboratory angle 6 is 

2—(y+3) sin*é 
cosé* = ore. 
2+(y—1) sin’é 

Of additional interest is the relationship between the 
energy in the laboratory system of the scattered 
electron as a function of laboratory angle. The relation 
is 

[(E+m)+(E—m) cos*é | 
k'=m - —_—_—., 
[(E+m)—(E—m) cos’ ] 
Here £’ is the scattered energy and E is the incident 
energy. Figure 2 is a plot of this function for E=500 
Mev. The scattered energy varies extremely rapidly as 
a function of angle. At 2.6 deg, the scattered energy 
changes at a rate of approximately 100 Mev/deg. 

It was desired to use a spectrometer to analyze the 
scattered particles in energy. From the above considera- 
tions, one can see that such a spectrometer must be 
able to collect scattered electrons at small angles, and 
it must not interfere with the incident electron beam. 
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Fic. 1. Electron-electron scattering. Laboratory scattering angle 
vs center-of-mass scattering angle. E (incident) =500 Mev. 
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B. Accelerator 


The Stanford Mark III accelerator has been described 
elsewhere.'® After acceleration, the particles enter a 
beam translation area consisting of two magnets." 
This system is shown schematically in Fig. 3. In this 
system, the beam is analyzed in energy, and the spread 
of beam energy is defined. The beam can be steered and 
also focused through the use of the rotating pole tips. 


C. Spectrometer 

The constructed spectrometer has a C-type cross 
section. It is a double-focusing spectrometer constructed 
according to the theory contained in the article by 
Judd.'* The bending radius of the central orbit is 36 in., 
and the angle of deflection is 90 deg. The target to 
magnet distance which was selected is 65 in., which 
gives a distance of 107 in. from magnet to focal plane. 
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Fic. 2. Electron-electron scattering. Scattered electron energy 


vs laboratory angle. FE (incident) =500 Mev. 


The magnetic field shape parameter » has a value of 
} for a double-focusing spectrometer. The » value was 
carefully measured for several magnetizing currents in 
the range which was used in the experiment. The 
measurements showed a 1-2-in. region where the x 
value is within }% of the desired value of }. From these 
measurements, one could with confidence 
entrance-slit sizes for different scattered energies which 
kept the electron orbits in the region where m equaled 
}. The measurements of » were performed with the use 
of the same rotating coil device which was used as a 
field monitor during data collection and the m values 
measured had less than 1% error. 

16M. Chodorow, E. L. Ginzton, W. W 
Rev. Sci. Instr. 26, 134 (1955). 


17K. L. Brown, Rev. Sci. Instr. 27, 959 (1956) 
18D. L. Judd, Rev. Sci. Instr. 21, 213 (1950) 
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ELECTRON-ELECTRON 

The energy calibration of the spectrometer was 
accomplished through the use of the accelerator beam. 
The accelerator beam had been calibrated by a floating- 
wire calibration” on the deflecting magnet of the beam 
translation system. This calibration has an estimated 
error of +3%. The magnetic field of the deflecting 
magnet was adjusted and monitored for a data run by 
the use of a proton-resonance probe. The energy 
calibration of the deflecting magnet was expressed in 
terms of the frequency of the proton resonance. The 
energy of the accelerator was then easily reproducible 
to 1 part per 10 000 from run to run. The spectrometer 
calibration was made by passing the accelerator beam 
through the spectrometer and measuring the field value 
which caused the incident beam to be focused at the 
central-orbit position of the focal plane. 
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Fic. 3. Beam translation system, 


D. Vacuum System 


A vacuum chamber was constructed for the spectrom- 
eter. The vacuum chamber included target chamber, a 
connecting arm to the spectrometer, a spectrometer 
vacuum chamber and a vacuum pipe from spectrometer 
to detector. After the electron beam went through the 
target it passed out of the vacuum chamber through a 
thin Mylar window which formed one side of the 
connecting arm from the target chamber to the’ spec- 
trometer. The window was sealed with Neoprene cord 
and a clamping frame. 

The target chamber contained a movable target 
holder in the form of a ladder. This was remotely 
controlled from the counting room. During a run a zinc 


'9 FE. A. Allton (private communication). 
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Fic. 4. Experimental arrangement. 


sulfide fluorescent screen which had been placed in one 
of the target spaces was inserted into the beam to a 
predetermined point, and the shape, size, and position 
of the beam spot were viewed with the use of a closed- 
circuit television system. 


E. Auxiliary Equipment 


The target chamber was connected directly to the 
accelerator drift tube by a flexible connection which 
permitted scattering to angles as large as 10 deg. 

An entrance slit system was included in the vacuum 
connecting arm. The slit was made of lead, and the 
final hole size was obtained by pressing a die through 
the lead. The die was measured to give the entrance 
slit size. 

The particle detector was located in a counter house 
constructed of 8-in. steel walls. The entire apparatus 
was mounted on a small carriage which traveled on 
tracks on the 36-in.-spectrometer gun mount. A 
schematic layout of the apparatus is shown in Fig. 4. 


F. Particle Detection 


The detection system consisted of a liquid Cerenkov 
counter which was attached to a 5-in. photomultiplier. 
The Cerenkov counter was made in the shape of a 
truncated cone about 12 in. long. The fluid which was 
used was Fluorochemical-75. 


G. Rotating-Coil Apparatus 
A piece of apparatus which was important for this 
experiment was a _ rotating-coil device” that 
constructed to monitor the spectrometer magnetic field. 


was 


* F. Bumiller, J. Oeser, and E. Dally, Proceedings of the Inter- 
national Conference on Instrumentation for High-Energy Physics, 
Berkeley, 1960 (to be published). 
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The rotating-coil system was sensitive to field 
changes of 1 part per 10 000 and was reproducible from 
day to day to better than 5 parts per 10000. These 
properties were checked in a test magnet which was 
monitored by a proton-resonance probe. 


H. Beam Monitoring 


The accelerator beam was monitored with the use of a 
Faraday cup or secondary emission monitor (SEM).?! 
The signal from either of these devices was integrated 
with the use of a vibrating reed electrometer. Recent 
checks of the Faraday cup” indicate the efficiency to 
be 100% in the energy range 60-600 Mev. No deviation 
from a response of 100% could be detected, but the 
limit of sensitivity of the tests was about +1%. 


I. Angular Alignment 


At the very small angles of scattering in the labora- 
tory at which the cross section was measured, a small 
absolute error in the knowledge of the angle of scattering 
would produce a large percentage error in the measured 
cross section. Hence, it was extremely important that 
the angle of scattering be accurately known. 

One can predict the position of the beam line for 
the accelerator from the alignment of the beam trans- 
lation system, but this alignment procedure does not 
assure one that the beam which emerges from the beam 


translation system actually follows the predetermined 
line. The beam might cross this line at a small angle. 
The apparatus was aligned for an experiment with 
reference to the beam line which was determined from 
the alignment of the beam translation system. 

The angle which the beam makes with the surveyed 
beam line was measured and found to be approximately 


0.02 (+20%) deg. This angle fluctuated between 
0.010 and 9.030 deg from data run to data run and 
changed slightly with accelerator energy during the 
same data run. 

When the measured angle and the value of the 
incident beam energy were inserted into Eq. (3), the 
predicted value of the scattered energy was in complete 
agreement with the scattered energy measured by the 
spectrometer within the error of the energy calibration 
of the spectrometer and the angular uncertainty. 
Because the angular deviation of the beam varied 
slightly from run to run, the angle of scattering was 
determined by using the knowledge of the incident and 
scattered energy of the electron-electron peaks. The 
scattered energy from electron-electron scattering is 
very sensitive to small angular changes. Hence, the 
angle of scattering was determined to within the 
accuracy of the accelerator energy calibration. 


21G. W. Tautfest and H. R. Fechter, Rev. Sci. Instr. 26, 229 


(1954). 

2F. Bumiller and E. Dally, in Proceedings of the International 
Conference on Instrumentation for High-Energy Physics, Berkeley, 
1960 (to be published 
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J. Target Material 


The choice of the target material was based on three 
considerations. First, a low-Z material was desired to 
assure the validity of the Mott cross section. Second, 
a low-Z material was desired in order to keep the 
contribution to the scattering from the bremsstrahlung 
process as small as possible, since this contribution 
increases as Z* and the electron-electron scattering 
cross section increases only as Z. Third, because the 
experiment was so sensitive to multiple scattering 
effects, a material with a long radiation length was 
required. The lowest-Z material available in thin foil 
form is beryllium (Z=4, radiation length ~69 g/cm”). 
The target foil was machined, and hence somewhat 
nonuniform in thickness. The effect of this uncertainty 
is assumed to cancel because of the experimental 
method employed. The target was approximately 2} 
mils in thickness, and was measured to be 10.0 (+4%) 
mg/cm’. 


III. EXPERIMENTAL PROCEDURE 
A. Experimental Method 


In this section we outline the procedure followed in 
the performance of the experiment and some important 
details are discussed. 

The measurement of the 
section was accomplished through the comparison of 
the experimental electron-electron scattering 
section with the experimental results obtained from the 
elastic-nuclear scattering data from the same target. 
For this experiment, at the very small angles of scatter- 
ing, the elastic-nuclear scattering is essentially Mott 
scattering. The largest correction to the Mott formula 
is from the radiative effects,“ which amounted to a 
10% correction. The combined effects of form factor, 
nuclear recoil and Born approximation*® 
contribute a —0.7% correction to the Mott cross section 
for the conditions of this experiment. 

The outline of the procedure used to measure the 
(a) electron-electron scatter- 


electron-electron cross 


cTOsSs 


second 


cross section is as follows: 
ing peaks were obtained at the angles of 2.6, 3.5, and 
4.5 deg in the lab; (b) an elastic-nuclear scattering peak 
was taken at 4.5 deg with an incident beam energy 
which corresponded to the scattered energy of the 
electron-electron peak taken at 4.5-deg scattering angle. 
At small scattering angles the incident and scattered 
energy are the same for nuclear scattering; (c) a ratio 
was formed of the areas of the electron-electron peak 
to the area of the elastic-nuclear scattering peak. 
This ratio is multiplied by appropriate factors to take 
into account the difference in the number of electrons 
passing through the target. The ratio should be equal 
to the theoretical ratio of the cross sections; 


% J. Schwinger, Phys. Rev. 75, 898 (1949 

* H. Suura, Phys. Rev. 99, 1020 (1955) 

28W. A. McKinley and H. Feshbach, Phy 
(1948). 
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obtain the electron-electron cross section, the ratio is 
multiplied by the corrected Mott formula as evaluated 
for the proper incident energy and scattering angle. 

By the use of the comparison method, uncertainties 
arising from target thickness and target density were 
canceled. 

The method of reducing the incident energy of the 
beam to give a final energy for elastic-nuclear scattering 
close to the final energy of electron-electron scattering 
reduces or eliminates uncertainties which arise from 
spectrometer transmission efficiency, spectrometer dis- 
persion, and detection efficiency, since electrons of 
nearly the same energy entered the spectrometer for 
either electron-electron or elastic-nuclear scattering. 


B. General Considerations 


For this experiment, there are several important 
matters are now considered. (i) Because the 
scattering angles are small, and the elastic-nuclear 
cross section varies approximately as 1/6*, a small 
error in the determination of the scattering angle would 
give a large error in the value of the normalizing cross 
(ii) The extremely rapid variation of the 
scattered energy as a function of scattering angle for 
electron-electron scattering requires the incident beam 
to be very stable in position. (iii) The rapid dependence 
of scattered energy upon the scattering angle in electron- 
electron scattering means that there is no compensation 
by “scattering-out”’ 
This is because each scattered ray which comes from 
the target at a different angle has a different energy. 
The ray might still enter the spectrometer through the 
entrance slit; however, the spectrometer is adjusted to 


which 


section. 


for electron-electron scattering. 


accept only a very narrow energy range which corre- 
sponds to scattering at a well-defined angle. Therefore, 
for electron-electron scattering, the multiple scattering 
losses are large. (iv) On the other hand, for elastic- 
nuclear scattering, there is a negligible dependence of 
scattered energy on the angle of scattering at the small 
angles. This fact results in the approximate cancellation 
of the scattering-in and scattering-out at the entrance 
slit for elastic-nuclear scattering. The amount of 


cancellation depends on the size of the entrance slit, 
the properties of the target material, and the curvature 
of the cross section as a function of angle. 


C. Appearance of the Electron-Electron Peaks 


With some of the above considerations in mind, we 
now discuss the shape of the scattering peak obtained 
from electron-electron scattering. The shape of an 
experimental peak from Mller scattering, with no 
radiative corrections, for a point beam spot, no multiple 
scattering and perfect resolution (referred to as the ideal 
case), would appear approximately as indicated in 
Fig. 5 for the 500-Mev_ incident 
scattered at about 2.6 deg. The curve labeled **Moller 
cross section” is normalized to one at the 250-Mev point. 


case of electrons 
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The ideal peak is the M@ller cross section curve bounded 
by the two vertical lines labeled ‘extent of entrance 
slit.”” That is, 
scattered energy on the angle of scattering, each ray 


because of the strong dependence of 


which is scattered at a different angle enters the entrance 
slit with a different energy. The entrance slit would 
define very sharply the sides of the peak. However, 
because there is multiple scattering and because the 
beam spot does have a finite size, from consideration 
of (ili) one can see that the peak is modified approxi- 
mately as shown by the smooth curve in Fig. 5. This 
curve was obtained by the calculation of the effects of 
a finite source size and the effects of multiple scattering 
upon the ideal curve. One can understand that the 
scattered ray, which would pass just inside the slit 
edge, loses half its intensity when it is spread because of 
multiple scattering. Data points taken from an experi- 
mental peak and normalized to unity at the 250-Mev 
point, are shown for a comparison with the estimated 
peak. This procedure illustrates the origin of the peak 
shape. Because the peaks are rather wide (~25 Mev), 
the effects of spectrometer dispe rsion and ene rgy spread 
of the incident beam are small and do not visibly 
affect the shape or the width of the electron-electron 
peaks. 

Small movements of the beam position on the target 
strongly affect the data points which are located at 
The 


electron-electron peaks is relatively un- 


the sides of the electron-electron central 
part of the 
affected by 


scattering losses if the entrance slit is made sufficiently 


peaks. 
small beam fluctuations and multiple- 


wide. 

The dashed line in Fig. 5 is the result of applying the 
radiative corrections, which were calculated by Tsai, to 
the normalized cross section. Note that the corrections 
shift that the 


not only the Mller cross section, but 


slope is also changed. 
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D. Collection of the Data 


In the collection of data, a preparatory procedure was 
carefully followed for each data run. On each data 
run considerable time and care were expended to focus 
and to shape the beam spot, and to make the conditions 
from data run to data run as nearly the same as possible. 

The SEM was calibrated by comparison of its 
response with the Faraday cup. The SEM efficiency 
was 22-25%, depending upon the incident energy.” 
After calibration, the SEM had to be positioned 
properly before data could be taken. Referring to Fig. 4, 
the trajectory of the beam is curved after leaving the 
vacuum chamber because of the influence of the fringing 
field of the spectrometer. This bending of the beam, 
which varied depending upon the angle of scattering, the 
incident energy, and the spectrometer current, caused 
the beam to miss the Faraday cup. Therefore, a portable 
monitor such as the SEM had to be used for some data 
points. The SEM was located properly by viewing the 
beam spot position on zinc sulfide screens placed over 
the entrance and exit windows of the SEM. The spot 
position was observed by a_ telescope-and-mirror 
arrangement on the exit screen and by a closed-circuit 
television system on the entrance screen. The SEM 
was alternately observed and positioned until the beam 
spot was located on the center line of the SEM. 

In order to collect the data, the spectrometer current 


was set well above the peak position and data points 


were recorded for a fixed number of incident electrons 
as measured by the charge integrator. The spectrometer 
current was lowered in small steps and data was taken 
at each setting. Successive points were recorded until a 
peak was traced out. The beam spot position was 
checked between points on the peak. Typical electron- 
electron data peaks taken at 2.6, 3.5, and 4.5 deg are 
shown in Figs. 6, 7, and 8, respectively. The error bars 
which are shown are the standard deviation of the 
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Fic. 6. Electron-electron peak—2.6°. F (incident) = 500 Mev. 
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number of counts which was recorded. The plotted 
points have been corrected for counting rate losses. 
The points which are indicated as background points 
arise from electrons which scattered from the exit 
window of the vacuum chamber. These points were 
taken with the target out of the beam. A continuous 
line of points above the background is found at energies 
above and below the electron-electron peak (but are 
not shown in the figures). These points come from the 
electrons which bremsstrahlung 
process. 

The elastic-nuclear scattering peaks were taken in a 
manner similar to the electron scattering peaks. A 
typical peak, taken at 4.5 deg is shown in Fig. 9. 


have undergone a 


IV. REDUCTION OF THE DATA 
A. Method 


The general approach of the method of data reduction 
has been given above. In principle, one uses the area 
under the scattering peaks to obtain the cross section. 
However, in view of the discussion concerning the 
multiple-scat tering electron-electron 
peaks, one can see that the area under the experimental 


losses on the 


peaks would give a cross section which is much smaller 
than the actual cross section. The true area could be 
obtained (in principle) by calculation of the multiple 
scattering losses. The corrections for these losses would 
be large, and a small error in making these corrections 
could make an error in the final result which is as 
large as the radiative corrections. One uncertainty in 
the corrections is the slope of the cross section curve 
vs angle of scattering. The radiative corrections indicate 
that the slope is different from the slope of the Mller 
cross section. Another uncertainty arises from the large 
fluctuations of the data points on the sides of the peaks 
which are caused by small drifts of the beam position. 
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The central part of the electron-electron peaks is 
relatively unaffected by beam spot size, multiple 
scattering, and small beam drifts. For these reasons, 
only the central part of the electron-electron peaks was 
used for data reduction. The region of the peak which 
was used is indicated on the peaks shown in Figs. 6-8. 
The width of the region, expressed in energy units, 
defines the angular interval of scattering through the 
relationship between scattered energy and angle of 
scattering. The solid angle is proportional to the product 
of the angle subtended by the vertical dimension of the 
entrance slit and the angular interval derived from the 
width of the region taken from the data peak. The 
interval used corresponded to about } the actual width 
of the entrance slit. In the reduction of the data, the 
ratio of the solid angles of the electron-electron data 
to the elastic-nuclear data becomes the ratio of the 
angular width of the region from the electron-electron 
peak to the angular width of the entrance slit. The 
vertical dimension cancels in this ratio. It is possible to 
use this procedure because the energy calibration of 
the accelerator and the spectrometer were well known, 
and the slope of the spectrometer energy calibration was 
well established and linear. 


B. Corrections 


The area used to calculate the cross section from the 
electron-electron peaks was the area of the region above 
the background. This area contained electrons which 
were contributed by all other processes in addition to 
electron-electron scattering. Consideration shows that 
the only process which contributed significantly was the 
one in which electrons had undergone a bremsstrahlung 
process. The magnitude of this effect was calculated 
from the results of Berg and Lindner.** The effect 
amounted to a 34, 2}, and 1% contribution at the 
scattering angles 2.6, 3.5, and 4.5 deg, respectively. A 


26R. A. Berg and C. N. Lindner, Phys. Rev. 112, 2072 (1958). 
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Fic. 9. Elastic-nuclear scattering peak for beryllium—4}°. 
FE (incident )=129.5 Mev. 


comparison of these calculations with the experimental 
scattering found in the continuum at the high-energy 
end of the electron-electron peaks gives excellent 
agreement. 

The measured areas of the elastic-nuclear scattering 
peaks were corrected for radiative effects. This correc- 
tion was approximately 10%. 

The multiple-scattering and beam-spot-size effects 
contributed a 1%, 3%, and negligible correction to the 
electron-electron peaks at 2.6, 3.5, and 4.5 deg, respec- 
tively. The elastic-nuclear scattering peak at 4.5 deg 
required less than a 1% multiple scattering correction. 
An additional correction factor of }% was included in 
the elastic-nuclear peaks because of the finite solid 
angle subtended by the slit. The multiple-scattering 
and beam-spot-size corrections were made numerically 
by a folding of the two effects. The multiple-scattering 
calculations used were those of Moliére®? as presented 
in the work of Hanson, ef al.2* These results have been 
shown by Mozley et al.” to be valid at high energies. 

Other corrections arising from target thickness and 
geometric effects were negligible. Atomic binding, 
screening, and plural-scattering effects were also 
negligible. 


C. Assignment of Errors 


The total statistical counting error for each data 
point of the electron-electron and elastic-nuclear peaks 
is about 2% or less. This error includes the error which is 
propagated by the subtraction of the background. The 
error assigned to the ratio of electron-electron to 
elastic-nuclear areas is the square root of the sum of the 


27 G. Moliére, Z. Naturforsch 3a, 78 (1948) 

28 A. O. Hanson, L. H. Lanzl, E. M. Lyman, and M. B. Scott, 
Phys. Rev. 84, 634 (1951). 

*” R. F. Mozley, R. C. Smith, and R. E. Taylor, Phys. Rev. 111, 
647 (1958). 
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Tasie I. Summary of the results. 





Experimental 
cross section 
10-25 cm?/sr) 


0.902 (+0.037) 
0.893( 0.039) 
1.10 0.046) 
1.09 0.045) 
1.78 0.074) 
1.71 0.071) 
1.62 0.067) 
0.865( 0.036) 


da to ty to Ww 


malized to the same 44-deg elastic 


squares of the statistical errors of each peak. The result 
is a 3°) error for the ratio of areas for each point. 

The error contributed by the 
uncertainty of the solid angle, integration errors, and 
uncertainty of SEM efficiency is estimated to be less 
than 2%. 


systematic 
+} 


total 
LOlLdl 


The principle error is a 2.8% error in the evaluation 
theoretical Mott cross section because of the 
uncertainty of the exact value of the scattering angle. 
The error in this angle varied from run to run in a 
random fashion, this error is included as a 
random error and folded into the 3% counting error 
for each point. The total statistical error becomes 4.17 


of the 
so that 


for each measured point. 

No error is included for a possible change of Faraday 
cup efficiency in the range 125-500 Mev. 
Furthermore, no error is included for a possible change 
efficient y or partic le 
125-250 Mev. The 
Mott cross section is assumed to be theoretically correct, 


and no error is assigned to it 


energy 
of spectrometer transmission 
range 


detection 


efficiency in the 


E. Results 


The results are given in Table I. The experimental 
and Moller cross se re given in columns 3 and 4, 
tively. The percentage difference of the experi- 
mental results from the M@ller cross section is given in 
column 5. The last the radiative 
corrections as calculated by Tsai. 
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V. COMPARISON WITH THEORY 
A. Theory 


The expression for the radiative correction to the 
Meller formula is 


do dQ= (do dQ 


Moller)[1+6(@) ], (4) 


where 6(@) is the radiative correction calculated by 
Tsai. It is given in a special form for angles >90 deg 
center-of-mass scattering as 

23 «11 
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7) EXE’ 
K = 
2A0L(E— FE’ 


The significance of the symbols used is shown in Fig. 10 
for an experimental arrangement. They are: £ = incident 
electron energy. EF’ energy for 
elastic scattering. E”’ 
electron. k=energy of emitted photon. @ 
scattering observed. F’ is related to 6 by the kinematic 
relation for elastic scattering. AQ=@—O nin. 8 
at slit edge representing smallest 


scattered electron 


= energy of undetected recoil 


angle of 


angle 
scattering angle. 
Onax=angle at slit edge representing largest scattering 
angle. m=electron rest mass. a= 1/137. 

Note that in the expression for 6(4), the quantity 
E—E’ represents the energy carried away by the recoil 
electron plus the energy of the emitted photon. An 
integration is performed possible photon 
energies and angles, which would give electrons of the 


over all 


same energy and angle corresponding to elastic scatter- 
ing. In this experiment electrons which radiate a 
photon appear to be included in the elastic electron- 
electron scattering peak as elastic scattering events. 
The corrections as calculated for this experiment are 
given with the results in Sec. IV, part E. They were 
calculated assuming that the corrections 
are constant across the region of the peak 


and CTOSS 
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used for data reduction. Since the experimental results 
are not sensitive enough to detect such a variation, this 
is a good approximation. 

Many assumptions were made in the derivation of 
6(@). In order to clearly understand all of them a 
complete discussion of a very complicated calculation 
would be required. The conditions which were imposed 
are: (a) Throughout the calculation of 6(6), the rest- 
mass energy of the electron is neglected relative to all 
(b) The restriction A6/6<1 must be 
The energy difference, AF’= E’(@nin) 
— E'(@), between the two elastically scattered energies 
corresponding to 6,i, and @ in Fig. 10 must be much 
greater than the energy resolution of the spectrometer ; 
(d) It is assumed that 
monoenergeti ‘ 

Let us now compare the experimental conditions with 
the restrictions (a) through (d). Since the rest-mass 
energy of the electron is only 0.51 Mev, condition (a) 
is always true. The energies involved in this experiment 
are all greater than 100 Mev. If one substitutes typical 
values for this experiment into (b), one obtains A@/6 
~0.05 at the 2.6 deg data point. AL’ = FE’ (Onin) — E' (8) 
~10 Mev, whereas the energy slits of the spectrometer 
were set to accept about 0.7 Mev at this point. Condi- 
tion (d) is satisfied if the AF’ in (c) is also much greater 
than any uncertainty of the energy of the scattered 
electron caused by the energy spread of the incident 
beam. The energy spread of the incident beam was about 
too, Which gives an uncertainty of scattered energy 
of about 0.5 Mev compared to 10 Mev. An inspection 
of 6(@) shows that 6(@) diverges as A#@ approaches zero. 
When A@ approaches zero this is equivalent to a 
violation of condition (c), which means AF’ approaches 
zero. This behavior can be seen in the following way. 
The quantity A@/@ plays approximately the role AE EF 
in the Schwinger correction, which gives an infrared 
divergence as E approaches zero. Thus, A@ approaching 
zero is equivalent to an infrared divergence. 


kinetic energies ; 
satisfied; (c) 


the incident electron beam is 


It should be mentioned why the radiative corrections 
do not depend on the energy resolution of the spectrom- 
eter, but instead depend on @. In the center-of-mass 
system, the radiative corrections do depend on the 
energy resolution of a detector, but in the relativistic 
transformation to the laboratory system, the center-of- 
mass energy resolution becomes proportional to Ag. 
This statement must be qualified, since the lack of 
dependence on the energy resolution of the spectrom- 
eter is true only as long as the AF” corresponding to 
A@ is large compared to the energy resolution of the 
spectrometer. This is just condition (c). 


B. Comparison with Theory 


The experimental results presented in part E of 
Sec. IV are compared to the calculation made by Tsai. 
The use of a x? test applied to the data shows good 
agreement with Tsai’s calculation, and the test indicates 
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that the Mgller formula should be corrected for radiative 
effects. However, when the data are shifted upward by 
the estimated 2% systematic error, the data cannot 
distinguish between the M@ller formula and the Mller 
formula corrected for radiative effects. 


VI. CONCLUSIONS 


Although this experiment is a high resolution experi- 
ment from the experimentalist’s point of view; i.e., 
AE'/E’ for the scattered electron is ~0.5%, from the 
point of view of radiative corrections this experiment is 
a low-resolution experiment. In the radiative correc- 
tions, a high-resolution experiment means that the 
phase space available for the emission of a photon is 
small and the radiative corrections are large. In this 
experiment, since one of the final electrons is undetected, 
a photon can steal almost all the energy and momentum 
from this electron. Therefore, the photon has a large 
phase space available to it in the direction of the 
undetected electron. Furthermore, when our experi- 
mental conditions are transformed into those in the 
center-of-mass system, the quantity A6/@ in the lab 
system plays the role of AZ E in the center of mass 
system. In this experiment A@/@~0.1 which is not very 
small. Thus, our experiment is a low-resolution experi- 
ment from the point of view of radiative corrections 
and thus the radiative corrections are small. 

In spite of the fact that the experiment is a low- 
resolution experiment and the smallness of the radiative 
corrections makes the experimental verification of their 
rather difficult, we can look at our result from a more 
constructive point of view. 

Essentially, what has been verified is that the Mgller 
formula at this energy is a good approximation and the 
radiative correction becomes almost negligible when 
the resolution is low or when the phase space available 
to the emission of a photon is large. Although a theore- 
tical calculation is more complicated for low-resolution 
experiments than for high-resolution experiments 
(where multiple photon emission can be neglected), it 
predicts a small radiative correction for low-resolution 
experiments such as this one. In this sense, the experi- 
ment agrees well with the prediction of quantum 
electrodynamics. 

In order to perform an experiment in which the 
radiative corrections are enhanced, one must perform a 
coincidence experiment with energy analysis of both 
particles in order to sufficiently limit the phase space 
of the particle which is undetected in the present 
experiment. In the present experiment, there is such 


freedom of phase space that the radiative effects are 


very small and difficult to measure accurately. 
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Joun H 


his experiment measured the neutron total and reaction cross sections at 5.0 Bev. Transmission measure 
ments were made in good and poor geometry. The high-energy neutron beam was produced when the Beva 
tron circulating proton beam struck a copper target. Neutrons were identified by their production of pions 
in a beryllium block. The pions were then detected by a counter telescope including a gas Cerenkov counter. 
rhe threshold of this gas Cerenkov counter defined the mean effective neutron energy at 5.0+0.4 Bev, 
with the half-intensity points of the neutron energy distribution at 5.9 and 4.2 Bev. The cross sections 
measured for the various elements are (in millibarns) : 

Pb Sn Cu Al Cc H 


1158+34 614433 319+20 33.6+1.6 
586425 381427 235+16 


o, 25344105 1986+88 


ao, 1670+ 79 
The 5-Bev total cross sections are 20% below the total cross-sections measured at 1.4 Bev by Coor et al., 
whereas the reaction cross sections remain essentially constant as a function of energy above 300 Mev 
This behavior of the cross sections can be interpreted by a generalized diffraction theory developed by 


Glassgold and Grieder. 


I. INTRODUCTION 


T 1.4 Bev the neutron total cross sections are 
rising with energy.' Williams made the prediction, 
based upon these data and some high-energy cosmic-ray 
data, that the nucleon-nucleon total cross section would 
be found to rise monotonically from 42 mb at 1.4 Bev 
to 120 mb at 30 Bev.* This prediction came into ques- 
tion with the publication of the high-energy p-p elastic 
scattering data of Cork, Wenzel, and Causey, which 
showed a decrease in the elastic scattering cross section 
from a peak value at 1.5 Bev.’ In the present experi- 
ment in order to extend neutron cross sections to 
higher energies, the total and reaction cross sections 
were measured for 5-Bev neutrons in lead, copper, 
aluminum, and carbon to an accuracy of about 5%. 
The total n-p cross section was measured directly in 
liquid hydrogen. 
The gas Cerenkov counter used in this experiment 
limits the effective neutron energy to a minimum of 3.5 
* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 
t Now at Ford Aeronutronic, Newport Beach, California. 
} Now at Lawrence Radiation Laboratory, Livermore, Cali 
fornia. 
'T. Coor, D. A. Hill, W. F. Hornyak, L. W. Smith and G. 
Snow, Phys. Rev. 98, 1369 (1955 
? Robert W. Williams, Phys. Rev. 98, 1393 (1955). 
> B. Cork, W. A. Wenzel, and C. W. Causey, Jr., Phys. Rev. 
107, 859 (1957 


Bev while the maximum energy available was the 6.2- 
Bev peak energy of the Bevatron. Knowledge of the 
neutron energy is critical for determining meaningful 
cross sections, and is quite difficult to achieve with 
high-energy neutron beams. 

The experiment is interpreted by a new theory de- 
veloped by Glassgold and Grieder to interpret high- 
energy scattering data.‘ This genevalized diffraction 
theory gives expressions for the total and reaction 
cross sections in easily calculated closed forms that 
fit the neutron scattering data well from 300 Mev to 
5 Bev. A simple optical model has also been fitted to 
our data, giving a check on our energy determination 
as well as the usual optical-model parameters. 


II. EXPERIMENTAL METHOD 
A. Experimental Arrangement 
1. Beam 


The neutron beam was generated by the Bevatron 
internal proton beam striking a }X}X3-in. copper 
target with the 3-in. dimension tangent to the circulat- 
ing proton beam. Whenever the primary proton beam 
was spilled on a target, neutrons were produced in the 

4A. E. Glassgold and K. Greider, Phys. Rev. Letters 2, 169 
(1959). 
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forward direction which for this experiment were used 
at 0° from the target, since there is a maximum neutron 
flux and energy in the forward direction. The neutrons 
emerged from the north straight section of the Beva- 
tron with a 4-in. path length in the steel structure of the 
tangent tank. The neutron beam was collimated as it 
passed through the Bevatron shielding wall by a 
2X2X60-in. aperture in 5 ft of lead located 45 ft from 
the Bevatron target, subtending a half-angle of 0.114°. 
Two 1-in. lead bricks 6 in. apart in the mouth of the 
collimator were an effective y-ray filter, since the stray 
field of the Bevatron sweeps away all electrons thus 
produced. 


2. Monitor 


The Bevatron proton beam flux is highly variable 
from pulse to pulse. Comparison of successive runs re- 
quired an accurate monitor to count at a rate propor- 
tional to the high-energy neutron flux in the channel. 
The monitor consisted of a gas Cerenkov counter 
followed by two 4+X4-in. plastic scintillators, operating 
in triple coincidence. This assembly, shown in Fig. 1, 
was placed immediately after the collimator, directly in 
the path of the neutron beam. The Cerenkov counter 
contained Freon-12 (CCl.F2) at 15 psig and counted 
charged pions of energy greater than 2.4 Bev produced 
in the y-ray filter lead bricks at the entrance of the 
collimator and in the walls of the collimator. The two 
plastic scintillators determined the geometry of the 
monitor telescope and eliminated accidental counts 
through the requirement for a triple coincidence. The 
last element of the monitor was 18 ft from the y-ray 
filter, from which it subtended a half-angle of 0.53°, and 
was 63 ft from the Bevatron target, from which it sub- 
tended an angle of 0.152°. The monitor and the neutron 
detector being 24 ft apart, allowed both good- and 
poor-geometry absorber positions. 


3. Detector 


The neutron detector illustrated in Fig. 1 consisted 
first of a 6X6X1-in. plastic scintillation counter con- 
nected in anticoincidence to the neutron coincidence 
circuit. This counter eliminated detector counts from 
charged particles in the beam. Its large size, as com- 
pared with the 2X2-in. beam cross section, reduced 
background caused by charged particles scattering into 
later elements of the anticoincidence counter. 

Following the anticounter, the neutrons generated 
charged pions in a 12X2X2-in. beryllium block. For 
some poor-geometry measurements, an 8X2X2-in. 
aluminum block was substituted because of its shorter 
length. Beryllium is a more efficient pion generator 
than aluminum, having a large cross section for in- 
elastic neutron events and a low total cross section for 
the pions thus produced. The maximum efficiency esti- 
mated for producing detectable pions was 0.38 for 12 
in. of beryllium and 0.25 for 8 in. of aluminum. In 
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Fic. 1. Schematic diagram showing the experimental arrange- 
ment of the collimator, monitor telescope, and neutron-detector 
telescope. 


calculating these efficiencies, it is assumed that all in- 
elastic neutron events in the converter produce high- 
energy pions in the forward direction. The pions pro- 
duced are considered lost if they interact or scatter in 
leaving the converter. 

A 2X2X1-in. plastic scintillator following the con- 
verter was connected in coincidence with the two follow- 
ing counters in the detector. This counter, in conjunc- 
tion with the converter, determined the geometry of 
the measurement. 

Charged pions of sufficient energy were then de- 
tected by a 10-in.-diam gas Cerenkov counter similar 
to the monitor Cerenkov counter described elsewhere.* 
The gas Cerenkov counters were energy threshold de- 
tectors and, together with the neutron spectrum, placed 
a lower limit on the effective neutron energy. Protons 
did not count, since their 8 was below the threshold of 
the Cerenkov counter. The detector Cerenkov counter 
was filled with Freon-12 (CCI.F2) at 30 psig. This gave 
an absolute energy threshold of 1.56 Bev for charged 
pions. However, the threshold efficiency of the counter 
was not a steep function and the minimum effective 
pion energy was 1.85 Bev for 50% counting efficiency. 
From the minimum pion energy, a minimum energy 
for the neutrons that produced them is derived. The 
effective energy distribution of the neutrons is dis- 
cussed in Sec. II-B. 

Another detector element is necessary. Neutral pions 
were produced in the converter with a relative multi- 
plicity of about 3. The neutral pions decayed, essen- 
tially where they were produced, to two gamma rays. 
Some of these gammas then produced electron pairs in 
the converter. These electrons could be counted by the 
following scintillation counters and the gas Cerenkov 
counter. This would destroy the energy discrimination 
of the detector since even a 15-Mev electron would 
have been counted. To preserve the energy discrimina- 
tion of the detector, an electron filter was placed behind 
the 2X 2-in. geometry-defining counter but ahead of the 
Cerenkov counter. This filter consisted of 2 in. of lead 
(10 radiation lengths) plus an inch of iron which also 


5J. Atkinson and V. 
published). 


Perez-Mendez, Rev. Sci. Instr. (to be 
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served as a magnetic shield for the counter near the 6- 
kgauss magnetic sweeping field. From approximation 
shower theory the average energy of the electrons 
emerging from the lead is given by E=EoX2-™. For 
a 2-Bev neutral pion this gives an approximate electron 
energy of 1 Mev. The 6-kgauss field applied over 25 
cm swept all electrons of energy less than 87 Mev out 
of the Cerenkov counter while deflecting the charged 
pions less than 1°. In this way 7° electrons were effec- 
tively prevented from counting in the detector. 


4. Electronics 


The electronic components employed were conven- 
tional high-speed counting devices and are illustrated 
in Fig. 2. Hewlett-Packard prescalers were used in the 
monitor to permit counting without jamming during 
the rapid-beam-ejector pulse of 300 usec required by 
the concurrent bubble chamber experiment. 

We required especially stable discrimination levels 
since the effective energy threshold of the Cerenkov 
counters depends upon the size of signal required to 
register as a count. A stable discriminator amplifier 
developed for the purpose® was used to establish the 
discrimination levels, which were set so that the scalers 
would just count with a 2.8-v signal from a myusec pulser 
put into the coincidence circuits. The 2.8-v level chosen 
was the mid-point between the tripping level and 
saturation for the coincidence circuits employed. 
The actual counter signals exceeded 5 v in normal 
operation. The discriminator amplifiers were very stable 
in operation, requiring a correction not exceeding 0.05 v 
in an average week of operation. 


B. Neutron Energy 


The effective neutron energy was determined by the 
energy selectivity of the neutron detector and by the 
incoming neutron energy spectrum. The effective neu- 
tron energy distribution is illustrated in Fig. 3. Analysis 
of this skew distribution gives the peak at 5.25 Bev 
with the half-intensity points at +0.65 and —1.0 Bev. 
From numerical integration of the spectrum the mean 
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Fic. 2. Block diagram of the basic electronic components. 
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Fic. 3. Effective neutron-energy distribution. This distribution 


shows the most probable energy is 5.25+0.65 Bev and the mean 
energy as 5.0+0.4 Bev, where the limits on the mean energy are 
the probable error points. The absolute energy range is 2.1 to 
6.2 Bev. 


energy is found to be 5.0 Bev with the probable error 
points at +0.4 Bev. This distribution is derived by 
folding together the primary neutron spectrum from 
the Bevatron, the energy distribution of pions from the 
converter for several pion-production multiplicities, 
and the energy-sensitivity curve of the Cerenkov 
counter, each with its appropriate weighting factor. 

The spectrum of the primary beam of neutrons com- 
ing from the Bevatron was roughly measured by Holm- 
qvist with a hydrogen-filled diffusion cloud chamber.’ 
He found a distribution peaked at 3.8 Bev and decreas- 
ing to zero at 6.2 Bev. His spectrum has been corrobo- 
rated by the work of Barrett with Bevatron neutrons 
in emulsion.’ Rough values for pion multiplicities from 
n-p scattering, and the pion energy spectrum in the 
forward direction, are also given by Holmaqvist. 

The assumptions and the ls used in deriving 
this energy distribution are admittedly crude. For- 
tunately, the mean effective neutron energy, the pa- 
rameter of importance in the cross section measurement, 
is not very this the 
Cerenkov counter threshold is the determining factor 
in the energy selection. The mean energy derived in 


mode 


sensitive to derivation since 


this way is the energy expected from a very rough con- 
sideration of the 6.2-Bev upper limit of the Bevatron 
energy and the 3.5-Bev lower of the Cerenkov 
counter threshold modified by the increased efficiency 
of the Cerenkov counter at higher energies. 

A completely independent determination of the mean 


limit 


7 Fred N. Holmqvist, Lawrence Radiation Laboratory Report 
UCRL-8559, 1958 (unpublished). 


®’ Paul H. Barrett, Phys. Rev. 114, 1374 (1959 
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energy from the optical model of the nucleus is dis- 
cussed in Sec. IV-B, which gives a value of 5.34-2.3 Bev. 


C. Counting Rates 


We employed only “left-over” beam available from 
concurrent experiments, so counting rates were quite 
low and were the limiting factor in both the accuracy 
and the extent of the experiment. The neutron counting 
rate with no absorber averaged 10 counts per minute, 
but varied from 1 to 100 counts, min depending upon 
the Bevatron beam levels and target configurations for 
the other experimenters. The monitor counted at a 
rate approximately 100 times that of the neutron 
detector. 

Barrett measured a neutron flux at the Bevatron 
with nuclear emulsions and calculated the source 
strength of the neutrons as 0.19 neutron per steradian 
per proton striking the target.* Obstructions in the 
neutron beam path for our experiment, including the 
lead y-ray filter and the steel of the tangent tank frame, 
leave a neutron transmission of 30%. The detector sub- 
tends the very small solid angle of 3.76X 10~® steradian 
at the Bevatron target. Finally, the detector efficiency 
is calculated to be approximately 0.4%. Combination 
of these factors for neutron production rate, attenua- 
tion, solid angle detected, and detection efficiency gives 
a calculated counting rate of 10 counts per 10" protons 
on the target. The counting rate predicted by using 
Barrett’s measured source strength agrees within an 
order of magnitude with our observed rate. 


Ill. RESULTS 
A. Cross-Section Measurements 
1. Transmission Measurement 


This experiment was basically a simple transmission 
measurement in good geometry (approx 0.2°) and in 
poor geometry (4°). For and for carbon the 
integrated cross section was also measured as a function 
of the half-angle subtended by the detector (converter). 
Angles of the first diffraction minima vary with element 
from 1° to 2°, making all the angles of interest quite 
small. Angles of the first diffraction minima for the 
elements measured are given in Table I, as calculated 


lead 


TABLE I. Positions of diffraction minima. 


Positions (deg) at 
which cross sections 
First minimum were measured 


siné 6 Or or 


0.184 
0.208 
0.208 
0.208 
0.209 
0.25 


Element 


Pb 0.0186 
Sn 0.0224 
Cu 0.0276 
Al 0.0366 
Cc 0.0479 
H 0.1095 


NN 
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Fic. 4. Counting rate vs thickness of Pb absorber, showing the 
exponential decay whose slope gives the cross section. 


on the opaque circular cylinder model, which gives 


A h h 
6,,=0.61—= 0.61 
R 


= ().61—— - , 
PR p(1.28A*X 10-*) 
where 6,, is the half-angle of the first minimum, Pp is 
momentum, and A the mass number of the absorber 
atoms. 

The two absorber thicknesses used were generally 0 
and approximately a half absorption length in the 
element being measured. These lengths gave an appreci- 
able transmission difference while minimizing multiple- 
scattering problems. The number of neutrons trans- 
mitted is given by 

N=Nee 


All symbols have the usual meaning. The natural 
logarithm of the ratio of detector counts, .V, to those 
of the monitor, M, is then given by 


Inr=In(.V/M) —nob+ Inc i 


where C is a constant relating the number of neutrons 
No in the unattenuated beam to the monitor counts. 

The slope, — xo, of the plot of Inr vs x is evaluated by 
least-squares fitting, with proper attention given to the 
weighing of the datum values of Inr. The data illustrated 
in Fig. 4 for several thicknesses of lead are fitted well 
by a straight line. 


2. Geometric Corrections 

Since the angles related to the diffraction pattern are 
small (as discussed above), the finite sizes of the beam 
and the converter complicate the definition of the angle 
subtended by the detector. A geometric correction for 
the finite beam size was made as follows: The diffraction 
pattern for an opaque disk of radius R is given by 
J\(RR sin) 


dog 


~ 


dQ sin8 
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Sn 


Pb 


2445+ 257 
2325+131 


L (in.) 


320 
312 


@ (deg) 


0.179 
0.184 
308 0.186 
276 0.208 
75 0.209 
0.248 
0.500 
1.00 
1.59 
2.00 
2.42 
3.95 
4.1 
5.0 
6.0 


2445+° 82 1986+87.5 


1948+ 141 
1760+ 147 


1860+ 224 
1684+ 360 


1744+ 120 


1720+208 


17254197 


324+ 20.2 


1097 + 28.1 601+29.8 


302+19.9 
33.6+1.6 


292+ 18 


240+ 14.9 


435277.7 
380+28.4 


594+24.5 


268+31.3 





where doq/dQ is the differential elastic scattering cross 
section, J; is the first-order Bessel function and & is the 
neutron wave number. This is close to the scattering 
from an opaque sphere for kR>1, where & is the ab- 
sorption constant of the optical model discussed in Sec. 
IV-C. Values of &R for this experiment range from 2.98 
lead) to 1.16 (carbon). 

The partially integrated elastic scattering cross sec- 
tion is defined as 


(2) 


° doa 
o4(0)= “a dQ. 
0 dQ 


A mean o4(6) for a finite beam size may be defined as 


J (RR sin@)? dA, dA» 
41% Ao sin8 P? A» 


where areas 4; and A» represent the midsections of the 
absorber and the converter, respectively. We normalize 
6c4(%)).y=1, and define the partially integrated dif- 
ferential cross section normalized to unity as 


1 J doa 
Fo=— f —dQ. 
Ca dQ 


Then o(@), the cross section determined by the trans- 
mission with a given subtended angle @, is related to the 


(4) 


TABLE III. Measured total, reaction, and elastic cross sections, 
and two common geometric cross sections for various elements 
(in mb). 

Element o: or Ca 20xA! w(1.28A}) 

Pb 25344105 1670+79 864+ 131 2190 1802 

Sn 1986+88 1400 =1230 

Cu 1158434 1000 817 

Al 614+33 560 414 

Cc 319+ 20 330 271 

H 33.6+1.6 i) 51.9 


572+42 
233443 
&3.6 +25 6 


586425 
381427 


235416 


reaction cross section o, and elastic cross section og by 
o(6)=0,+[1—F (6) Jou 


=0,+F' (@)oa. (5) 


We measure o(@) by this experiment for several 
values of 6. F(@) has been calculated by a computer 
code evaluation of Eq. (4). Then a least-squares fit of 
the linear form of Eq. (5) gives o, as the intercept (a) 
and oq as the slope (6) of the straight line. 

The corrections for the finite beam size raise the total 
cross section as much as 5% for lead and decrease the 
reaction cross section as much as 10% for carbon. 

The above correction assumed that all scattered neu- 
trons were scattered at the midplane of the absorber 
and produced pions in the midplane of the converter. 
A small correction was made for this by integrating 
along the beam direction Z. The finite length of the 
absorber again makes @, the angle subtended by the 
detector, indeterminate. However, this effect averages 
out, since sin@ is linear for the small angles involved. 
The converter efficiency W varies slowly with length 
and is given by 


W =[exp(—Z/d,.)—exp(—Z/A,) ]/[ArAn)—1], 


where A, is the inelastic interaction length for neutrons 
in beryllium and A, is the total interaction length for 
pions in beryllium. The sensitivity of the detector is 
assumed to be constant for the scattering angles pos- 
sible in this experiment. The Cerenkov counter ac- 
cepts less than a 3° cone, and the pion angular dis- 
tribution is flat over these small angles, as is indicated 
in the papers of Holmqvist’ and Coor ef al.' 


3. Results 


The results of all the transmission measurements for 
all angles measured and for all elements measured are 
given in Table II. Table III gives the total (o:), re- 
action (¢,), and elastic (aq) cross sections derived from 
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these measurements and compared them with two 
commonly used geometric cross sections. Figures 5 
through 8 illustrate the least-squares fits corrected to 
the experimental data. 


B. Errors 
1. Beam Contamination 


Contamination of the neutron beam with charged 
particles or other neutral particles could give errors in 
the cross-section measurements. However, charged 
particles generated in the Bevatron target are swept 
out by the Bevatron magnetic field before reaching the 
collimator, while scattered charged particles are swept 
out by the fringing field. Measurements with the counter 
telescopes indicate that the effects of charged-particle 
contamination are negligible. 

High-energy gamma rays are produced in the Beva- 
tron target in numbers comparable to the number of 
neutrons produced. However, they must pass through 
4 in. of steel and 2 in. of lead before reaching the 
monitor counters. This 16 radiation lengths of material 
greatly reduces the number and energies of the gamma 
rays. Further, in order to introduce a serious error the 
gammas would have to produce neutrons in the ab- 
sorber, or charged pions in the converter, since an 
effective electron-gamma-ray filter follows the con- 
verter. These are unlikely, and gamma rays were not 
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Fic. 5 Cross. section of neutrons in Pb as a function of the 
half-angle subtended by the neutron detector. The solid curve is 
a least-squares fit to the data according to an opaque-nucleus 
calculation for a*mean neutron energy of 5.0 Bev. 
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Fic. 6. Cross section of neutrons in Cu as a function of the 
half-angle subtended by the neutron detector. The solid curve is a 
least-squares fit to the data according to an opaque-nucleus 
calculation for a mean neutron energy of 5.0 Bev. 
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lic. 7. Cross section of neutrons in Al as a function of the 
half-angle subtended by the neutron detector. The solid curve is a 
least-squares fit to the data according to an opaque nucleus calcu- 
lation for a mean neutron energy of 5.0 Bev. 
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Fic. 8. Cross section of neutrons in C as a function of the 
half-angle subtended by the neutron detector. The solid curve is 
a least-squares fit to the data according to an opaque-nucleus 
calculation for a mean neutron energy of 5.0 Bev. 


a problem. Neutral pions likewise decay immediately 
into two gamma rays and are similarly eliminated. 

All the neutral strange particles, excepting the long- 
lived component of the neutral A particles, have life- 
times shorter than 10~' sec and cannot traverse the 
86-ft path length of this experiment. The K,° has a 
mean life of approximately 10~7 sec and could possibly 
cause trouble. However, A°® mesons are produced at 
only about 10~4 the rate of neutrons in the Bevatron 
target.’ Half of those produced decay quickly by the 
K,° mode, and the K,.° mode regenerates K,° mode 
particles in interactions in the 4 in. of steel and 2 in. of 
lead in the beam, further reducing the K° flux by decay 
through the K,° mode. Finally, A° mesons do not have 
radically different cross sections from neutrons, making 
very small contaminations unimportant. Thus beam- 
contamination errors are unimportant compared with 
the general accuracy of this experiment. 


2. Ge omelry 


Because of the very small angles involved in this 
experiment, geometric corrections are important. The 
geometry of the primary neutron beam is well defined, 
since the distances are large between the target and the 


®L. Van Rossum and L. T. Kerth, Bull. Am. Phys. Soc. 1; 
385 (1956); M. Smith, H. H. Heckman, and W. H. Barkas, 
Lawrence Radiation Laboratory Report UCRL-3289, 1956 
(unpublished); W. W. Chupp, S. Goldhaber, G. Goldhaber, 
W. R. Johnson, and F. Webb, Suppl. Nuovo cimento 4, 359 
(1956). Production of A® mesons is assumed similar to A* pro 
duction. 
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relatively small detector elements. The neutron beam 
is defined to a half-angle of 0.114° by the collimator, 
0.152° by the monitor, and 0.0556° by the neutron 
detector (converter). However, the lead gamma-ray 
filter in the mouth of the collimator acts as a diffuse 
source of elastically scattered neutrons. 

Elastically scattered neutrons from the 2-in. lead 
gamma-ray filter comprise 20% of the neutron beam 
on the basis of our measured value of og. The gamma- 
ray filter is 18 ft from the good-geometry absorber 
position and the absorber subtends an angle of 0.53°. 
Since the diffraction pattern minimum for elastically 
scattered neutrons from lead is at 1°, approximately 
75% of the neutrons are scattered through angles less 
than 0.53°. Half of these neutrons scatter toward the 
central ray and thus possibly into the neutron detector. 
The change in cross section resulting from a change in 
the subtended angle of the good-geometry position from 
0.2° to 0.5° may be estimated (from the variation of 
integral cross section as a function of angle, illustrated 
in Fig. 5) as 20%. These estimates give a combined 
error of 1.5%, which is not significant in comparison 
with the statistical uncertainties of the experiment. 

Corrections for alteration of the diffraction pattern 
by the finite beam size were made in Sec. III-A2. Since 
these corrections are a maximum of 10%, a 10% error 
in the model used for the correction would give a cross- 
section error of 1%. Since the model used applies well 
for KR>1 and our values of AR range from 1.16 to 
2.98, the error from this correction should be much 
less than 1%. 

In poor geometry, neutrons from some inelastic 
events are also collected. This problem was considered 
by Cronin ef al. for a high-energy pion-scattering ex- 
periment.” The cross section measured at a given 
subtended angle @ is given by 


8 da ,(@) 
o(0)=o-+F' @ou~ f —— |d0. 
0 dQ 


This differs from Eq. (5) only by the subtraction of the 
last term, which is the correction for inelastic events 
counted. 

The differential reaction cross section, which gives 
the number of high-energy neutrons inelastically scat- 
tered into unit solid angle, may be expanded in a cosine 
series : 


(da (6)/d2),= > »| a,|cos"6. 


Then if the reaction cross section, ¢,, is extrapolated 


linearly from 7.5° and 15° the error is less than 2% 


when this is compared with the form of Eq. (7) for 
n<12. The angles on which our values for ¢, are based 
are on the order of 4°, so that the value of ¢, may be 
assumed to project linearly to 0°. The measured cross 
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section may be given by an expansion of Eq. (6 


a(@)= ort+F' (@)oq—2n' 1 —cosé), 


where n is less than a,. Since cos(4°) is 0.998, the cor- 
rection is less than 0.2°7 even if all the inelastic events 
give high-energy neutrons in the forward hemisphere. 
3. Bevatron Proton Beam Tracking 

By far the largest error in the operation of this ex- 
periment came from tracking variations of the Bevatron 
internal proton beam. As the absorber and converter 
configuration was changed hourly, variations in the 
measured rates averaged out with many runs. Also, 
only internally consistent rates were combined with one 
another to derive a cross section. The statistical cri- 
terion of Rossini and Deming, which requires each 
point plus two standard deviation to overlap the mean 
plus two standard deviations on the mean,'! was used 
to test consistenc y. Cross sections derived independently 
from each consistent set of rates were then combined 
to give the quoted cross section. The statistical con- 
siderations discussed in the next (I1I-B4 
establish that these procedures made the error from 
internal proton-beam variations much less than the 
counting statistics error. 


section 


4. Counting Statistics and Total Error 
g 


The low counting rates make statistical errors the 
chief limitation to accuracy in this experiment. Because 
of the logarithmic relationship of the cross section to the 
measured counting rates, the error in the measured 
rates must be less than 1°% in order to limit the error 
in the cross section to 5%. Since there are no known 
systematic errors greater than 1[%%,' the quoted errors 
are statistical. The following considerations indicate 
that this is a reasonable estimate of the total error of 
the experiment. 

Most of the rate data and cross sections were sorted 
and combined as consistent data by using the criterion 
of Rossini and Deming." However, all data were also 
combined to give means, and calculated for inconsistent 
data. The means derived were the the 
errors on each mean whether the 
bined as inconsistent data or 
The use of sorted internally consistent data usually 
resulted in smaller errors. A comparison of the inde 
pendently calculated cross sections with the normal 
distribution expected for the quoted error indicates 
that the data for most elements are grouped better 
than one would expect for a normal distribution. Thus 


same within 


data were all com- 


sorted for consistent \ 


the random-rate variations due to Bevatron operating 
conditions discussed in the preceding section (III-B3 
do not affect 


statistical accuracy of the experiment. Since all known 


the measured cross sections within the 
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systematic errors were shown in Sec. III-B, to be less 


than 1%, the statistical errors are used as an estimate 


of the total error. 


IV. CONCLUSIONS 
A. Discussion 
1. Comparison with Previous Experiments 


The variation with energy of the neutron total cross 
section for lead, copper, aluminum, and carbon is 
illustrated in Fig. 9. The rise in the neutron total cross 
sections from 300 Mev to 1.5 Bev was established in 
1955 by Coor ef al.' with their experiment at 1.4 Bev, 
and later data at lower energies confirm this behavior. 
Our values for the neutron total cross section show a 
consistent and substantial drop from the Brookhaven 
values. The high-energy cosmic-ray values of Sinha and 
Das for the total cross section of 4-Bev penetrating 
secondaries in aluminum, copper, and lead’’ are some- 
what lower than our values for neutron cross sections 
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lic. 9. Neutron total and reaction cross sections for Pb, Cu, 
Al, and C. Solid curves are theoretical total cross sections. Dashed 
curves are theoretical cross sections. The circles are experimental 
measurements 
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Fic. 10. Neutron total and reaction cross sections for hydrogen. 
Solid curve is the theoretical cross section. The points are the ex 
perimental data for this experiment, together with statistical 
errors. 


in the same elements. However, these cosmic-ray cross- 
section experiments are quite tenuous, since neither the 
energy nor the identity of the bombarding particles was 
well established. 

The reaction cross section Is essentially constant 
within the accuracy of the experiment from 300 Mev 
to 5 Bev for all elements measured. This is confirmed 
by the Brookhaven 1.4-Bev data,' Barrett’s data at 
3.6 Bev,’ and the cosmic-ray data at 4.0 Bev of Sinha 
and Das.” Thus the radical change in the total cross 
section must be due to a sharp drop in the elastic cross 
IV-B relates this 
nucleon-nucleon 


section. The theory discussed in Sec. 


decrease to a decrease in the cross 


section. 
Vu leon-\ ucleon Cross Sections 


A liquid hydrogen target was used in this experiment 
to give the -p cross section directly. The n-p total 
cross section shown in Fig. 10 exhibits the same drop 
from 1.4 to 5.0 Bev as characteristic of the heavier 
nuclei The high-energy p-p elastic 
cross-section data of Cork and Wenzel® also exhibit 
the same drop, although not so dramatically as our 


dis« ussed above . 


data. The n-p reaction cross section (nonelastic) is very 
difficult to measure and has not been measured above 
300 Mev. The increase in the nucleon-nucleon total 
cross section from the low point at about 300 Mev 
starts at the threshold for pion production. Further- 
more, the peak of the nucleon-nucleon total cross sec- 
tion at 1.4 roughly the threshold for 
strange-particle production. 


Bev occurs at 


B. Interpretation 
1. Generalized Diffraction Theory 


Glassgold and Greider' developed a generalized dif- 
fraction theory to explain the behavior of the neutron 
cross sections from 300 Mev to 5.0 Bev in the elements 
measured. This theory uses the gross-average properties 
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Fic. 11. Diffraction model of Greider and Glassgold. 
Dashed line gives the black-sphere model. 


of the phase shifts to magnify small changes in the 
reaction cross section into large changes in the total 
cross section. It also crudely explains the cross sections 
for heavier elements in terms of the measured nucleon- 
nucleon cross section. 

The usual expressions for the cross sections in terms 
of partial-wave analysis, as given by Blatt and Weiss- 


kopf," are 


ed? (2+1)[1— |! 2] 


= rr? (2/+1)[1—Re(n,) J, 


i = 
= 2. (2/+1)(1—7,) Pi(cos@), (10) 
2k t= 


where o, is the reaction cross section, o; is the total 
cross section, \ and & are the wavelength and wave 
number of the incoming particle, 7 is the complex 
amplitudes of the outgoing wave with angular mo- 
mentum / and the sum is over the / partial waves. 
These cross sections are strictly valid only for spinless 
neutral particles. 

The new model by Glassgold and Greider describes 
high-energy scattering collisions in terms of four physi- 
cally significant parameters. If constant phase is 
assumed" these parameters are: L, the number of 
partial waves strongly absorbed; 8, the opacity for 
small /; 24, the range over which the opacity function 
decreases from 8 to 0; and a, the phase of the outgoing 
wave. The relationship of these parameters is illustrated 
in Fig. 11. This model generalizes the simple diffraction 


3 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Son, Inc., New York, 1954), p. 317 ff. 

4 The case of nonconstant phase is discussed in K. R. Greider 
and A. E. Glassgold, Am. Phys. 10, 100 (1960). The assumption of 
nonconstant phase does not affect the cross-section expressions. 
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theory by writing 7.= 9 e'*! and by assuming (a) that 
the interaction region can be represented as a smooth 
function, i.e., that the opacity function, 1— | 7|?, de- 
creases monotonically with /, (b) that this transition 
occurs mainly within an interval of width 2A centered 
about a large value of the angular momentum L, and 
(c) that the phase function a is continuous and vanishes 
for sufficiently large values of /. Several functional forms 
for the fall-off shape were tried by Glassgold and 
Greider but the results were found to be independent 
of the details of this region. With these assumptions, the 
cross sections and scattering amplitude, as expressed in 
Eqs. (8)-(10), can now be evaluated directly. These 
expressions are given in the paper by Glassgold and 
Greider.* 


pales ication of Theory to Experiments 
2. Applicat if Theory to I t 


The expressions obtained in subsection 1 above, can 
now be used to fit the experimental neutron-scattering 
data from 300 Mev to 5 Bev. Two reasonable assump- 
tions are made: L « kA!, where A is the atomic weight, 
and Axk. The large variation in o, with energy, while 
o, remains relatively constant, requires that phase a be 
small, as can be seen by comparison of Eqs. (8) and 
(9). In fact, the best fit to the data is for a=0. 

For small real 9, o; varies linearly with 7 and is there- 
fore more sensitive to changes in 7 than o,, which varies 
quadratically with 7. The theoretical fit to the experi- 
mental values is given by the curve in Fig. 9. The fit 
is seen to be quite good, particularly when the uncer- 
tainties in the neutron cross section measurements are 
considered. The values of L, A, and 8 used in the analy- 
sis are given in Table IV. 

Consideration of the ratio 


o,(l) 2(1—m) 
= (11) 
a,(L) 1—7/ 1+n, 
shows directly that this ratio of the total to the re- 
action cross section can be less than 2 as required by 
the data. Also this ratio decreases as n; increases, that 
is, as the opacity function 1— |? decreases. The ex- 
perimental values of this ratio are given in Table V. 
We can qualitatively understand 8 from a considera- 
tion of the nucleon-nucleon The de- 
pendence of 8 on & and A can be interpreted in terms 
of a classical picture of exponential absorption with 
distance, the absorption coefficient being related to the 
observed nucleon-nucleon total cross sections. Crudely, 


cross section. 


TABLE IV. Diffraction-model parameters 


Pb Cu Al 


B (5 Bev) 0.94 0.93 
A=0.61k10-" 
L 


=1.26Atk 


0.94 





5-BEV NEUTRON CROSS 


TABLE V. Ratios of total to reaction cross sections. 


Pb Cu 


o/o, 1.514010 1.984010 1.614014  1.36+40.13 


8 is given by 


B=1—exp(—2Kpé,), (12) 


where 2R is the maximum distance across the nucleus, 
p is the density of nucleons in the nucleus, and &; is the 
average nucleon-nucleon cross section. Computation of 
8 by using our measured value of 33.6 mb gives approxi- 
mate agreement with the values of 8 given in Table IV. 


C. Optical Model 


This experiment can also be analyzed in a more con- 
ventional manner by using the optical model of Fern- 
bach ef al.!® The uniform-density model is used here for 
simplicity although it is no more than a first approxima- 
tion. This model describes the nucleus in terms of the 
nuclear radius R, the absorption constant K, and &’, 
the increment in the wave number inside the nucleus. 
This experiment measured o,, the neutron total cross 
section; ¢,, the neutron reaction cross sections; and the 
mean energy of the incoming neutrons, which gives the 
neutron wave number &. 

In this model the absorption constant A is expressed 
in terms of the average nucleon-nuclear cross section 
and the nuclear radius R. We use our measured value 
of the n-p cross section (34 mb) for the average nucleon- 
nuclear cross section. The nuclear radius R can be de- 
rived from the reaction cross sections for the elements 
measured and the average nucleon-nuclear cross section. 
Then &; is related to the known parameter by 
Ot 2r R 
=1+ 


Or Or 0 


1—exp[— (K+7hk,)(R?—?°)!}|*rdr. (13) 


This expression is integrated and a value of ky, A is 
then chosen which gives agreement with o;/¢, for all 
the elements, thus determining a mean value of &; in 
terms of K. Application of Eq. (13) to our data for C, 
Al, Cu, and Pb gives the best fit for ki/K=04+0.2, 
although even this value is somewhat arbitrary. A 


18S. Fernbach, R. Serber and T 
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least-squares fit of the data to the nuclear radii, R=r 94? 
X 10-* cm, gives a value for ro of 1.17+0.06. A solution 
for the average nuclear absorption coefficient then gives 
K= (5.02+0.35)X10" cm~. Finally, a value of ky 
= (0.2+0.1)X10" is derived from the ratio k,/K. The 
average nuclear potential is 39.1+19.5 Mev. These 
parameters have essentially the same values as those 
derived by Coor ef al. within the large experimental 
errors. 

The data furnish some information on nuclear radii. 
The uniform density optical model gives a value of 1 
of (1.17+0.06). Greider and Glassgold’s diffraction 
theory gives values of L,‘ the number of partial waves 
strongly absorbed. A nuclear radius R may be defined 
as L= Rk=ryA'kX10~-". The analysis by Glassgold and 
Greider gives a value of ro of 1.26. These values are 
comparable to the value of ry>=1.28 which Coor et al. 
derived from 1.4-Bev neutron scattering and the value 
of the electromagnetic size of the nucleus, rp>= 1.19, for 
an equivalent square well potential derived from elec- 
tron-scattering experiments by Hofstadter." 

Finally, the mean energy of the incoming neutron 
beam may be determined from the angular half-width 
of the integral elastic scattering correction. This was 
the method used by Coor ef a/. to determine the mean 
energy of their neutron beam. For this experiment, this 
method gives a check on the mean energy derived from 
the calculated effective neutron spectrum. The data for 
lead are the most extensive as a function of subtended 
angle. The diffraction pattern for lead gives a mean 
neutron energy of 5.3+2.3 Bev. This compares well 
with the mean neutron energy of 5+0.4 Bev derived 
previously. 
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\ method is given of obtaining the nucleon-nucleon scattering amplitude within nuclear matter, when 


+} ] 7 
he nucteon-t! 


dispersion relations are known. This is attained by establishing the dispersion relation 


itude under the influence of the Pauli exclusion principle in intermediate states. With 

ide the binding energy of the nucleus is calculated using Brueckner’s method. The 

eon turned out to be —13.2 Mev, if the contribution of the three-pion exchange 
to give the correct nuclear density. The implication of these results is discussed 


1. INTRODUCTION 


ECENTLY a new approach was found for the 

treatment of nucleon-nucleon scattering, namely 
the dispersion relations,! which showed some success 
for low-energy phenomena.” The question then arises: 
Is it possible to apply this technique to the nuclear 
many-body problems? In the usual quantum mechanics 
the many-nucleon problem can be treated in principle 
by solving the Schrédinger er juation if the nuclear for es 
including many-body forces) are known, but the exact 
form of the nuclear potential has not yet been obtained. 
In this paper we shall use a different approach and 
calculate the binding energy of the nuclear matter using 
the two-nucleon dispersion relations. In doing this the 
many-body effect is included in the simplest form, 1.e., 


as the Pauli exclusion principle. 


2. BRUECKNER’S METHOD 


consider the case of 


As the 


nuclear matter which is an idealized nucleus of infinite 


simplest nucleus we 


size, constant density, and no Coulomb forces. We use 
Brueckner’s method alculate the binding energy of 
ter. This method consists in taking into 


to ¢ 
nuclear mat 
account two-body correlations seriously and replacing 
the potential by a two-body reaction matrix or forward 
scattering amplitude. 

Mathematically this is explained in the following way. 
Let W be the exact wave function of nuclear matter and 
be the wave function of the free Fermi gas of nucleons 
at the same density, i.e., 


HV=EV, H@=E@, H=H 
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where H is the total Hamiltonian and H), is its kinetic 
energy part only. £o represents the kinetic energy of 
the free Fermi gas. The total energy £ is 


(pl 7 


(PHY) (@(Ho+U)YV) 
E= 


(1) 
(py (py (py 
If the potential U’ is written as a sum of two-nucleon 
interactions V, 

l a4 
then the last term of Eq. (1) is 


4 Ie (PV op 


py ). 


Within the range of V 2, the two-body correlation of 
particles 1 and 2 is very important and if one neglects 
correlations with other particles, ¥ may be factorized as 
W=Yiss: -+, ®is of course factorized and with suitable 
normalization, 


PV bi2V wy f pi.p 


i 


where {(p1,p2) is the forward scattering amplitude of the 
colliding particles p; and p». This amplitude however is 
not equal to that of scattering in free space. Within 
nuclear matter, the nuclear levels are filled up to the 
Fermi momentum Py and intermediate states below 
this level are forbidden by the Pauli exclusion principle. 
Thus, such processes as Fig. 1(a), which occur in free 
space, are forbidden in nuclear matter if one or both 
of the intermediate momenta coincides with one of the 
already occupied states. The f in question is the am- 
plitude with this exclusion effect taken into account. 
To distinguish this from the free scattering amplitude f, 
we write it fy with subscript .V. The formula for the 
binding energy is then given by 


ip 40 } hy - : (2) 


where the summation extends over all pairs in the 
nucleus. Our problem is to calculate the forward scat- 
tering amplitude fy. 

At this point it will be worthwhile to make a comment 
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p, Py 
(a) (b) 


Fic. 1. Typical Feynman diagrams. 


on the exclusion principle in the intermediate states. It 
is usually claimed that in doing a Feynman-type cal- 
culation, it is not necessary to take the exclusion prin- 
ciple into account for intermediate states. This is true 
because there are always diagrams which cancel the 
effect of neglecting the exclusion principle. We shall 
compare two standpoints: (I) to consider the exclusion 
principle in intermediate states; (II) to forget it. In 
Fig. 1, the process (a) is omitted from standpoint (I) 
while it should be included if one disregards the ex- 
clusion principle. However, process (6) should also be 
included in this case while it is actually neglected. 
These two terms give identical contribution but of 
opposite sign. The sum gives zero, so either standpoint 
gives the identical answer if one always sums every 
diagram. However, if one confines one’s attention only 
to the two-particle correlations, the diagram Fig. 1(a) 
will be erroneously included in standpoint (II). In 
other words, the Brueckner method [standpoint (1 
automatically includes the effect of three-particle 
processes and, in higher order, more-particle effects 
while dealing with the two-particle problem. In general 
the effect of n-particle processes including particle 
exchange can be reduced to the effect of (2—1)-particle 
processes with the exclusion principle. 

The amplitude fy can be obtained as a solution of the 
Bethe-Goldstone equation.‘ In this paper, however, we 
shall obtain fy from the dispersion relation of two- 
nucleon scattering. 


3. DISPERSION RELATION FOR fy 


The dispersion relation for the forward scattering 
amplitude f(p,p’) in free space is written as a function 
of relative energy w= (1/2m)(p— pp’). Thus 


1 ¢*% Im f(a’) ig J 
f(w) le’ f+ [ 


Ts va Ww Ww To 


ra 


1 
= V (w)+ 


To 


To save the notation, we suppressed spin and isospin 
indices. The imaginary part a(w), in the physical region 
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w>0O, can be expressed by the total cross section o, 


a(w) = (2 a(w), 


where v is the relative velocity. The integral over the 
left-hand cut corresponds to the potential and is 
denoted by —V(w). For the calculation of a(w) in this 
region w<0, we consider the scattering of a particle 
with kinetic energy w and momentum #, by a particle 
at rest. Here w and 9», are related, not by the usual 
relation, but 


(w+m)° 


p=. 


If »>0O, p, is real for all values of real w, and the 
imaginary part a(w,v) can be calculated from the unitary 


relation. Then we take analytic continuation in y and 


1 - a(w’.v) 
V (w) lim V(w,y)=—lim f dw’. 
— T w’—w 


x 


It can be shown in the perturbation expansion that the 
above limit exists. 

To write down the dispersion relation in nuclear 
matter, it is more convenient to consider the sum 


Fy(p)= d fw(p,p’), (5) 
p’eN 


€ 


rather than fy(p,p’), since what is needed in Eq. (2) is 
the sum and not the individual fy’s. The Fy depends 
only on pf? and can be regarded as a function of the 
energy 


= p?/2m. 


It turns out that Fy() has simpler analytic property 
than the fy’s. 

We use again the technique of continuation in the 
mass variable v and introduce 


Fy(E,v) bi fv (py,p’v), (0) 
p’eN 


where fy(,,p’,v) is the amplitude for forward scattering 
of a particle with the energy-momentum relation 


pr v, 


by the particle p’. It is shown in the Appendix that 
F y(E,v) satisfies the dispersion relation 


(E+ m)? 


L 


Fy (F,v) xf Ay (E’,v)/(E'— E)dE’. (7) 


L£ 


The left-hand cut can be written as a sum of individual 
contributions, 


Ay(Eyv)= ¥ 


p'eN 


an (py,p’,v), E<0. (8) 


We approximate this ay by a, the absorptive part in 
free space. This means that we neglect the effect of 


exclusion in calculating the left-hand cut. With this 
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approximation, the unphysical integral in (7) is® 
1 rf Ay(E’,v)/(E’— E)dE’= — & V(p,p’,v). 


- p’eN 


In this form it is possible to go to the limit »— —m* 
as in Eq. (4) and we obtain the sum of “two-body 
potentials” V(w, »’). The neglected terms contain the 
change of nuclear potential inside nuclear matter due 
to many-body forces. This effect will be calculated in a 
subsequent paper. It is expected that this neglect will 
not change the result drastically. 

For the physical region E>0, in (7), it may be possible 
to take the limit »— —m® since Ay(E,v), E>0 is 
defined for every v > —m*. Thus we have the dispersion 
relation 


V (w 


Fy(E)=- ¥ 


"eN 


PP 


1 x 
¥. Ay(E’) (E’'—E)dE’. (9) 

Ts 

Ay(E), E>0O is related to the cross section. It is 
zero if E is less than the Fermi energy Er=Pr*/2m 
since no real scattering occurs (except for forward 
scattering) due to the Pauli principle 

Ay(E)=0, O<E<Ep. 


If E> Ex ’ real processes occur and 


(10) 


Avl(E =} » Up vf? I da(w, p a k>0, 


where P is the projec tion operator and 


P=1 if both of the final-state nucleons are out- 
side the Fermi surface, 
-() if one or both of the final-state nucleons is 


inside the Fermi surface. (11) 


There is no difficulty, in principle, in calculating (10). 
However, it is simpler if a suitable average is taken 
and P is a function of p and p’ only. P has the property 
that 

if (p—p’)*>>4PP’, 
and 


p— p'PKAP e’. 
Suppose we put 
p—p'P>4PP, 
P=0, (p—p')?<4Pe; (12) 


5 When the absorptive part Ay is a sum of Lorentz-invariant 
quantities a, the dispersion integral of Ay can be written as a sum 
of dispersion integrals of a. The formula is 


; a((u—v)?) a((u—x)*) 
a —-—---—-—--- du duo, 
veN 7 u—x)?—(w—p)? 
if a y*) =(), y> —vPr, 
where u, v, w, - 
m000). See 


and x are four-dimensional vectors, and 12=~? = — yp, 
also reference 6 
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then the result is. very simple and we have® 


Fy(£)= > fr (> p’)s 


p’eN 


, 1 
fu(w)= —V(w)+ 


Wr 2Pr 
and Eq. (2) becomes 
E=Ey-} & 


2 — 
E "eN 


(14) 


Jn (Wp-p’) 


Two points should be discussed before concluding 
this section. 

In (10) we put the cross section equal to that for the 
free case, if the final state is allowed. Actually the scat- 
tering matrix element, and therefore the cross section, 
is changed due to the exclusion principle. Such a change 
is certainly important for collisions of particles well 
submerged in the Fermi sea and this is the object of 
this paper. However, for high-energy collisions such 
that a real final process is possible, the exclusion effect 
may not be important. In the next section it is shown 
that errors due to this effect are in fact small. 

In the actual case of nucleon-nucleon scattering, the 
cross section tends to a constant at high energy. In this 
case the dispersion integral in Eq. (13) does not converge 
and we have to make a subtraction, 


- ’ 
a\w ) 


fy (w)= fy (0)—V(w)+V(0)4 f du’. 


7 


(15) 


, ’ 
FW \W —w) 


To determine the unknown constant fy(0), we compare 
the above expression with the dispersion relation for 
free scattering, 


f(w)=f(0)—V (w)+V (0) 


w - al a’ ) wt a 
oo dw Bs ‘ (16) 
v 0 w’ (w’ —w) Wa(Wa—w) 


where the last term in the parentheses is present when 
a bound state exists. The condition that in the high- 
energy limit fy should be equal to f determines fy (0), 
and 


fy(w) = f(0)—V(w)+V (0)4+ dus! 


‘). (17) 


To summarize, if the scattering amplitude in free 


6 To derive (13), we use the formula 


_ pal(p—P') a(p?) 
> | ——¢p= > dp? 


if a p? 0, p? < Py’. 


This is the nonrelativistic version of the formula in reference 5. 
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1 7” a(w’) 
, 
dw’, 
, 
T¥j) WW 
the corresponding amplitude in nuclear matter is 


obtained by omitting some part of the dispersion 
integral if that process is excluded by the Pauli principle : 


1 * a(w’) 
f dw’. (19) 
TT w F i —w 


If one subtraction is necessary, the formula is given by 


(17). In either case 
1 “E a(w’) 
| du’. 
ro w’—w 


Qn | 
fazt+ta, +3a)+ 
m 4 2 


space is given by 


f(w)= —V(w)+ (18) 


Iv(w)=—V(w)+ 


(20) 


fe 

* 0 (Gpptopn) 1 
f da’ — 

wr w’ (w’—w) dr 
The notation is as follows: a; is the triplet mp scattering 
length; a;, the singlet mp scattering length; a, the 
singlet pp scattering length; f, the pion-nucleon coupling 
constant; uw, the pion mass; opp and a,,, the total cross 
section for unpolarized pp and np scattering, respec- 
tively; R, the deuteron radius; rs, the triplet effective 
range; and B, the binding energy of the deuteron. 

The potential (the integral over the unphysical 
region) can be obtained if the scattering amplitudes f/,,, 
and f», are known as functions of energy. The phase 
shifts for proton-proton scattering are fairly well known, 
but not much is known about the phase shifts for 
neutron-proton scattering so it is not possible to deter- 
mine V (w) in this way. 

The absorptive part a(w) in the unphysical region 
has been calculated for two-pion exchange in the region? 


fy(w)=f(w)- 


7 : dir 
Svpp(w) + frpn(w) =—— 
m 


Ps 


® 
on 


2r 


— 9p? /2m<w< —2p?/m. 


For w<—9y?/2m, where three-pion exchange takes 
place, it is extremely difficult to calculate a(w). We 
make the approximation 


1 —Oyu? ‘2m App (w’) + apn(w’) 


aw 


; 


, , 
w (w —w) 
| 
App tT apn ° 
dw 


=—V3,'(0), (23) 


which is justified because 94?/2m=90 Mev is fairly 
larger than the average energy (w),y==40 Mev. The 
constant V;,’(0) is an arbitrary parameter and will be 
determined later. If a@pp(w)+apn(w) are assumed 
constant for w< —9y?/2m and equal to ap,,(—9y", 2m) 
+ dpn(—9%u?/2m) (this is consistent with the value for 


1 w 
= + 
p?/2m) (p?/2m) T 
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4. NUMERICAL RESULT 


The final formula for the binding energy of nuclear 
matter is given by (14). The binding energy per 
particle is given by 


2P 


F S 4 
J (fy pp(w + fr pr (w, 


«(1 — + reas, (21) 
1Pr 16Pp' 


where A is the mass number, fypp and fypn are the 


E 3 


Pe 


10m 2r 


amplitudes for unpolarized pp and pn scattering, respec- 
tively, and 


2u?'m Qpr (w’) + app(w’) 
, 
dw 


<7 


, ; ' 
OF Y (Cpp tT Fpn) 
dw = i 
, 
0 Ww 


w< —2m where a can be related to nucleon-antinucleon 
cross section), we obtain 


m> R—r; —wa 


V3 (O)=2/pu 3 (interpolated value). (24) 


The energy per nucleon £/A thus calculated by Eq. 
(21) is a function of Pr or the density of nuclear matter. 
We look for the minimum of #/A by varying Pr to 
obtain the stable nuclear matter. The minimum position 
depends on the value of V3,'(0 
that the minimum occurs at the observed value P; 
This happens when 


and we choose it so 


Qu. 


V3e (0)=4.7/y*, (determined value) (25) 


and in this case 


E/A=—13.2 Mev, (theory). 


The experimental value is 


E/A=—15 Mev, (experiments). 

Before concluding this section we compare fy with 
f at w>wy and see if they differ very much. The results 
are shown in Table I.’ We see that the amplitude, and 
therefore the cross section at w>wr, is not very much 
changed by the Pauli principle. Even if ap, and ap, are 


' Tas Le I. Values of ty and f for w>wr. 


1.3wy 


0.75 


0.99 


7 From the formula (22), we have the result fy(wr)=In2. This 


is due to the choice of a sharp step function (12). Actually P is 
a smooth function and such an infinity does not occur. 
' 
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zero for we<w<4wr, the change in EF, A is about +1.5 
Mev. The actual change will be very much smaller than 
1 Mev which is negligible in our discussion. Also we 
can see that the result is insensitive to the shape of P 
which we approximated by a step function (12). 


5. DISCUSSIONS 


In Sec. 3 we derived a formula to obtain the scattering 
amplitude inside nuclear matter when the free-particle 
dispersion relations are known. In applying it to the 
calculation of nuclear binding energy, we had to intro- 
duce an undetermined parameter V,’(0) due to our 
lack of knowledge about the three-pion exchange 
potential, but this parameter could be determined if 
more information on proton-neutron scattering phase 
shifts were obtained. If this parameter is adjusted so 
as to give the correct nuclear density, then the value 
determined by Eq. (25) is somewhat larger than the 
interpolated value (24). This is consistent with the fact 
obtained from the form factors of 
nucleons that the three-pion intermediate state will be 


electromagnetic 


important. Also this corresponds to the results of the 
current nucleon-nucleon scattering theory that a very 
large repulsive core is necessary at a short internucleon 
distance. Once this parameter was determined, the 
binding energy per nucleon turned out to be in reason- 
able agreement with the observed value. This calculated 
value, however, cannot be taken too seriously for several 
reasons. 

First, the effect 
agator or the change of effective mass inside nuclear 
matter is not considered here. Bethe* estimated this 
effect to be about 5 Mev per nucleon for the binding 
energy. 

Second, we have made approximations for the spectral 
function both on the right-hand and the left-hand cut. 
On the right-hand cut we have neglected the change of 
cross sections due to the Pauli principle. This correction 
is calculable in successive approximation by means of 


of renormalization of one-body prop- 


nonforward dispersion relations or partial wave am- 
plitude dispersion relations, which we did not attempt 
in this paper. It is the authors’ feeling that this cor- 
rection is not very important 

More important is the correction on the left-hand 
cut or the change of nuclear potential inside of nuclear 
matter, which we neglected. A part of such a change 


, 


was calculated by Fujita and Miyazawa,’ who found a 
change of about ten percent both in the strength and 
Drell and Walecka” 


mated the anomalous magnetic 
moment inside the nucleus and it turned out to be 7%. 


the range of the potential. esti- 


quenching of the 


unicatior 


Progr 


‘H. A. Bethe (private comn 

J. Fujita and H. Miyazawa 
17, 360 (1957 

S$. D. Drell and J. D. Walecka, Phys. Rev 


Theoret 


Phys. (Kyoto 


120, 1069 (1960 


AND H. 


MIYAZAWA 


These indicate that a change of several percent is also 
expected for V(w). Since the binding energy is a result 
of the cancellation between a large potential and a 
large kinetic energy, a change of a few percent in the 
potential may result in a change as much as a factor of 
two for the binding energy. This point will be inves- 
tigated in a subsequent paper. 
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APPENDIX 
Derivation of Eq. (7 


In this Appendix we use the relativistic perturbation 
theory of Feynman. Due to the exclusion principle in 
the intermediate states, the usual proof of the dispe F- 
sion relation fails for fy. For this reason it is convenient 
to adopt the standpoint (II 2. Then 
every diagram of a scattering with exclusion principle 
is equivalent to a sum of diagrams of many-particle 
Thus the fy(p,p’ 


corresponding 


dis usst d in Sec , 


collisions without exclusion principle. 
can be expressed as a sum of f(),g1,g2,° °° 
to Feynman diagrams with external momenta f, 
p’(=4q1), gz, «++. We introduce mass variable v and put 
rr 
It can be shown that if »>0, f(p,g 
of po (with fixed direction of p 
singularities except on the real axis and a possible cut 
starting from po=+iv!. This comes from the fact that 
fis a product of terms of the form 


as a function 


does not have any 


1 [(p—O/—M 


and the denominator never vanishes except on the real 
axis. When we sum over all 
the superficial branch points po= + 
is an even function of p. Fy(£) has bran 
the real axis. The position of th 
from individual graph. The right-hand cut starts from 


contributions to get Fy, 
vanishes, since F , 
h cuts only on 


branch is determined 


xo(Pr+Am®)i— (xe+rv) Py 


m 2m 
to the right; and the left-hand cut rts from 


x1(Pp?+m )? 2 vy) P; 


po= 


to the left. 
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A general theory of second-order dispersion forces between atoms in nondegenerate ground states is first 
developed by using an irreducible tensor formalism and the theory of angular momentum. This forms the 
basis for calculations of forces between excited systems, which are the subject of later publications 
Attention is given to the interaction of two noble gas atoms where it is assumed that each electron oscillates 
with simple harmonic motion, and the interaction between two alkali atoms is calculated by considering 
the electrons to be moving in a Coulomb field. The dominant terms of the dispersion energy between a 
number of atoms and molecules are tabulated. The results indicate that the hitherto neglected dipole 
octupole contributions are in many cases larger than the quadrupole-quadrupole terms 


I. INTRODUCTION 

HE calculation of interaction energies between 

atoms in ground and excited states has become 
of considerable interest. The recent advances in molecu- 
lar beam techniques make it possible to determine the 
curves over a large range of internuclear 
separations. So far, however, precise experimental 
data are only available in the short-range region where 
the exchange forces are dominant. These experiments 
also show that many of the empirical formulas which 
describe the interaction energies between atoms or 
molecules are inadequate. The interaction energy 
curves at large internuclear separations have not yet 
been investigated systematically. One reason for the 


energy 


scarcity of data in this region is the need for an 
extremely small aperture and high resolution of the 
detecting apparatus to test the long-range behavior of 
the energy curves. Increasing interest in these problems, 
however, promise that such difficulties are about to be 
overcome. All the macroscopic measurements involving 
viscosity, index of refraction, and transport coefficient 
give only qualitative information around the Van der 
Waals minimum, a region where the charge distributions 
already overlap appreciably, and where the exchange 
forces make a considerable contribution to the inter- 
action energy. From the theoretical point of view, 
this region is very difficult to investigate, and the 
approximation methods needed to perform a reasonable 
calculation very often obscure the basic concepts. The 
interaction energies at large separations, on the other 
hand, are mainly due to electrostatic interactions, and 
they can be calculated exactly. 

The present method is designed to generalize previous 
approaches, thus enabling one to investigate the 
interactions between atoms in higher excited states 
and to determine the effects of spin-orbit coupling on 
the interaction energies.! This generalization is obtained 

* Part of a dissertation presented to the faculty of the Graduate 
School of Yale University in candidacy for the degree of Doctor 
of Philosophy. 

¢ Present address: Physics Department, The University of 
Chicago, Chicago, Illinois. 

' The second paper of this series deals mainly with first-order 


interactions between atoms in excited states and the third one 
considers the effects of spin-orbit coupling 


by combining the theory of angular momentum with 
the formalism of irreducible tensors. 


II. CLASSICAL ELECTROSTATIC 
INTERACTION ENERGY 


The long-range interatomic forces are mainly 
governed by the electrostatic interaction between the 
charge distributions of the two atoms or molecules. 
Margenau? has calculated this interaction energy by 
expanding the potential between two sets of point 
charges in a Taylor series. The terms in this series 
correspond to different multipoles, the leading one being 
the dipole-dipole term. Margenau has expanded the 


electrostatic interaction energy up to the quadrupole- 


term, and Heller’ has extended this 


approach up to the sixteenth pole. 


quadrupole 


A different approach to this problem has recently 
been made by Rose! who expresses the complete inter- 
action as a sum of coupling terms between the multipole 
moments by making use of the algebra of irreducible 
tensors.° We shall use his results since they can be 
very conveniently combined with the theory of angular 
momentum. The interaction written as a 
double contraction of irreducible tensors to form the 
scalar V. Specifically : 


energy 1s 


: , 167e ;€; 
mine Ya" (ri) Yo*" (1)) 
1,0 6.8 (2a+1)[(2b+1)!! 


« Yn8(T)T2(R). (1) 


The vectors r, and r; originate at the centers of the 
two nonoverlapping charge distributions, and point to 
the charges e; and ¢;, respectively. R extends from the 
center of charge distribution 4A (described by the r,;) to 
the one in B (characterized by the r;). Wy" (8) is a 


2H. Margenau, Phys. Rev. 38, 747 (1931); Revs. Modern 
Phys. 11, 1 (1939). 

3 R. Heller, J. Chem. Phys. 9, 156 (1941). 

4M. E. Rose, J. Math. Phys. 37, 215 (1958 

5B. C. Carlson and G. S. Rushbrooke, Proc. Cambridge Phil. 
Soc. 46, 626 (1950). R i. Buehler and J QO. Hirschfelder, Phy Ss. 
Rev. 83, 628 (1951); 85, 149 (1952 
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re gular solid sphe rical harmonic defined as 


he "(paar YS (F* 


and T,°(R) the irregular solid harmonic 
T,7(R)=R-*'¥,2(R"). (. 


r and R denote unit vectors in the direction of r 
and R. The V in (1) operates on R. 

It is seen that all the information about charge 
distribution A is contained in Y,°"(r,;), and similarly 
y"*(r;) contains all the knowledge about charge 
distribution B. The summation over a@ and 8 comes 
irom the contraction of the irreducible tensors and 
corresponds physically to a coupling of the respective 
systems. 

The R dependence in (1 
following form: 


can be rewritten in the 
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Yn°(V)T.7(R) (- 
(Qa+1)[ (26+1 It] (2a+1)(2b+1) 
(2a+1)(26+1)(a+b—a—8)!(a+b+at+ 8)! 
4x (2a+26-+1)(a—a)!(a+a)!(b—8)!(b+8)! 
XTo,07t8(R). (4) 


If the two coordinate systems with origins 4 and B 
are rotated so that their Z axes coincide with R, then 


) ) J 

2a+26+1 

To407+8(kR) = R-@->—! a 
4dr 


By substituting (5) and (4) into (1), we can write 
the classical interaction energy two non 
overlapping charge distributions as 


between 


(—)>4are.e;(a +b) '5a-3 


fat T 


The phase factor (—)’ which seems to destroy the 
symmetry of the result with respect to systems A and 
B arises from the direction of R. This phase factor will 
play an important role in the evaluation of resonance 
matrix elements between two identical atoms. It will 
be shown later that the delta condition in (6) quantizes 
the total angular momentum of the system along the 
internuclear axis. As a consequence of this, all first- 
order secular determinants are factorized into sub- 
determinants which are distinguished by different 
molecular designations. 


III. DISPERSION ENERGIES BETWEEN ALKALIS 
AND NOBLE GAS ATOMS 


The forces arising from the mutual polarization of 
the two atoms are usually calculated by perturbation 
theory. For atoms in nondegenerate S states, the first 
order perturbation vanishes, and at large internuclear 
separations, the interaction is governed by the first 
term of the second order formula. The second order, 
as well as all higher order perturbation approximations, 
give results which can be expressed as an infinite 
series in R~. This series, however, diverges for all R 
and many attempts have been made to remove the 
divergence. 

Brooks® has pointed out that Margenau’s series 
expansion is an asymptotic one and that the divergence 
arises from the integration over portions of configuration 
space in which the expansion of the electrostatic energy 
is not valid. He obtains convergent results by arbitrarily 
limiting the range of integration in the matrix elements. 
In the case of the hydrogen molecule ion, there still 
remains a substantial disagreement, however, between 
the corrected perturbation calculation and the exact 

$r Phys. Rev. 86, 92 


1952 


x Ro* +" (2a+1)(264+1) (a—a)!(a+a)!(b—a)!(b+a)! }! 


> at r;) Yoh | r;). 


results of Hylleraas.’ Roe® attributes this difference to 
the neglect of the exchange forces in Brooks’ calculation 
Starting from the calculation of who did not 
expand the electrostatic interaction energy in a Taylor 
series, Dalgarno and Lewis’ have that the 
divergence of the results is not due to the use of th 
interaction energy in regions of space where it is not 
valid. They claim that the divergence is a fundamental 
property of such series. 

Despite these remarks the expansion of V in a 
power series of R™ is a very convenient one, and we 
shall show that methods will 
reliable results. 

In the following derivations, we shall not include the 
correction factors due to retardation effects,” nor the 
adiabatic coupling between electronic and 
motion. It has been shown" that the nuclear-electroni 
coupling is negligible for atoms in nondegenerate S 


Re eC 


shown 


some truncation give 


nuclear 


states. 


A. Dispersion Energy between Two 
Noble Gas Atoms 


We assume that the eigenvalue problem 
{30,— E,}y.=0, 


has been solved and that a true perturbation V is 
applied on the system. The first-order perturbation 
formula requires only the knowledge of the unperturbed 
state function, whereas all higher order equations 


7E. A. Hylleraas, Z. Physik 71, 739 (1931). 

8G. M. Roe, Phys. Rev. 88, 659 (1952). 

* A. Dalgarno and J. T. Lewis, Proc. Phys. Soc. 
57 (1956). 

© H. B. G. Casimir and D. Polder, Phys. Rev. 73, 360 (1948). 

"TT. Y. Wu and A. B. Bhatia, J. Chem. Phys. 24, 48 (1956). 
T. Y. Wu, ibid. 24, 444 (1956). A. Dalgarno and R. McCarroll, 
Proc. Roy. Soc. (Londen) A237, 383 (1956); 239, 413 (1957 
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DISPERSION ENERGIES 
involve summation over the discrete spectrum, as well 
as an integration over the continuum. 

Since only a small number of atomic wave functions 
are known, it is assumed at this point that the state 
functions can be represented by three-dimensional 
harmonic oscillators with a single frequency. This 
means that all excited states have an energy equal to 
the ionization energy of the noble gas atom. Thus 
atom 1 is characterized by one-electron state functions 
Wnilimi(r,) with frequency »; and likewise atom 2 by 
Wnolome(;) with frequency Vo. 

The normalized state function of the 
oscillator in spherical polar coordinates is" 


harmonic 


T(jn—43l—3) 7 
Wnim(t) =] 2y! —]| (yr)! 
[T(3n+3/4+1) |. 


exp(— 377") 


XL OP yY LE e);,. 


where the Laguerre polynomial /..?(z) is defined by" 
[T(a+6+1) 


L,°(z) s 1 
r(a+1)r(b+1) 


F\(—a; 6+1; 3), (8) 


if \(—a;b+1;2) being the Kummer confluent hyper- 
geometric series.!4:5 
I'(a+A)P (Bg) 
F(a; 8; 2)=>d - 2, (9) 

0 (a) (B+A)T (1 +A) 
The argument y in (7) is related to the oscillator 
strength f and polarizability a of the noble gas atom,'® 
y= fe ahy. (10) 


The first-order contribution to the interaction energy 
is zero since the electrostatic perturbation V does not 
connect § states. The first nonvanishing terms come 
from the second-order formula, 


(o\V p’) : 
E,— Ey 


E®=>' (11) 


It is not necessary to antisymmetrize the state functions 
in (11) since the formula for V is only valid for non- 
overlapping charge distributions. 

The interaction energy is first computed by using 


12, P. M. Morse and H. Feshbach, Methods of Theoretical Physics 

McGraw-Hill Book Company, Inc., New York, 1953), p. 1663. 

'8 The normalization factor in the square bracket of (8) depends, 
of course, on the definition of the Laguerre polynomials. There 
has been considerable confusion in the use of these functions, 
and a number of different definitions can be found in the literature. 
The definition of Z,°(z) in reference 12 differs from the ones in 
the references 14 and 15 by a factor of '(a+6+1). Equation (8) 
will be used throughout this paper. 

4H. Buchholz, Die Konfluente Hypergeometrische Funktion 
(Springer-Verlag, Berlin, 1953), p. 4, 135. 

16 A. Erdélyi, W. Magnus, F. Oberhettinger, and G. F. Tricomi, 
Higher Transcendental Functions, Bateman Manuscript Project, 
(McGraw-Hill Book Company, Inc., New York, 1953), Vol. 1, 


16H. Margenau, J. Chem. Phys. 6, 896 (1938 


BETWEEN 


UNEXCITED ATOMS 1867 
product state functions of one-electron state functions. 
The contributions of all the other electrons are then 
added up to give the final result. 

Using (1) we can rewrite (11) as 
167re 


- -Yo?(V)Ta2(R) 
a,b «8 (2a+1)[ (2b+1)!! | 


X (0) Yo" (11) YoP* (te) p’) (12) 


R~Ey 


Since Y.2"(r) depends only on atom 1 and Y,°" (12) 
only on atom 2, (12) can be factored: 


(ao V pb’) 
k«~t, 


a 


— 


167° e° 
—— y = ~ ~ a ) 
Tees -Y8(V)Ta2(R) 
; a,b a8 (2a+1){ (2b+1)!! 


X (nglymy| Ya" (41) | 14/1 ;/my’) 


X (noloms YyF" (re) | 2/ls’my') (13) 


The matrix elements on the right of (13) are evaluated 
as follows: 


(ulm | Uae" (r) | nlm’) 


(—)@ (nb) 2) nl’) (im | Va-@(6,¢)\l’m’), (14) 


where (vl|r2 n’l’) is the radial matrix element of the 
2*-pole interaction. The element involving 
angles can be readily evaluated by using the Clebsch- 
Gordan series and introducing the Clebsch-Gordan or 


matrix 


Wigner coefficients C.!*'5 
(/m| Vq-*(6,¢) | l'm’) 


(2/'+1)(2a+1) 
C(l’al;m’, —aym)C (1'al ; OOO) 
tor (2/+-1) 


(2/+-1)(2a+1)7} 
C (lal’ : m,a.m’)C (lal’ : 000) (— )@ 
4 (21'+-1) 
-)*(l'm' | Vu%(6,¢) |lm). (15) 
It should be noted that C(l’al; m’, —a, m) is zero unless 
the conditions m’=m-+a and l’=/+a, l+a—l---|l-—a 
are satisfied. Furthermore C(l’al;000) is zero unless 
l’+a+1 is even. This means that for given /’ and / only 
even or odd multipoles can give nonvanishing matrix 
elements. 
The integration over the Laguerre polynomials yields 
17E, P. Wigner, Group Theory (Academic Press, Inc., New 
York, 1959), p. 189. 
18M. E. 
John Wiley 


Rose, Elementary Theory of Angular Momentum 


& Sons, Inc., New York, 1957), p. 62. 





1868 PETER 


for the radial part of the matrix element: 


(2a+1)!!}! 
10| r?\ n’l')= é, 
(2y)? 


(16) 


7 ae eS 


Combining (16) and (15), and making use of the delta 
conditions of (16) in the evaluation of the C coefficients, 
we can rewrite (13) as 


2a+1)!!(26+1 
>. > 


(Ia,.)a( Pn 
“71 <7 
(— )**? dire" 
x . ys2(0)T,2(R 
(2a+1)[(26+1)!! E, 


. (17) 
_ 2 


} 


The reason for taking the summation over the different 
multipoles outside the square bracket is the following: 
The dipole-dipole term of V connects only doubly 
excited states with the ground state of the system; 


—— a 


— 


Specific evaluation of (19) gives for the first six terms 
1 +-Phys lyvi1y oR 


315 S)etfi fs 


2hi | +2hv» ry "7 oR! , 


(20) 


The dipole- 
dipole, juadrupole-dipole, quad- 
rupole-quadrupole, dips le-o tupe le, 


terms corre spond, 
dipole-quadrupole, 


respec tive ly, to 


and octupole-di- 
pole interaction.” 

similar 
If we 


Margenau’® has evaluated a expression 


for two identical noble gas atoms. set in (20), 


Vi V2 vy, and y; ¥2 y, then 


se f? (45/4)e*f? (735 


2hiy*R® shvy*R*® 


8 )e*f- 


— — ese (21) 
Shvy ‘Ri0 


which agrees with the expression given by Margenau 


'* The first four terms of (20) agree with the ones given by 

F. Hornig and J. O. Hirschfelder, J. Chem. Phys. 20, 1812 
1952), except for their dipole-quadrupol which should 
read (45/8) /?a,a*,v,v;7 | eR* Ve t+2y,) | 


term 


fifee*(2a—1)!!(2b—1)!!(a+b) (a+)! 1 


9a+2b+2 ( Pa,. \c b ' F ' ’ 1 } . 
x Reet2h+2 (271 )2 (22) (a—a)!(at+a)!(b—a)!(b+a)! ahvit+bhy 
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the dipole-quadrupole only triply excited states, etc., 
and thus no cross terms appear in the end result. 

Finally, summing up all the contributions of the 
other electrons, we find for the dispersion energy 
between two noble gas atoms 


fife(2a+1)!!(26+1)!! 


h 
J 


a,b=1 a,8 (2y1)*(2y2 


(— )*+8 fire” 
; Y8(V)T.2(R) 
(2a+1)[(2b+1)!!] 
1 
x , (18) 
ahyy+bhve 
where we have set 


Eo—E 


= Shy t+ 3hve— hay (y' +3) —hve(ne'+3) 


I 
—f[ ahvyt+bhre }. 
L 


So far we have not restricted ourselves to any 
special direction of R. For the evaluation of (18), 
however, it is more convenient to have R along the 
positive Z axis of the aligned coordinate systems. 
Substituting (4) and (5) into (18) yields 


(19) 


up to quadrupole-quadrupole contributions. In the 
last term of (21) we have included the dipole-octupole 
and octupole-dipole interactions since they also vary 
as R-”,. These additional terms make it desirable to 
augment the table in reference 2, which has often been 
considered to contain all terms up to R~”. To conform 
with Margenau’s notation, we write / C.R-* 
+CoR '+C:R-". The coefficient C includes the 
dipole-octupole, as well as the quadrupole-quadrupole 
contributions. In Table I we have also included for 
completeness the coefficients for the dispersion energies 
between alkali atoms. 


now 


B. Dispersion Energy between Two 
Alkali Atoms 


The simple harmonic oscillator model is not very 
useful for atoms with incomplete outer shells, since the 
requirements that all electrons oscillate with the same 
frequency is then very We, therefore, 
change the previous approach by using hydrogenic 
functions instead of oscillator functions. The central 
potential is modified by introducing different screening 
parameters for different orbitals. The effective nuclear 
charge Z* which accounts for the screening by the 
inner shells is determined by comparing the theoretical 
expression for the energy with the experimental value. 

The method for obtaining the dispersion energy is 
analogous to the one described in Sec. A. However, in 
this case one has to sum over all excited states of both 


unrealisti 


atoms and it turns out that the partial sums converge 
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TABLE I. Interaction constants of dispersion energies between similar ground-state atoms and molecules. 
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31 
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310 
236 
1000 
321 
595 
1367 
6430 
11 000 
26 700 
25 200 
39 500 


"3X 10" 


2622 
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302 
280 
1361 
1044 
967 
3795 
1131 
2329 
6221 
101 200 
181 500 
537 800 
489 800 
870 200 
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G. Stephenson 
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Nature 167, 156 (1951) iG 


Chamberlai 


Stephenson, Pro 


, Bull. A Phys. S« 5, 241 


“ 1960) 
London) A64, 458 (1951 


rather slowly to the correct value. This indicates that 
the continuous spectra of the two atoms contribute 


rule for spherical harmonics: 
(2a+1)(2c+1) 
4ir(2k, +1) 
XC (ack; —g, 4 IC (ac ki; 00) Va, F 


appreciably to the dispersion energy. It is possible to 
eliminate this sum by using an approximate second- 
order formula. The first-order matrix element (0; V0) 
is zero and the lowest order nonvanishing terms are 
given by 


(25) 
Thus 
(1ym,| Y 2° 


= *\ 14m) 
(ZZ) 


where o stands for 14/,m,, Nol2m2, the quantum numbers 
of the ground-state system, e2 is an appropriate average 
energy, and 


KC (ac ki: “ey IC ( ae ky; OO) 
ope 1 
(167°e?)? = 5S 


XC (hkl; wi. —“a—F \C (LR); OO). 
a,b «8 (2a+1)[(2b+1)!!] 


Yo” (11) Yo?" (re) (26) 
the sum rule and A condi- 
1 tion of the C coefficients require that —a—y=0, 

ms k,=0, and a=c. These conditions simplify (26) ap- 

6 (2c+1)[ (2d +1) 11] a Slat 5 pm 
: preciably. By using 


Since in our case /;=m,=0, 


xwe(vrre(® | is 


the explicit expression for the 
C’ coefficients 


» we ger 


KY." (4) Ya (12) Ya? (V)T2(R) |. (23) (—) 

‘Pat i Se (27) 

Substitution of (23) into (22) yields 

A similar equation holds for the second matrix element. 
So far we did not need to know the exact form of the 

atomic 


(o' V2.0) (167e7)? 


functions. In spherical polar coordinates we 
have for the normalized hydrogenic state function 


Ys? (V)Ta"(R) Ya? (V)T.7(R) 
5 (2a +1)[(26+1)!!](2ce+1)[(2d+1)! 


«K (yl; yr" Nl) (Nols go+d 


Wrnin(T) + 
sees 2n[ T(n+/+1) 
Nols) (Lymy| Vo" Y 1 \lymy) 


(yr) V"(6,¢), 


XK (dome! Vx Va |lome). (24) 


n—1,n—2, —l<m<l, 


The factors of the matrix elements in (24) which 


involve angles can be calculated by using the coupling where y stands for 2me*?Z* hn 
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With (28) the evaluation of the radial matrix element 
in (24) gives 
(2a+2)! 


(10) r?4; 10) = : 
2(2Z;,* a,)** 


(29) 


where a, is the Bohr radius. 


s— > 


e,b, « (2R)**+2>+2(2a+1)(26+1)(a—a)!(a+a)!(b—a)!(b+a)! (Z,*)**(Z.*)*[Z," +2." } 


If in (30) we let Z,*=Z.*=1, then we get for the 
dispersion energy between two hydrogen atoms 


6 
E®= _ «ee, (am) (Sia) 


R° RS 


The last term in (31) includes dipole-octupole, as well 
as quadrupole-quadrupole terms.*! Comparison with 
the sum of the co- 
efficients of the dipole-octupole and octupole-dipole 
contributions is larger than the quadrupole-quadrupole 
term.” 

Hirschfelder and Linnett™ have shown that for R> 3a, 
the effective nuclear charges are slightly less than one. 
Setting Z,*= Z,*=0.99, Eq. (30) yields 


other results again shows that 


6.4 146 4350 


R 6 R 5 R 


(a.u.) (31b) 


TasLe II. Comparison of theoretical and experimental 
values for alkali polarizabilities. 
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2 L. Pauling and J. Y. Beach 


4, 318 (1959). 
Phy s. Soc. (London) A69, 


Phys. Rev. 47, 686 (1935). 
J. O. Hirschfelder and J. W. Linnett, J. Chem. Phys. 18, 130 
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As in Sec. A, it is more convenient to let the inter- 
nuclear distance R coincide with the Z axis. Further- 
more, the final result takes on a particularly simple 
form if atomic units are used. Substitution of (4), (5), 
(27), and (29) into (24) yields for the dispersion 
energy between two alkali atoms in their ground 


“”) 


states- 


(30) 


which compares favorably with the variational calcu- 
lation of Hirschfelder and Léwdin.”' 

Some care has to be taken in the use of (30). As 
already mentioned, this series diverges for all R’s, and 
one has to find means to cut the series off so that the 
inclusion of the last result still improves the result. 
Dalgarno and Lewis" have outlined a_ truncation 
method which is quite useful. 

Furthermore, a more precise calculation must also 
take into account the contributions of the higher order 
perturbations. For instance the third-order perturbation 
introduces terms of odd power of R™', the lowest one 
being R-!. 

The usefulness of (30) depends also on the accuracy 
with which the effective nuclear charges Z* can be 
determined. The comparison of the theoretical expres- 
sion for the energy with the corresponding experimental 
value has already been mentioned. Another method is 
the use of experimentally determined polarizabilities a. 
Recently Chamberlain and Zorn®> measured a@ for all 
the alkalis by molecular beam methods. 

An approximate calculation based on hydrogen-like 
state functions and effective nuclear charges determined 
from optical spectra compares with the experimental 
values as shown in Table IL.2° The 
gratifying. 

One can show by using methods which will be more 
fully described in the third paper, that the inclusion 
of spin does not alter the final result for the interaction 
energy between two alkali atoms in their ground states. 


agreement is 


3 T. O. Hirschfelder and P. O. Liéwdin, Molecular Phys. 2, 229 
(1959). 

28 G. E. Chamberlain and J. C. Zorn, Bull. Am 
241 (1960). 

26 J. C. Zorn and P 
1960). 
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General methods are developed to calculate the matrix elements 
between two arbitrary states and for any multipole order. The re 
sults are expressed in terms of generalized hypergeometric func 
tions. Some delta conditions in the formula for the electrostatic 
potential allow substantial factorization of the secular determi 
nant. A device calied the interaction diagram is introduced to 
facilitate the ordering of the secular determinant and the classi 
fication of the resulting molecular states. The theory is first applied 
to systems in which spin-orbit effects are neglected. The energy 
curves between an alkali atom in the ground state and an alkali 


I. INTRODUCTION 


N the calculation of the long-range interaction ener- 

gies between atoms in nondegenerate S states! there 
was no need to calculate the general first order off- 
diagonal matrix element since the approximate second- 
order formula of I-22? required only the knowledge of 
one diagonal matrix element. If, on the other hand, we 
are dealing with atoms which are excited or which are in 
degenerate ground states, then the first-order matrix 
elements generally do not vanish, and a more general 
formalism is needed. Here again we perform a perturba- 
tion calculation assuming that the unperturbed eigen- 
value problem has been solved. We then inquire to what 
extent the long-range interaction energies are affected 
when we change the internal structure of one or both 
atoms. One such change which we shall consider in this 
paper is the excitation of the atoms. Another one is the 
effect of spin-orbit coupling which will be treated in 
paper III of this series. 

The theory of long-range interactions between atoms 
in excited states differs in a number of ways from that 
presented in I. At large internuclear separations the first 
order interactions dominate over the second order dis- 
persion forces, and configuration interactions result in a 
numbéer of distinct energy curves. In addition, if the two 
atoms have a high enough excitation, the interaction 
energy receives contributions from more than 
multipole. These multipoles very often compete, re- 
sulting in pronounced maxima and minima which are 
entirely electrostatic in nature. 

Even for low excited states the secular determinants 
become prohibitively large and the rearranging of the 
primitive functions to factorize the determinant and to 
form molecular subdeterminants is a tremendous task. 
In order to avoid this we shall introduce a device called 


one 


* Part of a Dissertation presented to the faculty of the Graduate 
School of Yale University in candidacy for the degree of Doctor of 
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t Present address: Physics Department, The University of 
Chicago, Chicago 37, Illinois. 

1 P. R. Fontana, preceding paper [ Phys. Rev. 123, 1865 (1961) ]. 

2 All references to the first paper will be denoted by I. 


atom in the first and second excited states, two alkali atoms in the 
first excited state, and an alkali atom in the first and another in the 
second excited state are calculated. In the last case, where some 
matrix elements consist of more than one multipole term, the 
competition of multipoles leads to energy curves which have 
maxima and minima in first order. It is also shown that for the 
interaction between atoms in excited states the resonance forces 
are less dominant while configuration interactions and the forces 
obtained from simple product state functions become more and 
more important 


the interaction diagram which will allow us to find 
immediately the number and size of the possible sub- 
determinants. 

Our aim is to find general methods to calculate the 
first order matrix elements, to factorize the secular 
determinants as much as possible, and to show the 
importance of the different effects on some specific 
examples. 


II. FIRST-ORDER ELECTROSTATIC 
MATRIX ELEMENTS 


Since it is our purpose to develop a rather embracive 
theory of the interaction between atoms in excited 
states, we shall first calculate the general matrix element 
between two arbitrary states of the system for an arbi- 
trary multipole interaction. For the factors of the matrix 
element which involve angles, the use of the theory of 
angular momentum yields a closed form; for the radial 
parts, however, the situation is more complicated since 
we have to perform an integration over products of 
Laguerre polynomials with arbitrary arguments and 
indices. 

The form of (I-1) for the electrostatic energy permits 
the factorization of the first order matrix elements in the 
following way: 

167°e" 
~|\Vip=X> Y .°(V)T.*(R) 
a,b a8 (2a+1 \[ (2b+1 1] 


X (qi V 2%" (01,¢1) gi) (qe’ V 4°" (82, y2) gz) 


K (9y/1y | 71% | gly) (te'le’ | 12°| mole), (1) 
where p’ and p represent two states of the system, and g 
stands for /, m. The subscript 1 refers to atom 1, the 
subscript 2 to atom 2; a and 8 denote the specific 
multipole approximation and the summation over a and 
@ arises from the contraction of the irreducible tensors. 

If we are using hydrogenic state functions with ad- 
justable screening parameters Z*, the radial matrix 
elements of (1) can be easily evaluated for special values 
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of n’, /’ and n, /. Waller’ and Van Vleck‘ calculated the 
diagonal matrix elements for all integral values of a 
from +2 to —6. The general radial matrix element can 
be evaluated using methods developed by Erdélyi,® 
Mayr,* and Buchholz.’ The details of the calculation are 
given in the Appendix. 

The remaining factors in (1) depend on the spatial 
orientation of the two charge distributions, and can be 
calculated using the theory of angular momentum. The 
following derivations are based on the fact that the 
spherical harmonics are irreducible tensors. 

In the calculation of the interaction energies between 
alkalis we shall distinguish two cases. In the first, the 
effect of the spins of the two valence electrons is neg- 
lected, whereas in the second, the spin and orbital 
angular momentum are correctly coupled and the repre- 
sentation is diagonal with respect to the spin-orbit 
Hamiltonian #/;.,. It is evident that this coupled repre- 
sentation can be used only so long as the electrostatic 
interaction V is a true perturbation. In other words, the 
coupled representation is valid if V&<H... 

On the other hand, in the uncoupled representation, 
the state function of the system consists of simple 
product state functions. The inclusion of the spin 
functions does not change the interaction energy since V 
is spin independent. The degeneracy of each energy 
curve, however, is four times as great, since the spins of 
the two valence electrons can combine to yield a singlet 
and a triplet state. 

The coupled representation and the relation between 
the coupled and uncoupled representation is discussed in 
paper III where, in addition, the transition region in 
which VA,., is investigated. 

In the uncoupled representation, the result of the 
integration over the spherical harmonics can be ex- 
pressed in terms of the C coefficients. Using the notation 
of (1) we have from (T-15 


I,¢) lm) 
2/+1)(2a+1 
C(lal’; m, —a, m’) 
4 (2)'+1 
<C (lal’ ; 000). 


If we substitute (2) into 1) we see that the total 
matrix element becomes proportional to C(J,al,’; my, 
These * 
however, are zero unless the following conditions are 


satisfied : 


—a, my )C (lobl’ > ms, — 8, me’ coefficients, 


m;—a=m'; m—B=m.’. (3) 
‘I. Waller, Z. Physik 38, 635 (1926 
°F. Van Vleck, Proc. Roy. Soc 
§ A. Erdélyi, Math. Z. 40, 693 (1936 
6K. Mayr, Math. Z. 39, 597 (1935 

H. Buchholz, Die Konfluente I] yperveometrische 

Springer-Verlag, Berlin, 1953), pp. 135-144 


A143, 679 (1934 
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As long as we do not specify the direction of R with 
respect to the two coordinate systems, the above rela- 
tions are two separate conditions. If, however, we let R 
coincide with the positive Z axis, we have from (1-5) the 
additional condition: a= —8. Combining the three rela- 
tions yields 


, ’ 
My+ms=m,+me, (4) 


which indicates that only states with the same total M 
can combine. This procedure factors the secular de- 
terminant into subdeterminants which can be classified 
by the molecular designation A. 


Ill. FACTORIZATION OF THE SECULAR 
DETERMINANT 


In the calculation of first-order interaction energies 
between atoms in excited states, the main difficulty 
arises in the reduction of the secular determinant. The 
energy levels obtained from the use of hydrogen-like 
state functions are degenerate with respect to / and m, 
and even low excited states yield very large secular 
determinants. The application of group theory makes it 
possible to factorize the determinants. One method has 
already been outlined in the previous section where it 
has been shown that suitable rotation of the coordinate 
systems produces quantization about the internuclear 
axis, and causes all matrix elements to vanish except 
those which have the same total M. In the case of the 
uncoupled representation, where the unperturbed state 
is (n\n»2)*-fold degenerate, the number of separate sub- 
determinants is 27,+2n.—3. One can show that these 
representations are completely reducible ;i.e., the secular 
determinant can be diagonalized. Due to the limited 
number of symmetry conditions, it is not possible to 
achieve this reduction completely; the remaining sub- 
determinants have to be solved in order to find the new 
eigenvalues and eigenfunctions. 

The exact root of the remaining subdeterminants 
tends to mix the states. In many cases, the comparison 
of the diagonal matrix element with the exact solution 
that the configuration interaction not only 
changes the internuclear dependence of the energy curve 
but also its sign. We shall show that this ‘“‘mixing”’ is 
especially strong for = states. 

If the two interacting alkalis are identical, then an 
additional symmetry operation can be used to reduce 
the secular determinants. The identity of the two atoms 
implies that quantum mechanically we cannot specify 
the individual states if the two states can be connected 


shows 


in the spectroscopic sense. Here we have to write the 
unperturbed state function of the system as follows 


1 
¥=—[Ve(D¥ (I) +o¥,(Dv (II), 
v2 


where & and n denote the two states, and o can take on 
the values +1 or —1. This resonance effect introduces 
multipoles of low order in the interaction energy, thus 
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appreciably changing the long-range behavior of the 
energy curves. 

For the calculation of the interaction energy between 
alkalis in excited states, we again shall use hydrogen-like 
state functions with adjustable effective nuclear charges 
Z*. As mentioned in I, Z* is determined from the energy 
spectrum of the separated atoms. Some care has to be 
taken in the application of this method. It is not ex- 
pected that Z* should remain constant at very small 
internuclear separations where the charge distributions 
overlap appreciably. Indeed, several authors* have 
shown that the effective nuclear charge may vary con- 
siderably in these regions. Hirschfelder and Linnett,’ 
however, proved that in the case of H. the nuclear 
charge is approximately unity for R>3a,. Actually, 
even at very large separations, Z* is slightly less than 
one and it is assumed that the difference arises from the 
mutual Van der Waals polarization of the two atoms. 

If it were possible to remove all degeneracies of the 
system before the perturbation V is applied, then the 
secular determinants would be diagonal to begin with, 
and the problem of factorization would not occur. This 
primary removal of the degeneracies can often be 
partially achieved by considering coupled representa- 
We shall that the order of the sub- 
determinants is considerably smaller if the electrostatic 
perturbation is applied to a system which includes the 
spin-orbit coupling correctly than to one for which the 
spin effects are neglected. This method, however, is only 
applicable as long as V&H;., and thus cannot be used at 
very small internuclear separations. 


tions. show 


As shown in the previous section, a suitable rotation 
of the coordinate systems quantizes the total angular 
momentum of the system along the internuclear axis, 


and the determinant A) in the equation 


A—1F| =0, 


factors as follows 





The unit matrix in (6) occurs because all state functions 
used here belong to orthonormal sets. The determinant 
1 extends over a particular degenerate state of the 
system, and its order is (2)?. The 22,4+2n.—3 sub- 
’ H. J. Kopineck, Z. Naturforsch 7a, 22, 314 (1952). M. Wolfs- 
berg, J. Chem. Phys. 21, 2166 (1953). 


' J. O. Hirschfelder and J. W. Linnett, J. Chem. Phys. 18, 130 
(1950). 
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Fic. 1. Interaction diagram of an alkali atom in the first excited 


state and an alkali atom in the second excited state. 


determinants in (7) are distinguished by the molecular 
designation A=, II,, A, ete. which correspond to 
M,=0, +1, +2. One can show by considering the 
characters of the representation that the eigenvalues 
obtained from the A, subdeterminants are equal to the 
ones of the A_. Thus the electrostatic perturbation does 
not produce any A-type doubling, and in the following 
we shall omit the subscripts + and —. 

In the following applications, the resulting energy 
curves are distinguished by the molecular term symbol, 
and in brackets we shall also give the orbital configura- 
tion of the unperturbed states. It will turn out that 
many states are hybrids, and there the complete orbital 
configuration cannot be given. Since we are dealing here 
with hydrogen-like atoms, we can also assign a total spin 
to each function. At large internuclear separations, how- 
ever, the singlet and triplet curves are degenerate, and 
the notation is only useful at small separations where 
the exchange forces remove the degeneracy. 

An examination of the secular determinant shows that 
a device which we call the interaction diagram is a very 
convenient tool for analyzing the interactions. It per- 
mits the determination of many properties of the re- 
sulting molecular energy curves without calculation, 
and it also facilitates greatly the classification of the 
states. 

In order to explain the features of the interaction 
diagram more clearly, let us consider as an example the 
interaction between an alkali atom in the first excited 
state and another one in the second excited state. The 
corresponding interaction diagram is given in Fig. 1. 

The following general rules apply to the interaction 
diagram: 


1. Each point having integral coordinates represents 
a certain state or states of the system. 

2. The units of length on the axis /; and /, depend on 
the two interacting atoms. 

3. The area bounded by a line connecting all points 
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which belong to the same degenerate set is called the 
configuration area. 

4. A number of molecular term symbols can be as- 
signed to each point. The point (7,7) where i and j stand 
for the coordinates of the point in /,/, space represents 
i+ j+1 different molecular states. For A=i+ j7—k there 
are k+1 such states provided k<2i or 2), whichever is 
smaller, and for A< j—i or i— j the number of molecular 
states is 2i+1 or 2j7+1, respectively (A>0; 1, 7, R=in- 
tegers). 

5. A point ona resonance line can exhibit that specific 
resonance, and the resulting mirror point will also belong 
to the configuration area, provided the units of the two 
axes are the same. In the calculation of the allowed 
multipoles and matrix elements, the point (7,7) is con- 
nected with its mirror image (j,7). However, no new 
states are formed when a mirror point coincides with a 
regular point. 

6. The total number of molecular states and the order 
of each molecular subdeterminant can be obtained by 
adding up all the term symbols of the points belonging 
to the configuration area. 

7. The possible multipoles connecting point (7,7) and 

k,l) can be writtenin the form (i+—2m)—(j+/—2n); 
m, n=(, 1, 2--- where the number in the two brackets 
determine the two multipoles. This result can also be 
obtained graphically from the diagram. For instance, 
the point (0,1) can be connected with point (1,1) with 
a dipole-quadrupole moment. From this result we see 
that two points on one of the main axes cannot combine. 


All these rules can be easily proved by considering the 
degeneracies of the unperturbed state functions and by 
remembering that the possible multipoles in the matrix 
element (y’ V wy) are determined by the parity coeffi- 
cients C(/;'al,;;000) and C(1.’bl.;000) which vanish 
unless a=/,'’+1,, 1)’ +1,—2, --- and b=1.’+ls, lo’ +1.—2, 

respectively. In the case of two identical atoms 
the resonance contributions are proportional to 
C(1,'al,; OOO)C (1)'bl,; 000) and this product vanishes 
unless the conditions a@=J.'+/;, /.’+/,—2, and 
b=1,'+12, +1.—2, --- 

Thus by using the interaction diagram we can obtain 
the conditions for resonance, the number and order of 
the molecular subdeterminants, the number of nonde- 
generate energy curves and their general internuclear 
dependence, the extent of configuration interactions, 
and the possible multipoles in the secular determinant. 

If we apply all these rules to Fig. 1, we see that there 
are 1, 4A, 8II, and 102 states if resonance cannot exist, 
and 2, 7A, 1211, and 142 states if resonance is possible. 
We can also immediately conclude that without reso- 
nance the ® state interaction energy is made up of a 
quadrupole-quadrupole and a quadrupole-2‘ pole term. 
The inclusion of resonance splits ® into a g and a u state 
and introduces additional dipole-dipole, dipole-octupole, 
and octupole-octupole terms. The A states are much less 


affected by the configuration interaction than the = 


are satisfied. 
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states since they do not extend through the whole con- 
figuration area. The = states, on the other hand, cover 
the entire configuration area, and it is not surprising 
that many of them are hybrids. 


IV. RESONANCE INTERACTIONS OF NORMAL 
AND EXCITED ATOMS 


Asa first application of the theory, let us calculate the 
interaction energies between an alkali atom in its ground 
state and another in the first excited state. From the 
interaction diagram (Fig. 2) we conclude that the first 
order interaction energy between two dissimilar atoms is 
zero (the two points on the /; axis cannot combine), and 
that for similar atoms dipole resonance produces two 
II states with different symmetries, two = states, one of 
which is a g and the other one a w# state, and two de- 
generate = states. The secular determinant is already 
diagonal and the eigenfunctions are obtained from (5). 

The different energy curves are distinguished by the 
molecular term symbols and the orbital configuration of 
the separate atoms. Each of these curves corresponds to 
a singlet and a triplet state of the molecular system. For 
completeness the term symbols of these are also given in 
curly brackets. The results are: 


11, (18,2P;) = 
(‘11,,°11,.} 


11,,(18,2P;)= 
C1,°11,} 


2*(15,25) 


Zur (1S,2Po)= 


3Z,*Z.*R® 


(Dt 32,+} 


where C = 32 768/19 683. Z,* and Z,* are, respectively, 
the effective nuclear charges of the ground state and 
first excited state of the alkali atoms. 

These results agree in the case of H—H with the 
findings of Mulliken" but disagree with the results of 
King and Van Vleck." 

Secondly let us consider the interaction of an alkali 
atom in the ground state with another one in the second 
excited state. The corresponding interaction diagram is 
given in Fig. 3. As in the last example, only resonance 
effects introduce nonzero first-order interaction energies. 
In Fig. 3, the point (0,0) cannot be connected with any 
other point of the configuration interaction region, and 


# R. S. Mulliken, Bull. Am. Phys. Soc. 4, 173 (1959) 
 G, W. King and J. H. Van Vleck, Phys. Rev. 55, 1165 (1939). 
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Fic. 2. Interaction diagram of an alkali atom in the ground state 
and an alkali atom in the first excited state. 


consequently these states are diagonal and degenerate. 
In addition there are one A,, one A,, two II,, two II,,, 
two 2,, and two X,, states. The possible multipoles of the 
diagonal and off-diagonal matrix elements are indicated 
in the figure. 

In the case of the II and & states, the resulting energy 
curve can always be obtained by solving the remaining 
2X2 secular determinants. Very often, however, it is 
convenient to state the result as a power series of R™. 
This can be accomplished by setting 
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Fic. 3. Interaction diagram of an alkali atom in the ground state 
and an alkali atom in the second excited state. 


and then substituting this expression into the secular 
determinant. The expansion of the secular determinant 
leads to a polynomial in the constants, a, 8, y, 
These unknowns can be determined by setting the 
coefficient of a given power of R™ equal to zero and then 
solving the partially decoupled equations by starting 
with the one which has been obtained from the lowest 
power of R™. These expansions converge very rapidly 
for R>15a,. One can also prove that all such series ex- 
pressing first order interaction energies contain only odd 
powers of R-!. In many cases, the error made by using 
a three term expansion is less than 0.1% for R>15a,. 

The interaction energies between two similar alkali 
atoms, one of which is in the ground state and the other 
in the second excited state are given below. 


19 683 


A,(1S5,3D2) 


{'A,,°A.} 


11, (18,3D)) 


CIL,S11,} 


59 049 


= —A,(15,3D2) ; 
32 7682 ,**Z.*°R® 
A.*A.) 


Y1 
= —11,,(15,3D,)= 
R®> R’ 


C11, 211,} 


98 415 59 049 


ae 


1 — 


131 072Z,*Z.*8 65 536Z,*Z.*2 131 072Z,*Z.* 


4 782 969 1 594 323 11 160 261 1 594 323 
— nce c= = 4 


2097 152Z,*Z.** 524 288Z,**Z.™* 1048 576Z7,*Z." | 524 288Z,"4Z.” 


4 782 969 


2 007 1527,*5Z.* 
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a Ye 
11, (15,3P1)= — 11, (15,3P;)=—+—+ 
R* R°& 
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with 
729 


a= — 


8192Z,*Z.* 


59 049 59 049 59 049 


: a , 
131 072Z2,*2." 65 536Z,"Z,." 131 0722,"2Z,* 


and ¢2= — €). 
¥3 
r,t (1S,3Do) = —Z24*(1S,3Do) = 
(B32) 


177 147 295 245 177 147 


262 144Z,*Z,** 131072Z2,*°Z."* 262 1447,*Z,* 


and 
43 046 721 14 348 907 100 442 349 
lint aad = 


16777 216Z,*Z.*5 4194 304Z,**Z.™ 8 388 608Z,*Z,* 


14 348 907 43 046 721 


4194 304Z,"1Z.*2 16777 216Z,*°Z,* 


4a 
ays 


~ 4096Z,*Z.* 
177 147 177 147 177 147 


y= —___ ———., 
262 144Z,*Z,* 131072Z,**Z.** 262 1442,*Z,.* 


and €,= —€;. 


10° 





One interesting fact can be noted from these results. 
In the secular determinant, the highest permissible 
multipole is a quadrupole-quadrupole term. The first 
and third term in the y’s of the II and © states, however, 
arise from dipole-octupole and octupole-dipole contribu- 
tions. As a matter of fact, all the multipoles which have 


Units 


the same internuclear dependence are represented in the 
terms of (13)-(16). 

Figure 4+ shows the repulsive II and = energy curves 
for H—H from R=5a, to R=40a,. The upper two 
curves are due to dipole resonance and the two lower 
ones arise from quadrupole resonance. The effect of the 
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Fic. 4. Repulsive interaction energy curves between a hydrogen 
atom in the ground state and a hydrogen atom in the second 
excited state. The dashed curves are obtained from diagonal 
matrix. 














FIRST-ORDER IN 
paring the dashed lines which are obtained from the 
diagonal matrix elements with the full lines. The indi- 
cated range does not imply that long-range force calcula- 
tions are still valid at R=5a,. 


V. INTERACTION ENERGIES BETWEEN ATOMS 
IN EXCITED STATES 


So far we have encountered only resonance interac- 
tions and the effect of configuration mixing has played a 
minor role. If both atoms are in excited states, then the 
first order interaction energies between dissimilar atoms 
do not vanish and configuration interactions will be 
quite important. We shall also describe a new effect 
which can arise only if the system satisfies the condition : 
1, +l.>3. In those cases, the individual matrix elements 
will contain more than one multipole, and we shall 
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show that this “‘competition of multipoles” can lead to 
maxima and minima in the energy curves. 

The interaction between two alkali atoms in first 
excited states will be treated first. In this case there is 
no real resonance. From Fig. 5 we note that all the 
resonance points coincide with regular points, and this 
implies that the introduction of resonance does not 
produce new points, and this leaves the configuration 
area unaltered. In terms of the secular determinant, this 
means that depending on the approach we group the 
primitive set of eigenfunctions differently without intro- 
ducing new states. 

In the following results the term symbols apply to 
the interaction between similar atoms, but the formula 
also can be used to determine the interaction energy 
between dissimilar atoms by distinguishing the two 
effective nuclear charges. 


15.552 
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In Figs. 6 and 7 we have plotted all nonzero energy 
curves between two hydrogen atoms in first excited 
states. Figure 6 also shows how the inclusion of exchange 
effects splits the singlet and triplet curves. The nu- 
merical values of the ‘A, and *A, state have been taken 
from the work of Linder and Hirschfelder."* The dashed 
curves are obtained from diagonal matrix elements, and 
the d placed behind the corresponding term symbol char- 
acterizes these energy curves. The effect of configuration 
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Fic. 6. Repulsive interaction energy curves between two hydrogen 
atoms in first excited states. 
2B. Linder and J. O. Hirschfelder, J. Chem. Phys. 28, 197 
(1958) 
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ZZ." Z:*5Z,* R’ - 
interaction is clear from a comparison of the two sets of 
curves. The II,,(2S,2P;) curve is not at all affected by 
configuration interaction, and the II,(2S,2P,)4 differs 
only slightly from the exact one. On the other hand, the 
exact energy curve of the I1,(2P;,2/) state is repulsive; 
whereas the corresponding diagonal element shows an 
attractive potential. 

Linder and Hirschfelder" have also calculated the 
electrostatic interaction energies between two hydrogen 
in first excited Their A and I 
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atoms states. 
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Fic. 7. Attractive interaction energy curves between two 
hydrogen atoms in first excited states. The dashed curves are 
obtained from diagonal matrix elements 





FIRST-ORDER 
energies agree with (17)—(21) if we set Z;*=Z.*=1. The 
last four D-state energies (24)—(27), however, differ from 
the ones in reference 12. The main discrepancy lies in the 
fact that the ©,+(2S,2S) energy has an R~* dependence 
in their series expansion and is zero in our case. This 
difference, moreover, affects all other energies which 
arise from the same secular determinant. 

Some information about the origin of this discrepancy 
can be obtained by calculating the trace of that par- 
ticular molecular sub-determinant and the one of the 
total secular determinant. From (24)—(27) we get 18/R® 
+1296/R® for the trace in the first case, and by adding 
up the energies of all the states of the degenerate set, we 
obtain zero for the secular determinant. In reference 12, 
on the other hand, the sum of the energies of the four = 
states gives 18/R°+1395/R® and the trace of the secular 
determinant is not zero. 

All the matrix elements in the previous calculations 
contain only one multipole since the number of pos- 
sible multipoles is determined from the C coefficient 
C(lal’; 000) which vanishes unless a=/+',--- /—I’ 
and the sum /+a+/’ is even. To illustrate the new 
feature of the competition of multipoles let us consider 
the states of a system consisting of one hydrogen atom 
in the first excited state and another one in the second 
excited state. From the interaction diagram in Fig. 1 
which describes this case, we see that the ® molecular 
subdeterminant is diagonal and made up of a ®, and 
®,, state. 

The state functions for this case are obtained from 
(5). We can always write the interaction energy in the 


1.29600 10° =1.09350*10° 9.01737 


},,(2P;,3D.)= _ 
Z1*°Z.**R® 
{'b.,,°P,} 
and 
1.29600 x 10° 
©,(2P1,3D.2)= — 
Z1*2Z2*°R® 


1.09350 10° 


Z\*2Z.*4R? 
{'b,,*b..} 

In Fig. 8 we have plotted the interaction energies of 
these two states for Z;*=Z.*=1 together with £,,, the 
corresponding nonresonance contribution (dashed line). 
It is seen that due to the shorter range of the higher 
multipoles there is a pronounced competition between 
the multipoles at an internuclear separation of about 
10a,. The ®,, curve shows a distinct maximum which for 
the &, state is much less pronounced and shifted to 
higher internuclear separations. Other states will be 
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Fic. 8. The effect of the competition of multipoles on the 
energies of two ® states formed by a hydrogen atom in the first 
excited state and a hydrogen atom in the second excited state. The 
dashed curve represents the nonresonance contribution 


form 


E=E,,+E,, (28) 


where we have separated the contributions due to reso- 
nance (£,) from those which can be obtained by using 
the simple product state functions (Z,,). In our example 
the plus sign in (28) yields the ®, state and the minus 
sign the ®, state. Here E,, is made up of a quadrupole- 
quadrupole and a quadrupole-2‘ pole term, and E£, 
consists of a dipole-dipole, dipole-octupole, octupole- 
dipole, and octupole-octupole term. Specifically : 


3.11640102 3.11640102 2.69257 104 


= zs » (29) 
Z,*3Z.*R? Z,*8Z.*8R? 


->= 


154 3.11640 * 102 


3.11640 10" 2.69257 K 10 


= 30 
Z1*Z.*R5 Z,*8Z.*R® Z,*Z.*R? ; (99) 
attractive at large R and become repulsive at shorter 
separations. This could lead to bound states resulting 
entirely from electrostatic interactions. The inclusion of 
exchange forces will, of course, modify these energy 
curves to some extent, but since the maxima and 
minima occur at rather large internuclear separations, 
they very possibly may remain in a more complete 


calculation. 


APPENDIX. EVALUATION OF THE RADIAL MATRIX ELEMENT 


Irom (1-7) we see that the radial matrix element in ( 


P(n’—l’)T(n—l) 
(n'l’ | r2| nl) =| (y’)3*2" (y) 3+?! 
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where y’= 2me?(Z')*/#°n’. This integration can be carried out most easily using (I-8) which defines the Laguerre 
polynomials in terms of the Kummer confluent hypergeometric functions. 
P(n’—l')P (n—l) | 
4n/nLT (n’ +1'+1)0 (n+1+1) }8 


—2/'—2 —2/—2 
XP (n' HHO P(E DE +1 +0+3)(—)e—"—if )( ) 
n’—l'—1 n—l—1 


(n'l’ | r2 nt)=| (y)3*? 


+ si dy" dy 
( ) po(Utitats; WHHL, —n+/+1; 2/'+2, 2/42; : ) (A-2) 
2 49 144 
F,, the generalized hypergeometric function of two variables is a special case of the Lauricella hypergeometric 
function F 4" 
(a, my+me+---m,)(B1,91)- ++ (Brym,) 
We a SP ee ee : TR shot staan ae 
(¥1,91) ++ + (Yn Mn) (1,m1)- + + (Aym,) 
with 
(A,A)=P(A+R)/T(A). (A-4) 


The binomial coefficients in (A-2) can be written in the following way 


—2/-—2 r(—2/-—1) r'(n+/+1) 
( )- =(—)»--1 ; (A-5) 
n—l—1 P(n—1)T(—n—l) lr (2/+2)P (n—1) 


The last relation in (A-5) can be proved using the duplication formula for gamma functions. A similar equation 
holds for the binomial coefficient of the primed quantum numbers. 
Substitution of (A-5) into (A-2) yields 
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(y/)28 (Cy) 2D (++ DT (ntl) Psy tyyc oe) Pl’ +l4+a43) 
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¥ +7 V7 


Finally, by eliminating the y’s and making use of (A-3), we get for the radial matrix element 


aEen | 
n’ n = 2" 
Tn’ +l +1)0 (nt-l14+- PP (n’—1) 0 (n—1) ( a ) 
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4n’n n n 


(—) Pr (l’+1+a+é+n+3) 
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x( ) ( ) . (A-7) 
nZ*'+n’'Z* nZ*'+n'Z* 


In the calculation of first order interaction energies between nonidentical atoms, only those matrix elements are 
needed which satisfy the conditions: n’=n and Z*’=Z*. In this case, the double sum in (A-7) degenerates into a 
single sum as can be shown by making use of the following equation" 


(a,m)(B,m)(B’,m) 
7 4 , , m , ‘. . . . " yi 7 ) 
F;(a; 8,8’; v,7'; x.y)= > x™y"oF (atm, B+m;y+m; x)oF (atm, B’+m;y'+m;y), (A-8) 
(y,m)(y',m)(1,m) 


*P. Appell, J. de Math. 3éme series, VIII, 173 (1882). P. Appell and M. J. Kampé de Feriét, Fonctions Hypergéométriques et 
Hypersphériques; Polynomes d' Hermite (Gauthier-Villars, Paris, 1926). J. Horn, Math. Ann. 105, 381 (1931) 

4 A. Erdélyi, W. Magnus, F. Oberhettinger, and G. F. Triconi, Higher Transcendental Functions, Bateman Manuscript Project, 
(McGraw-Hill Book Company, Inc., New York, 1953), Vol. 1, p. 243 
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where 2/*; is the Gauss confluent hypergeometric function.'® 


(a,n)(B,n) 


oF \(a,8;7;2)=>d —z", 
n=0 (y,n) (1,7) 


From (A-6) we see that for y’=y, we have x= y=1 and one can show that'® 


'(y)P'(y—a—B) 


oF }(a,B; ¥;1)= R(y—a—B)>0. (A-10) 


r(y—a)l'(y—8B) 
The result can be simplified by using the following relations between gamma functions: 
lr (—a+b)/T(—a)=(—) T (a+1)/T(a—b+1). 
Combining (A-10) with (A-8) and making use of (A-11), we get 
(—)?+'9¢-1¢,¢ C(n—l')T (n—l) 
(nl’| 7° | nl) gx: — = 
gertye P(nt+l’+1)0 (n+/1+1) 
P(l'+/+a+3+28)r (/—l'+a42)r (l’/—1+a42) 


xd pease . 
e=0 P(n—l’—) 0 (n—1—£)0 (— ntl’ +a434+ 80 (—ntl+at+3+8)r (E+1) 


16 Reference 14, p. 248. 


‘6 Reference 7, p. 6 
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The preliminary analysis essential for the application of the Mandelstam representation to the photo 
production of K mesons has been carried out. The analytic properties of individual multipoles have been 
investigated and the positions of the singularities have been located. 


I. INTRODUCTION 

PPLICATION of the analytic properties of the 

scattering amplitude to photoproduction was 
initiated by Chew and Low.' Chew ef al.? applied the 
fixed-momentum-transfer dispersion relation to the 
photoproduction of pions. They used the static approxi- 
mation and exploited the (3,3) resonance. Ball*® has 
extended their treatment by applying the Mandelstam 
representation. 

In the case of photoproduction of K mesons, we have 
not as much information as in the photoproduction of 
pions. We do not know about the A-Y relative parity 
nor anything about the magnetic moments of hyperon. 
Also the phase of the pion photoproduction matrix 
elements is simply related to the pion scattering phase 
shifts by unitarity. No such simple relation exists 
between the photoproduction of K mesons and the A-Y 
scattering phase shifts as exists when there is only one 
channel open. Moreover, there is a large unphysical 
range on the physical cut, as the cut starts at (u-++-m)? 
and the threshold is at (A+). Thus even the integral 
on the physical cut is not simply determined by uni- 
tarity. The only simple statement of unitarity applicable 
for the multichannel case is that given by Feldman, 
Matthews, and Salam.‘ 

In this paper, we have carried out the initial stages 
of analysis essential for the application of the Mandel- 
stam representation to the photoproduction of K 
mesons. Many complicated features of the problem due 
to the four different masses become evident. 

In Sec. II, the kinematics are discussed and invariant 
amplitudes are set up. In Sec. III, the Mandelstam 
representation is written and the residues of the poles 
are calculated. In Sec. IV, the multipole analysis is done 
and the singularities of the partial wave amplitude are 
determined. 
derived. 


In the Appendix the singularities are 


Il. KINEMATICS 


Let the four-vector momenta &, g, pi, p2 correspond 
formally to the ingoing particles (Fig. 1). Define the 
1G. Chew and F. E. Low, Phys. Rev. 101, 1579 (1956). 

; Chew, M. L. Goldberger, F. E. Low, and Y. Nambu, 
106, 1345 (1957). Hereafter this will be referred to as 


I 

I 
ys. Rev 
aN 


S. Ball, thesis, Lawrence Radiation Laboratory Report, 
9172, 1960 (unpublished) 
Feldman, P. T. Matthews, and A. Salam, Nuovo cimento 
, 549 (1960 


three invariants: 
(k+ pi)” (q+ p2)*, 
u= (q+ pi)?= (k+ po)’, 
t= (k+q)*= (pit p2)’. 
Conservation of momentum gives 
stutl=m?+ M?+ ke. (2.2 


Each of the invariants defined by Eqs. 
represents the square of the total energy 
centric system for the reactions: 


(2.1a, b, Cc) 
in the bary- 
iE: k+pi- f= 9s 
II. y+ pi— —k—p>» 
leat os YT K 


These three reactions must be considered together if 
one uses the Mandelstam representation. 
We define 


>y+YV), 


ILI. k+q »N+} 


k k ck), pi €1, 
—¢= (w,q), 


—k), 
— pr=(e, —q), 


(2.4) 


where k and q are the initial and final three-vector 
momenta in the barycentric system. 
For reaction I: 
s= W*, 
u=m?+ K?— 2€w— 2kg cosd, 


t= K?—2kw+ 2kq cos, 


s—(M+K)* \l[s—(M—K)?] 
IL J 


Fic. 1. Feynman diagram 
for photoproduction of K 
mesons 
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We write the T matrix as 


8 


T=>. B,(s,u,t)Ni, 


i=1 
Ns=17-ey-hk, 
Ne=ik-ey-k, 
N;=1q-ey°hk, 
Ns=1P-ey-k. 


N i=7°«é, 

N.=k-«, 

N3=q: €, 

Ny=P-e, 
This is the most general T matrix allowed by Lorentz 
invariance. Application of gauge invariance gives only 
four independent functions. We select these inde- 
pendent functions in the same way as CGLN. Thus, 
for (K-Y) even parity: 


M,=17-e7-k, 
M >= 21(P-«q-k—P-kq-), 


(2.12) 
(2.43a) 
(2.13b) 
M;3= (vy: eq: k—vy-kq-), 
My=2(y-eP-k—y-kP-e—imy:ey-hk). 
For (K—Y) odd parity: 


4 


T=> A,(s,u,l)y5M i. 


=| 


The A,’s are functions of s, #, and ¢, as well as of the 
isotopic spin. Denoting the isotopic index of the out- 
going = by 8, we have three isotopic spin invariants for 


the reaction (yt+iV—- K+2): 

=3[rerstrsre |= 5s:, 

3L7a,75], 

V of = rp. 

A° is an isoscalar. Therefore, for the reaction 

(y+N > K+A°), 
we have two isotopic spin invariants, 

(2.16a) 


(2.16b) 


Thus 


A =A," *+V,8+A 5°-V_A+A VV 8, (2.17) 


and 
A; =A +S, +A So, 18) 


for = and A’, respectively. 


TABLE I. Matrix elements of V, 
ytpoKt+29  — -y+p>K+3+ 


1 0 
0 v2 
1 v2 
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The values of the V’s and S’s for a particular reaction 
are tabulated (see Table I). 
III. MANDELSTAM REPRESENTATION 
The Mandelstam representation for the gauge- 


invariant amplitudes A; has been written by Ball*: 


ri(s) T(t) 


M?—u 


1 on " a;!?(s’,u’) 
+-- f as’ f du’— 
mT J (u+m) (u-+M)? (s’—s)(u’—1u) 


- 


1 ‘ e a;!3(s't’) 
+ f as’ f dt’ 
Tr (u+m)? (u+K)? (s’—s)(t’—1) 


im 


A,(s,u,t)= 
m*—s 


£ a 


1 a;?3(u',t') 
ao f aw’ f dt’ , 
rw J (u+M)? LK (u’—u)(t'—1) 


u 


(3-4) 


There may be present one-dimensional integrals in the 
variables s and w in the spectral representation of 4;; 
i=1, 3, 4. 

As shown by Mandelstam, one can easily derive 
one-dimensional dispersion relations with either s, w, 
or ¢ held fixed. For fixed s: 


. 1 
A,(s,u,t) poles+ { 
T . 


x 


ut 


t'—1 


The absorptive parts a,’(x,y) are equal to Im4; when 
the variables s, u, and ¢ are in the physical region for 
the réaction “7” defined by Eq. (2.3). Equation (3.1) 
shows that 


a3(u't’) 
du’ (3.3b) 


T“(wt+M 


o and S, 9 for the possible charge configurations 


»>Kt +0 >K°+A° 
1 

0 
-1 


yrn 
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«ay 


Fic. 2. The diagrams which give rise to poles. 


where 


Y= M?+ m?+ RK. (3.4) 


The spectral functions a,’* actually vanish over parts 
of regions of integration in Eqs. (3.1) and (3.3). 

The poles may arise due to diagrams shown in Fig. 2. 
For a particular reaction, either diagrams (i), and (ii), 
or (i) and (iii), or (ii) and (iii) contribute. Ordinary 
perturbation theory calculations show that any two 
of the diagrams combine to give a gauge-invariant 
combination. The diagram (iii) contributes only to Bs. 
We get the same result if we consider that there are 
poles due only to diagrams (i) and (ii), whose residues 
are as given below. 


Case I. (K-Y) Relative Parity Odd 

I;(s) is given by 

Pr," *.0= gse/2, 

Tr," +.°= gse/(t— K?), 

P3'*=gz(up—pn)/2, "3"°= gz(uptun)/2, 

P4Y*=—gs(up—pn)/2, P= —ge(uptun)/2, 
r,s 
T',5+.9= gye/(t— K?), 


= £ae y 


) 


P'35*=ga(up—pn)/2, = ga(uptun)/2, 


I'4°*+= — ga(up—pn) a T45°= — ga (pptyun)/2. 
In order to calculate [',;(u) we have to consider the 
electromagnetic vertex of the hyperon. 
(— po jy! n)~ilGiy.+Gre,,(— pi—q— pra) » |. 
Then 
l;=Gigy+2(M—m)Gogy, 
P,=Gigs g-k, 
'3= —Gogy, 
ls= —Gygy. 
The electromagnetic current due to the hyperon is 
ju~Sy,. T+ 0 y,234+A%,A°. 
Since = is an isovector, it only contributes to the iso- 
vector part. The first and second terms contribute to 
the = part and second and third to the A° part. If the 
(2,A) parity is odd, the second term, which gives rise 
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to the transition moment, becomes A°y,7523. It is only 


here that the relative (2,A) parity enters. Thus 


G,5*+°=0, 


GeS+= (gs/ga)ur, Ge2*°=pa°, 


where py, w_, and wa are the magnetic moments of =*, 
=~, and A° and yr is the transition magnetic moment. 
Thus 
1 iva 
r;’ . 


Me 
(£a/ 8=)er 
mM 
r.! oan r,' e— 0, 


-2(M—m)urgs, T)5°=2(M—m)yags, 


Case II. (KY) Parity Even 
lr ,(s) + —i',(s) (odd), 

I, (1) —i[G,+2(M+m)G, |Gy, 
I'.(u) — —iP2(u) (odd), 


T'3.4(1) —- iT’; 4( 1) (odd). 


IV. ANGULAR MOMENTUM ANALYSIS AND 
LOCATION OF SINGULARITIES 


For (K-Y) parity even, we write the cross section in 
the barycentric system as 


ao qo-kq-e 
Tl G4, 
q’k 
1 W-—m 
———[(e:+m)(e2+M) }! 
4dr 2W 


G.= 


t— K? 


x 41 8 +m) 


2(W+m) 
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1 W-m 
- -[(ert+m)(e2+M) }ig 


X[As+Aa- (W+m)A>»], 
1 W—-mseatmy} 
aes q 
4dr 2W a) 
x. i+ (W—m)Agt+ 


1 W—msetm\,! 
4rn 2W V\O2+M 


X[A3+ 44+ (W—m)Ap). 


(4.4) 


t— Kk? - 
(astt0 | (4.5) 
2(W—m) 


(4.6) 
If (K-Y) parity is odd, then as in CGLN, we have 
do 


q 
_= XytPXy 2 
dQ sk 


(4.7) 


o- qa: (kXe) 
Fs 
gk 


o-kq-e 
F. 


F=i0-eF\+ +1 


(4.8) 


The F,’s are related to the A,’s as in CGLN. In the rest 
of analysis we shall assume (AK~—Y’) parity odd. 

The multipole analysis has been done by CGLN. 
Inverting their equations, we have 


1 1 
Mi, f dsl PsPa(a)— PP) 
2(1+1) J_, 


Pii(x)— Puls) 
—F; (4.9) 
21/+1 


| Ap +(W—m) Af] 
2(1+1)| 


— BCA uni — (W+m)A ys] 


ff iP ~ And 
2+1 


+ (4,123 —Ayns)+(A, !— As‘) | 
+a’(AP+A/)+e"’(xAP+27A/') 
+8'(AnP+AunY)+B" (eA +44 41‘) Ff, 


l 
Ay -f dx P)(x)Aj, 
1 


l+1 
Aua't+ 
2i-+-1 


(4.10) 


(4.11) 


vA, 
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a, 8, etc., are kinematical factors. There are similar 
expressions for M;_, Ei,, and E:_. 

M., contains singularities due to the kinematical 
factors a, 8, etc., in addition to the singularities due to 
the A,'’s. The A;"s have kinematical as well as dy- 
namical singularities. The kinematical singularities 
arise due to the fact that for small gk, A;' goes like (gk)', 
as can be seen from Eq. (4.14). Therefore A,‘ for odd 1 
has a branch cut in the W plane, which is not related to 
the singularities due to the vanishing of denominators 
in Eq. (4.14) but is due to the relation between ¢ or u 
and cos@. Hence if we consider the characteristic am- 
plitude 

W4M i, 


((W+M)?—K2]}(gk)! 


it will be free of all the kinematical singularities in the 
W plane. This amplitude also has the correct threshold 
behavior. a, 8, etc., now become 

W? W2-—m 


ee 


16x (gk)! 
Ww4 1 
B-— 
4dr [(W+M)?— K? ](gk)' 
We 1 
= —— - 
Sir (qk)' 


W (W2—m*)[(W-—M)?— K?] 


56> — 
32 


T (gk)! 
1 (W+m)(W?—m?)(W?— (M?— RK?) | 


64 (gk)! 
Ww? W+m 
16x (gk)! 
Ws (W—m)[W?— (M?— Kk?) | 
Se [(W4+M)—K2](9k) ” 
W (W—m)(W?—m*)[(W—M)— kK? } 


32m (gk)! 


The dynamical singularities in 4;' arise due to the 
vanishing of the denominators in Eqs. (3.3a), (3.3b), and 
(3.2). The first term in Eqs. (3.3a) and (3.3b), gives rise 
to physical cuts in the regions W>m+y and W< 
—(m+u). The meaning of the latter can be understood 
by the symmetry relations’: 


1 
Mi.(—W)=—[(/4-2)M ay n_(W) 
]+1 
+k +1 


(W)], (4.13a) 


(4.13b) 


1 
kiu(-—W) = CM ays 
I+1 


—lEay1-(W)]. 
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Fic. 3. The position of the dynamical singularities in the s plane 
of the partial-wave amplitude. The branch cuts are indicated by 
heavy lines 
The second term in Eqs. (3.3a) and (3.3b) does not 
give rise to any singularity. 

Let us now continue the enumeration of these 
singularities in the s=W? plane. These singularities 
come from the vanishing of the denominators in Eq. 

3.2). Let us first consider the denominator containing 
the variable u. Then 


l(a) Pi(x)dx 


f M?— (m?+ K?—2e¢w— 2kqx) 


L 
+f aw’ f 
Y (y+)? oe 


The first term gives the following branch cuts: 


{ = 


a?(u’.s)Pi(x)dx 


(m?+ K?— 2ew— 2kgx) 


— (M?— K?) <s <0, 
— x <s<—(M?—K?). 


The second term gives the branch cuts 


2M?m?+ (M?—m?— K*)2mK — 4m? K? 
(P), 
2(2mK + M?+ K°) 


—x<s<P, 


In addition s also becomes complex in a small region 
which is very close to the real axis and can be approxi- 
mated as being coincident with the real axis. Finally 
there are singularities due to the vanishing of ¢/—1t. 
This gives two cuts: 


m{ (M+m)M — K? | 


(— PF’) — $s<0, —x~Ss<-P, 
M+m 


and a curve 
(M?—m?— K? \[?2+y?— m?(M?2— K?) } 
XL («x—m?)?*+y" J+ K?(x?+ y?— m‘)?=0, 
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which reduces to a circle of radius m? centered around 
the origin, if we put M?=m?+ R°. 
In Az, we get a term of the form 


gye 1 1 
ete 
K?—t\m?—s M?—u 


which can be put in the form 
gre gre 
or 


(m?—s)(K?—1) (m?— s)(M?—1u) 


or their linear combination. The cuts due to the 
vanishing of M*?—w have already been discussed. The 
vanishing of K?—?/ gives rise to the following singu- 
larities: 

— (M?—K?) <s <0, 


— 2 <s<—(M?—K°), 


and a circle of radius (M*—K*) centered around the 
origin. These dynamical singularities are sketched in 
Fig. 3. 

The use of these results are under investigation and 
will be the subject matter of a second paper. 
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APPENDIX 
I 
Lf \d r 


. : a?(u'\s)P, 
f du’ ; 
, » ro 
u+M)? J_ 1 — (m+ K?— 2ew— 2kqx) 


Changing the variables to 
o’=u'—m?— K°, 
— Jew 2kgx, 


» have 


1 a “a 2(2' s)P(- (2+ 2€\w) 2kq)dz 
- f dz’ [ r 
2kq - 3 —2Z 


a’ Q 


0) — (2ew— 2k), 


Q’ — (2eww+2kg), 


a’ = (ut M)?— m?— R?. 


Let O<Q’. Then O<2<(Q' and a’<2’< =. Therefore a 


singularity occurs, when 


a’ <0, O< L or « >O a. 
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—[Q?— (M?— m*— K*)QO— 2M?m? |+[O— (M?— m*— K*) | (0+2mK )(V—2mk) }} 
s$=— aR RRR Tia waa . 
2(0+ M?+ K*) 


In the range Changing the variables, we have 


2mK <Q< a, 
@ a,3(2',s)Pi((2+2kw) /2kg)dz 


; 1 x i 
s is real, and we get two cutis, _ f ae! | 
4 Dk Ya’ s'—2 
O<s<P, and —o<s<P. ang Sa Q Soon 
In the range QO (2kw+2kq), 
? ; 
»<72 ’ 
a’<Q<2mk, Q’ = — (2hw—2kq), 


s is complex. But this region is small and close to the =p Ink 
‘ ae : ( in- Zak.. 
real axis and can be taken as coincident with the real 


axis. ' ; ; 
Let 0<Q’. Then, as before, a singularity occurs when 


II 
f f a;3(t',s)Pi(x)dx eo 
di’ - P x 
(u+K)? 1 t’— (K?—2kw+ 2kgx) Now 


—[O2— (M?+m?— K*)O—2m?K? ]+Q0{(O— (M?+m?— K?+2Mm) J[O— (M?+-m?— K?—2Mm) }}} 


2(0+K?) 


When s is complex, and we get a curve 
I 5 
(M?+ m?— K?+2Mm)<O< a, 
; (M?— m?— K*)[2°+ y’— m?(M?— K°*) ] 
s 1s real, and we get two cuts, " Kd * i ’ - 
" XC (x— m?)?+ y? ]+ K2 (22+ y?— m')? =0. 
—~P<s<0, —« <s<-P-. 
When Similar considerations show that the vanishing of M*—u 
a’ <O< (M?+ m?— K°+2Mm), and K?—1? gives the singularities as given in the text. 
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The simplest, most direct method of unifying Maxwell’s theory of electromagnetism and Einstein’s theory 
of gravitation was formulated by Rainich in 1925. That theory applies only to charge-free space. However, 
in regions of space in which the electromagnetic field invariant corresponding to E- B vanishes, the two sets 
of Maxwell’s equations are independent for Rainich’s unified theory. The Rainich theory may be modified 
to allow for nonvanishing charge and current density in such regions. The electromagnetic sources and 
fields obey Maxwell-Lorentz theory and the electromagnetic matter-energy obeys the laws of Einstein’s 
general relativity theory. The necessary and sufficient conditions which one must impose on the metric 
tensor and its derivatives in order to assure the existence of a unique antisymmetric tensor obeying the 
Maxwell-Lorentz laws in the presence of charges and currents have been derived 


I. INTRODUCTION 


UNIFIED classical theory of gravitation and 

electromagnetism is important for two reasons: 
(1) Quantum theories are in general formulated by 
quantization of an otherwise complete classical theory. 
(2) Although the existence of isolated purely electro- 
magneto-gravitational objects in the real world seems 
unlikely, the theoretical possibilities, have not been 
fully investigated. 

The simplest, most direct method of unifying 
Maxwell’s theory of electromagnetism and Einstein’s 
theory of gravitation was formulated by Rainich’ in 
1925. Rainich considered Riemannian spaces containing 
an antisymmetric tensor field, Fj,, obeying Maxwell’s 
equations. The metric and curvature of the space were 
fixed by equating the Einstein tensor to the electro- 
magnetic stress-energy-momentum tensor, 7;’. The only 
matter-energy considered that in the 
magnetic field. The field equations are: 


was electro- 


Ti,= —F™F 41 (FF 43)6/;, 
Ri, —4R6 


— (84G)T’;, 


G is the Newtonian gravitation constant. Rj, is the 
Ricci curvature tensor and R is the scalar curvature. 
Rainich considered the questions: 


1) What are the necessary and sufficient conditions 
which one must impose on the metric tensor and its 
derivatives in order that an antisymmetric tensor Fj, 
satisfying Eqs. (1)—(4) exists? 

(2) To what extent do the metric tensor and Eqs. 
(1)—(4) determine the electromagnetic field Fj, ? 


In this formalism, charges and currents can be con- 
sidered only as singular points, lines, or surfaces on 
which the field equations fail. Recently, Misner and 


* This work was begun while the author was a National Science 
Foundation Postdoctoral Fellow at California Institute of Tech 
nology. Pasadena, California 

1G. Y. Rainich, Trans. Am. Math. Soc 


27, 106 (1925) 


Wheeler? have attempted to introduce charges and 
currents by considering topological ‘“‘wormholes”’ in a 
multiply connected space. 

The purpose of the present work is to consider the 
possibility of introducing charges and currents simply 
by dropping the first of Maxwell’s equations [Eq. (1) ] 
and defining : 

Pe 


The four-vector current density (—g)!J* may be con- 
sidered in the classical sense as some primordial ooze 
(which is conserved by virtue of its definition) flowing 
with local velocity v. Alternatively, /* may be considered 
simply as a differential property of the electromagnetic 
field defined by Eq. (5). It is in no sense a singularity of 
the fields or the space. 


Il. RAINICH’S CHARGE-FREE SPACE 


Rainich! showed that the following are the necessary 
and sufficient conditions which one must impose on the 
metric tensor in order to insure the existence of a non- 
null electromagnetic field satisfying Eqs. (1) to (4 


g;=(—g)?(R".R €jaa4R” 8 R, 


g is the determinant of the metric tensor. €)3, is the 
totally antisymmetric tensor density whose components 
are 0 or +1. Equations (6)-(8) are algebraic equations 
which must in order that Fj, exist and 
satisfy Eq. (3). Equation (9) is a fourth-order differ- 
ential equation which must be satisfied in order that F,, 
satisfy Maxwell’s equations, Eqs. (1 


be satisfied 


and (2). Rainich 
also showed that except for a constant determined by 
specifying the ratio of the field invariants at one point, 
the metric tensor determines the 
uniquely. 


electromagnetic field 


?C. W. Misner and J. A. Wheeler, Ann 
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III. NONVANISHING ELECTROMAGNETIC 
SOURCES 


It is well known that given Eqs. (3) and (4) with the 
Bianchi identity, not all 8 of Maxwell’s equations are 
independent.'** Equations (3) and (4) with the Bianchi 
identity imply 


— 7%, a= Fard*+ Far J*=9, (11) 
where 
1 


Fi = —/( — g)€jragl*, 
>! 


1 
Sy = ekaB7 (Fog Y +P va.ptF py.a)- 
3!(—g)! 


(13) 


Since Eq. (2) requires that g* vanish, Eqs. (2), (3), and 
(4) imply that® 
Fas" = 0. 


Clearly J* must vanish unless 
det | Fix | =0, 
which is equivalent to 
S= VF aF ,5=0. 


S corresponds to E-B in a flat space. 

When S vanishes, the dependencies implied by the 
Bianchi identity exist entirely within the two individual 
sets into which Maxwell’s equations are usually divided 
[Eqs. (1) and (2) ]. These two sets are independent of 
one another and the charge and current densities need 
not vanish. Previous investigators'*° have overlooked 
or ignored this point (except for a few speculations 
regarding null electromagnetic fields). 

In order to reduce Eqs. (2)-(4) to a purely geometric 
theory, note that any antisymmetric tensor satisfying 
Eq. (16) can be expressed in the form :* 


(17) 


(18) 
(19) 


3A. Einstein, Sitzber. preuss. Akad. Wiss., Physik.—Math. Kl 
(1919) [translation: A. Einstein et al. The Principle of Relativity 
(Dover Publications, New York, 1924) ] 

‘ Louis Witten, Phys. Rev. 115, 206 (1959). 

5 The local vanishing of the Lorentz force density need not 
imply that the force exerted on a charged object by an external 
field vanishes. The field acting on the charge-current density 
may be (conceptually) divided into two parts: (1) the fields arising 
from the object's own charges and currents and (2) the external 
field. The integrated force due to the first may be interpreted as an 
inertial force or the rate of change of the object's mechanical 
momentum. The integrated force due to the second is the usual 
Lorentz force. They are equal in magnitude. 

6 Bruno Bertotti, Phys. Rev. 115, 742 (1959). 

7 J. A. Schouten, Ricci-Calculus (Springer-Verlag, Berlin, 1954), 
p. 35. 
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For the moment, the null case (n%.=0) is excluded. 
From Eqs. (3) and (17), one obtains 
T= [nn — 3 (0a) 6x J— (nna) EEK. (20) 
Clearly, Rainich’s algebraic conditions on T’;, Eqs. (6), 
(7), and (8) must still be satisfied. The fourth-order 
differential condition, Eq. (9) is however, replaced by 
a third-order differential condition. 
To obtain the third-order condition note that 
T Gat 3 (n'ns)qu= —FarS, (21) 
which may be proven by expressing each of the tensors 
explicitly in terms of & and n,. Clearly, if the second set 
of Maxwell’s equations, Eq. (2), is satisfied then: 


T%.Gat 5 (n°ng)q =(), (22) 


Conversely, if Eqs. (11), (16), and (22) are satisfied, 
then the second set of Maxwell’s equations are satisfied 
identically. The vectors necessary to express Fj, and 
5), in the form of Eq. (17) are all orthogonal and 
independent. Given Eqs. (6), (7), and (8) there always 
exists an Fj, with 
(4).!° 

The necessary and sufficient conditions which one 


S=0 which satisfies Eqs. (3) and 


must impose on the metric tensor and its derivatives in 
order that there exists an antisymmetric field tensor 
F , satisfying only Eqs. (2), (3), and (4) are Eqs. (6) 

(8), and (22). The electromagnetic field tensor F jy (or 
its dual) are determined uniquely by the metric tensor. 

Rainich’s theory may be modified to include charges 
and currents simply by replacing Eq. (9) by Eq. (22). 
The vector g, must be an eigenvector of the stress- 
energy-momentum tensor 7”,. In regions of space where 
the curl of this eigenvector vanishes, both sets of 
Maxwell’s equations are obeyed. If the curl of the eigen- 
vector g; does not vanish, then only one set of Maxwell’s 
equations are obeyed and the charge-current density is 
nonzero. Perhaps a more general class of spaces with 
direct physical interpretation may be obtained by 
requiring either Eq. (9) or Eq. (22) but not necessarily 
both (except on the boundaries between regions of the 
two types). 

The electromagnetic fields satisfying the above condi- 
tions fall into three classes depending on whether 7; is 
a spacelike, timelike, or null vector. The null case is 
singular and is discussed in Sec. IV. The vector &; is by 
definition spacelike. 

If n; is timelike, then gx and J, are spacelike. There 
exists a coordinate system appropriate to each point 
such that (1) the field is purely electric and (2) the 
charge density vanishes at that point 

If n; is spacelike, then J, and g; are orthogonal and 
one of them is timelike (unless they are equal and null). 
There exists a coordinate system appropriate to each 
point such that at that point (1) the field is purely 


magnetic, (2) the charge density may or may not be 
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zero, and (3) the current is zero or parallel to the 
magnetic field. 

Four eigenvectors of 7’; are &, me, ge, and Jy. They 
are independent unless g; and J, are equal and null. 


IV. NULL ELECTROMAGNETIC FIELDS 


The considerations of the previous sections break 
down for null electromagnetic fields because many of 
the significant quantities vanish identically. In this 
case F;, is of the form given in Eq. (17) where 

Na = V, 3) 
and therefore, 

T’,=' nx. (24) 
The metric tensor and its derivatives determine n,; 
uniquely. There will exist a null electromagnetic field 
satisfying Eqs. (2), (3), and (4), if and only if there 
exists a vector & satisfying the first-order linear 
differential equations: 


e'287[ (Eana—naks),.a}=0. (25) 
The conditions which one must impose on the field 9; in 
order to assure existence and, or uniqueness of solutions 
to Eq. (25) are not considered here. However, Eq. (25) 
is satisfied identically if both n; and & are gradients of 
scalars. 

There has been some speculation as to whether an 
electromagnetic field which is null in some region of 
space must be null everywhere because of Maxwell’s 
equations.® Since Maxwell’s equations are independent 
in such regions, it is perhaps more interesting to focus 
attention on the invariant S and the single set of 
Maxwell’s equations. 


V. EUCLIDEAN ELECTROMAGNETISM 


If one neglects the effects of gravitation, the concepts 
considered in the previous sections can be presented in 
a more familiar physical notation. The field equations 
are 


vXE+0B,0i=0, (26) 


vXB—dE/at=j, (27 


i) 


v-B=0; 
vV-E=p; 


Bxj—pE=0. (28) 


Equation (26) corresponds to the second of Maxwell’s 
equations, Eq. (2). The first of Maxwell’s equations, 
Eq. (1), is discarded and the differential quantities 
merely define the charge current densities, Eq. (27). 
The vanishing of the Lorentz force density, Eq. (28), 
corresponds to the vanishing of the divergence of the 
electromagnetic stress-energy-momentum tensor. It 
may be considered to be the limit of Eq. (4) and the 
Bianchi identity as the gravitational constant goes to 
zero. It assures that the energy and momentum of the 
electromagnetic field are conserved and _ therefore, 
electromagnetic matter-energy obeys the laws of 
relativistic mechanics. The local vanishing of the 
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Lorentz force by no means implies that charges will not 
be accelerated by external fields. It asserts only that 
this theory accounts for no masses other than electro- 
magnetic energy (and gravitational energy in the more 
general case). 

These equations may be combined into a single set 
of four equations for the electromagnetic potential, 


(¢5,3— 03,9" a%=9, (29) 


$*.=0, (30) 
which are also valid in the modified Rainich theory, 
if covariant derivatives are implied. The imposition of 
the Lorentz gauge, Eq. (30), is no restriction. 

The familiar solutions of Maxwell’s equations for 
charge-free space satisfy these field equations. They 
correspond to the vanishing of p and j in Eqs. (26)—(28) 
or to the vanishing of ¢’ 4% in Eq. (29). 

It is not difficult to find solutions for which p and j do 
not vanish everywhere. For example, in cylindrical 
coordinates, the field generated by the charge current 
density 

p=pir), 


jr=p(r), 
J:=jJe=9, (31) 


is a solution. It is, of course, not physically significant 
and it is unstable to perturbation by external fields due 


to the nonlinearity of Eq. (28) or Eq. (29). 


VI. CHARGED ELECTROMAGNETOGRAVITATIONAL 
OBJECTS 


A charged electromagnetogravitational object would 
be described by a space of the above type in which the 
charge-current and energy densities were not every- 
where zero and were concentrated in the neighborhood 
of some average world line of the object. At any time 
the charge, energy, linear momentum, and angular 
momentum of such an object would each be an integral 
over the region of three-dimensional space in which the 
corresponding densities were These 
integral quantities may be interpreted as mechanical 
properties Q, £, P, and L which are conserved by virtue 
of the field equations. If such an object interacts with 
a field generated by some other external source, only 
the totals for the two systems are conserved. Any 
attempt to describe the one object independently of 
the other will lead to variations in the individual 
mechanical properties with time due to the “inter- 
actions.” If the object under consideration is a localized 
charge distribution such that the external field is 
“almost uniform” over the region of space which 
contains ‘“‘nearly all” of the electromagnetic energy, 
momentum, and charge of the object during the very 
short time interval Ar, then the change in energy and 
momentum AE and AP during Ar can be expressed as 
two-dimensional surface integrals over the space-like 


concentrated. 
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sphere containing the object at that time. These surface 
integrals giving the time rate of change of energy and 
momentum can, except for gravitational effects, be 
expressed in terms of the external fields and the object’s 
total charge and average velocity. This new ‘Lorentz 
Force” acting on the total object in interaction with an 
external field will in general not vanish. However, it is 
by no means certain whether any such physically 
significant solutions exist. An examination -of ‘the 
question of existence proceeds most directly by imposing 
boundary conditions pertinent to “physically significant 
solutions.” 

The problem of boundary conditions for electro- 
magnetogravitational objects is difficult, and this 
author does not intend to pursue it further. However, 
it is worth pointing out that it has not even been proven 
that Eqs. (26)-(28) have no solutions similar to an 
electron because the boundary conditions usually im- 
posed are not consistent with the present concept of the 
electron. About sixty years ago, serious attempts were 
made to describe the electron as a purely electro- 
magnetic object. Maxwell’s equations for charge-free 
space were imposed everywhere except on some singular 
surface or region. Since the vanishing of the Lorentz 
Force, Eq. (28), was not required in the singular regions, 
these objects failed to obey the laws of relativistic me- 
chanics. Pauli‘ in 1921 pointed out that a purely electro- 
magnetic object must satisfy all of Eqs. (26)—(28). He 
then argued that no solutions exist which satisfy the 
boundary conditions then believed to be relevant to the 
electron; i.e., a stationary localized charge distribution. 
Clearly these boundary conditions are not consistent 
with the present view of the electron. The electron 
possesses a magnetic dipole moment and, if it is de- 
scribed by a charge distribution p, it must also have a 
current distribution j. A superimposed electric mono- 
pole field and magnetic dipole field possess angular 
momentum as well as energy. Even worse, it is generally 
accepted today that there is no such thing as a localized, 


8 W. Pauli, The Theory of Relativity (Pergamon Press, New York, 
1958). 


SOURCES IN 


GENERAL RELATIVITY 1891 
stationary electron. An initially stationary electron 
would fill all space and an initially localized electron 
would after a time fill all space. It is no test of a field 
theory to search for solutions satisfying boundary 
conditions appropriate to the nineteenth century 
concept of a particle. 


VII. DISCUSSION AND CONCLUSION 
The 


simplest most direct method of unifying 


Maxwell’s theory of electromagnetism and Einstein’s 
theory of gravitation was formulated by Rainich in 
1925. He equated the stress-energy-momentum tensor 
of a Maxwell field to the Einstein tensor and investi- 
gated the restrictions which this imposes on the metric. 


This theory, however, applies only to charge-free space. 

In regions of space in which the electromagnetic field 
invariant corresponding to E-B vanishes, the two sets 
of Maxwell’s equations are independent and one of 
them may be dropped from Rainich’s theory. In such 
regions the charge and current density may not vanish. 
The electromagnetic sources and fields obey Maxwell- 
Lorentz theory and the matter-energy obeys the laws 
of Einstein’s general relativity theory. The necessary 
and sufficient conditions which one must impose on the 
metric tensor and its derivatives in order to assure the 
existence of an antisymmetric tensor obeying the 
Maxwell-Lorentz laws in the presence of charges and 
currents have been derived [Eqs. (6)—(8) and (22) ]. 

The question of the existence of physically significant 
solutions to the field equations presented can be 
attacked only after defining ‘‘physically significant” 
solutions and the corresponding boundary conditions. 
This problem has not been considered here. 
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Expressions for the partial scattering amplitudes from nonlocal separable potentials are written down in 
the form of dispersion relations. These relations are automatically expressible in the V/D form discussed 
by Chew and Mandelstam. Criteria for “acceptable” separable potential shapes are discussed. The relation 
between “local”? and separable potentials is clarified with the help of a concrete potential shape which 
conforms to the above criteria. With such a potential shape the physical meaning of the “‘range of the inter 
action” in terms of separable potentials becomes clearer. 

As an elementary application of such “analytic” potentials, the low-energy 2-body parameters are 


evaluated 


1. INTRODUCTION 


HILE the dispersion relations approach to 

physical problems was originally confined almost 
entirely to the framework of quantum field theory, it 
has in more recent times proved equally popular in the 
theory of potential scattering. The essential simplicity 
of potential scattering compared with field theory has 
enabled some authors'* to give fairly rigorous demon- 
strations of the validity of the Mandelstam repre- 
sentation for the former, though its validity for the 
corresponding field-theoretical problem has still re- 
mained largely at the conjectural stage at which its 
author left it.’ 

Specifically, the double dispersion 
relations for potential scattering have so far been 
confined to local Yukawa-type potentials.'? Since, 
however, there is no occasion in these “proofs” to make 


“proofs” of 


explicit use of the causality ¢ondition, it leaves un- 
answered the question as to whether the “locality” of 
the potential is connected with causality in such an 
essential manner as to appear as a necessary condition 
for the validity of dispersion relations. On the other 
hand, it has been suggested‘ that amplitudes arising 
from interactions of finite range in field theory have 
properties partly analogous to those of single partial 
wave amplitudes with a nonlocal potential. It should 
therefore be of-some interest to study the analyticity 
properties of scattering amplitudes deduced directly 
from nonlocal potentials of various shapes and in 
particular see if and for what types of such potentials, 
they satisfy the Mandelstam representation. Now, from 
a practical point of view, the most useful manifestation 
of the Mandelstam representation is provided by the 
dispersion relations for the partial waves amplitudes 
A,). Thus the nonlocal potential which naturally 
suggests itself for earliest study is the separable variety. 
Though this model is rather trivial, being exactly 
soluble, its very solubility can be exploited to examine 
all aspects of the problem of analyticity of amplitudes 


1 R. Blankenbecler et a/., Ann. Phys. 10, 62 (1960) 

2 A. Klein, J. Math. Phys. 1, 41 (1960) 

3 See, however, R. J. Eden, Phys. Rev. 120, 1514 (1960). 

*M. A. Ruderman and S. Gasiorowicz, Nuovo cimento 8, 861 
1958) 


in the simplest possible manner, and deduce the possible 
potential shapes for which the individual 4,’s satisfy 
dispersion relations. 

This note was motivated partly by these consider- 
ations and partly by a desire on our part to conform to 
the discipline of dispersion relations within the frame- 
work of the separable potential approach to problems 
in the low-energy region which we have been pursuing 
for some time.** 

In Sec. 2 we collect the results for partial wave 
amplitudes in the formal shape of dispersion relations 
and, through the latter, examine the restrictions that 
must be imposed on possible potential shapes. The 
resemblance of the results obtained with this separable 
potential model to the \/D representation of Chew 
and Mandelstam’ is noted. 

In Sec. “equivalent 
separable potential” corresponding to a local potential, 
with the help of a special separable potential form which 
satisfies the necessary analyticity conditions deduced 
from Sec. 2. Some practical aspects of working with 
such “analytic” potentials are also discussed, and as 
an elementary application, the low-energy two-body 
parameters are evaluated. 


3, we discuss the idea of an 


2. DISPERSION REPRESENTATION FOR A,(s) 


In the notation of an earlier paper,® consider a central 
separable potential of the form 


AL 
(pV P)= 2 — (t+ tee(p)ea(p') Pal B- 8). (1) 


The corresponding 7 matrix which satisfies the integral 
equation 
(p V q(qiV k) 
(pT k)=(p V kim f dq, 
P+ie—G 
has the solution 


Xr 
(pT k) = ——(2/4+-1)D (+i) 
1 M 


a X0i(p)r(k)Pi(p-k), (3) 
*A. N. Mitra and V. L. Narasimham, Nuclear Phys. 14, 407 
(1960). 
* A. N. Mitra and S. P. Pandya, Nuclear Phys. 20, 455 (1960). 
7G. Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960) 


1892 





ANALY ELC Y 
where 

Di(s)=1—AWJ is). 
and 


1s)= fda wP(g)(g?—s) 7. (5) 
Here s will be regarded as a complex variable which, 
in the standard manner, takes the value k?+7e on the 
energy shell. The scattering amplitude /{(k?, cos@) is 
expressed by the normalization 


f(R?, cos@) = —22°M (p| T k) ip 2k) 
=>"; (2/4+-1)A1(k*) Pi (cos), 


(0) 
(7) 
where the partial scattering amplitude, 


Aj(s)=s et 8 sind) (s), 


is given from comparison with (3) by 


Ai(s)=Ni(s)/ Dis), (9) 


Vi(s)=29*A v7 (s*). (10) 


Before considering the properties of A,(s) defined 
by (9) and (10), we recall the analytic structure of 
Ai(s) obtained with a local potential approach,’ viz., 
(a) A,(s) has a branch cut from s=0 to «© (physical 
region) ; (b) it has a finite number of poles for real s<0, 
corresponding to one or more bound states; (c) it has a 
series of branch cuts to the left of these poles, repre- 
sented by the points —4n°y?, n=1, 2, 3, where yw! 
the range of the corresponding Yukawa _ potential; 
(d) it has no other singularities and tends to zero as 
y x 


is 


> 


S ~. 
The position of the nearest left-hand branch cut, 

—{u’, allows a direct interpretation of the inverse 
range parameter uw of the potential as the value of 
(—45,)). 

It is now seen that property (a) of our 4;,(s) derives 
from the representation (5) for D,(s). Property (b) 
is also satisfied since that only zero of D,(s) is given 
by the solution of the eigenvalue equation 


i = feare@(ae+9) 1 


corresponding to the point s=—a/. The corresponding 
bound state with binding energy a?/M exists only if 
\, is positive and large enough to allow for a real 
solution a; from Eq. (11). 

As for properties (c) and (d), these are dependent 
on the explicit shape of 2,:(p). The potential shapes 
considered by Yamaguchi‘ or in our previous work®:*.’ 
were 


So 


(11) 


v(p)=p'(BP+ pp?) and p'(BP+p?)-P?, (12) 


*Y. Yamaguchi, Phys. Rev. 95, 1628, 1635 (1954). 
®A.N. Mitra and J. H. Naqvi, Nuclear Phys. (to be published). 
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Unfortunately these shapes, while maintaing correct 
behavior for p?=s>0, give, according to (10), functions 
Ni(s) which are too strongly singular for branch cut 
behavior at the left-hand singularity s=—8?. Rather 
these singularities are poles of higher orders increasing 
with 7. Thus a heuristic interpretation of 6, as the 
“inverse range” of the interaction, (e.g., by observing 
that for /=0 the wave function has a Hulthén type 
structure’ r~Lexp(—aor)— (exp—Bor) ] does not fit in 
with the analytic behavior of the corresponding A ;(s) 
implied in property (c). On the other hand, we can now 
make use of property (c) to have a concrete criterion 
for the choice of separable potential shapes which lead 
to the correct analytic behavior of A;(s). Indeed, what 
we need of 2;(p) are the following. 


(A) v?(s*) is a positive definite analytic function of 
s, vanishing as s! for s— 0. 

(B) It has a branch cut behavior from s= 
187, where }8?><a?. 

(C) It tends to zero as s— ~, preferably as fast as 
the work with local potentials suggest,’ viz., ~s~' Ins 


x 10 


§ 


ass— @&, 


These conditions are sufficient to ensure the correct 
analytic behavior of A;(s). We can largely incorporate 
these conditions in the ‘‘spectral representation,” 


2 
eo 


/ 
pilS ) 
tr(s?)= fr(s) -f ds’ 
3 , ; 
$(s' —3) 


(13) 
where the ‘spectral function” p;(s’) should be an 
analytic function bounded at ~. It need not be positive 
definite by itself but must be so chosen as to lead to 
condition (A) for f;(s). 

We are unable to find the most general class of 
functions p,(s’) of Eq. (13), but certain particular 
functions are easily constructed. For example, for /=0, 
po(s)=1 is the simplest choice which satisfies all the 
requirements (A)-(C), leading to 


1 


fo(s)=— In(Be?+4s/ Bo"). (14) 


Similar expressions for general / are discussed in Sec. 3. 

Assuming now that 2 has the representation (13) 
we see that all the conditions for a dispersion repre- 
sentation for 4;(s) given by (9) and (10) are satisfied, 
so that in the usual way 


J 


Ri{(-—a?’) 1 * [mA 1(s’)ds’ 


Aj(s)= 


, 


star T s'—s 


18? Tm A )(s’)ds’ 
— (15) 


, 
s =F 


Here R;(—a?) is the residue of Aj,(s) at the pole 
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s=-—a/f, which works out to be 


Ry; (—a?P)= — (2%*)“"'2 7 (ta) 
x f dq re Qar+ey, (16) 


The magnitude of this residue would in turn govern the 
normalization of the corresponding bound state wave 
function in a manner discussed in reference 4. The 
unitarity condition, whose content (for the neglect of 
. a . . \7 
inelastic processes) is [see Eq. (8) ] 


ImA;(s)=—s}, (real s>0), (17) 


is seen tobe trivially satisfied by writing Eq. (9) in 
reciprocal form and making use of (4) and (5). 

Finally, it is tempting to recognize the strong 
resemblance of the results obtained for A;(s) with the 
so-called VD representation of Chew and Mandel- 
stam.’ It may be recalled that in the V/D method, the 
“numerator” is assigned the role of representing the 
entire effect of the left-hand branch cut, and the 
“denominator” the corresponding role for the right- 
hand branch cut. Here it appears from Eq. (9) that the 
\/D representation is already built into the structure 
of A,(s), with the necessary analyticity conditions on 
V,(s) being satisfied through the conditions (A)—(C) 
imposed on the potential shape. Such a model thus 
provides perhaps one of the simplest backgrounds 
against which one could, e.g., test the Chew- 
Mandelstam approximation scheme for solving their 
n—fr integral equations. 


3. EQUIVALENT SEPARABLE POTENTIAL 


A possible generalization of Eq. (14) for arbitrary 
/ suggests itself in a natural way by expressing (14) in 
terms of a Legendre function of the second kind, viz., 


(s) = (2/s)Oo(14+80/2s). (18) 


It is now not difficult to guess that the desired generali- 
zation consists in writing 


fils) =(2/s)Q,.1+8?/2s (19) 


’ 


which has the “‘spectral shape” (13) with 


p(s’) = P,(1+82/ 2s’). (20) 


By making use of the known properties of Q(x) it is 
easily seen that the form (19) satisfies all the conditions 
A)-(C) imposed on the potential. Thus a possible 
‘analytic structure” of v;(p) is represented by the shape 


o(p)=[(2 P)Q11+ (87 2p*) }}, (21) 


where 8; now has the direct significance of an inverse 
range for the interaction in the state of angular 
momentum /. 

It is possible to derive an approximate connection 
between the set of separable potentials (21) and a local 


MITRA 


Yukawa potential of range 8~' for the special case when 
all the A,’s and 8;’s are equal. Indeed, for this special 
case, the Born approximation for the scattering ampli- 
tude /(k*, cos@) defined by (7) is computed to be 


fp(R*, cos@) = (49P°X/ Rk?) ©, (214-1) Pi (cos) 
XQ0.(1+367k 2) 
= 89°) /[6?+ 2k? (1—cosé) J, (22) 


which is just the Born approximation amplitude for 
scattering from the Yukawa potential, 


V (r) = — (4° A/ Mr )e-*". (23) 


In a sense, therefore, one could speak of the set of 
separable potentials defined by (21) as an ‘equivalent 
separable potential” corresponding to (23). The inter- 
pretation can be generalized. For any other local 
potential — (A/M)V(r) which satisfies the Mandelstam 
representation, one calculates the Born approximation 
amplitude 


fn (R?, Cosé) = (A 2x) fat V(r) expir-(k—k’)], (24) 


and deduces v7 (p) as 


vr (p)= (49d) | fp( px) Pi(x)dx 
1 


(25) 


Ss 
= ef rdr V(r) ji(pr) P. 


Conversely, if one derives an analytic expression for 
vP(p) satisfying the conditions (A)-(C), it should be 
possible to deduce the corresponding local potential 
through equations like (22) and (24). 

Though such a deduction makes explicit use of the 
Born approximation, this limitation need not be serious 
since it appears from contemporary work that the Born 
series generally conforms to the usual analyticity con- 
ditions term by term. Of course, in the separable- 
potential approach there is no scope for resorting to 
conventional “higher Born approximations,” since for 
each partial wave these are effectively incorporated in 
the function D;-'(s) of (9). 

From a practical point of view, while working with 
separable potentials, it would be too restrictive to make 
all the 8,’s equal and correspondingly the \,’s, though 
it is only under such circumstances that one can derive 
an equivalent local potential. Further, since a separable 
potential approach is useful only for fairly low energies, 
one needs in practice only a few partial waves. One could 
still use “analytic forms” like (21) where 8; would 
represent the inverse range operative in the state /. 

It is useful to note that potentials like (21) need not 
pose any algebraic problem of evaluation of integrals 
since the relevant integrals always involve v7(p) [see, 


Making use of the relation (y—x)-'=Z, (2/+1)Pi(x)Qily) 
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e.g., (5) or (16)]}. These integrals, in turn, can be 
evaluated in an elementary manner by using the integral 
representation 


1 pti 
Oily) = f dx P(x)(y—x)-. 


- —1 


(26) 


Thus, with an s-state potential of the type (21) (with 
/=0) operative between 2 nucleons, the deuteron 
binding energy a®/M and the s-phase shift 5) are given 
by 

(a/42*Ao) =In(2a+Bo/Bo), 
and 


dino 2k 27Xo Bor +4 i 
k cotép9= [ 1-— tan”! ) In— ) , (28) 
k Bo Rk? P 
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corresponding to the triplet effective-range parameters 


0.8 = (aa)~! = 2x*Lx—In(1+.«) ], (29) 


0.2 = 3roa=In(1+x)— 4x, 30) 
where x=2a/8. These relations are satisfied with 
Bo~5a corresponding to a range of 0.9X10-" cm. 
While this value is somewhat smaller than the meson 
Compton wavelength, viz. w!+14X10-" cm, it is 
reasonable enough to warrant more detailed calcu- 
lations with such potential shapes, and such calculations 


are in progress. 
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The foliowing theorem is proved: If an analytic function f(s) has singularities only on the real axis and is 
bounded in magnitude at infinity by a finite but arbitrary power of z, then f(z) has essentially the same 
limits everywhere at infinity. This theorem enables one to express the contribution from the infinite circle 
of the Cauchy contour integral in terms of the boundary values of f(z) at infinity along only one of the cuts 
extending to infinity. The exact dispersion relation is thus determined. As examples, we derive the forward 
and double pion-nucleon dispersion relations, assuming that the total cross section approaches a finite limit at 
infinite energy. We see how the subtractions are determined completely by the theorem 


I. INTRODUCTION 


i order to determine the number of subtractions in 
dispersion relations, we usually introduce subtrac- 
tions until the dispersion integrals appear to be con- 


vergent on the basis of conjectured asymptotic 
behaviors of integrands along the cuts. It could, 
however, be that the contribution from the infinite 
circle of the Cauchy contour integral we started with 
does not yet vanish, which implies that the subtracted 
dispersion relation has to be supplemented by some 
finite terms. It could also be that the last subtraction 
was unnecessary since the dispersion relation prior to 
the last subtraction was already finite because of the 
cancellation of divergences among dispersion integrals 
(in the case when there are two cuts extending to 
infinity). 

Obviously the best way to find out the exact disper- 
sion relation is to deal directly with the integral over 
the infinite circle in the original Cauchy integral. The 
question then arises how we know the behavior of the 
function at arbitrary infinite points in the complex 
plane. This is exactly why we wish to prove the theorem 


* Supported by the National Science Foundation. 
t On leave from Hokkaido University, Sapporo, Japan. 


(stated in Sec. I1), which says that the behavior at 
infinity is essentially the same everywhere in the com- 
plex plane even when the branch cuts extend to infinity, 
as long aS we can expect dispersion relations at all. 

In Sec. II we state the theorem and the simplest form 
of the dispersion relation when the function approaches 
finite limits along one of the cuts extending to infinity. 
We present the proof in Sec. III. In Sec. IV are given 
supplementary remarks on the theorem, applying to 
special cases when there is crossing symmetry and when 
only one cut extends to infinity. We remark also how to 
use the theorem to get dispersion relations in the case 
of asymptotic behaviors other than simple finite limits. 

As examples of application of the theorem, we derive 
forward (Sec. V) and double (Sec. VI) pion-nucleon 
dispersion relations, assuming asymptotic behavior of 
scattering amplitudes which is consistent with the finite 
total cross section at infinite energy. The theorems due 
to Pomeranchuk! and Amati, Fierz, and Glaser* follow 
as immediate consequences of the present theorem. The 
double dispersion relation is essentially the same as, but 


17. Ia. Pomeranchuk, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 
725 (1958) [Soviet Phys. J.E.T.P. 34(7), 499 (1958) ]. 

2—D. Amati, M. Fierz, and V. Glaser, Phys. Rev. Letters 4, 89 
(1960). 
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Fic. 1. Singularities of 
f(s) in the z plane are 
shown. The two lines 
are branch cuts and the 
dot is a pole. The con- 
tour line C is the one to 
which Cauchy’s theorem 
(4) is applied. 


definitely simpler than, the one conjectured by 
Mandelstam.* 

In the Appendix, we 
of our proof of the theorem. 


essential to our proof. 


present the most technical part 
This part is, however, 


Il. STATEMENT OF THE THEOREM 
Let /(z) be analytic everywhere in the complex 2 
plane except for two cuts and poles on the real axis as 
shown in Fig. 1. We assume that the divergence of f(z) 


¢ eo 


at x is not stronger than a large but finite power 
of {z!.* 

If f(z) has finite limits f(* +e) as s— x +7 along 
the ¢,; cut (€ being a positive infinitesimal number), 
then the limits of f(z) when z approaches infinity in any 
other direction are 


lim /(s)= f(x +ie), in the upper half-plane, 
x (1) 


= f(x —ie), in the lower half-plane, 
provided that _ 
finite) limits at 
relation for f(z 


not necessarily 
The dispersion 


approa¢ hes definite 


— x along the cs cu 


becomes 


, 2\Af(x)dx 
' : = x—2 


(1/2)[f 


F(x)= (1/2) f (e+ 


where 


x+te)— fl x—1e) 


(3) 


e)+ f(x—te) 


are respectively, the absorptive and dispersive parts of 
f(z) when z approaches real x in the upper half plane 
and R; is the residue at the r,. It is stressed that 
the behavior at the end of either cut is suffic ient to yield 
1) and (2). We do not have to know the limits of the 
f(z) along both cuts simultaneously. 

The proof is given in Sec. IIT and in the Appendix. 
Qur proof is ( omplete in so faras f(z 
tions implied by (9), (40), 


: pole at 


satisfies the condi- 
and (42) below. It is possible 


3S. Mandelstam, Phys. Rev. 115, 1741 (1959 

*We do not state that has no essential singularity at 
infinity, since the infinite point is not isolated in this case and the 
term, essential singularity, not apply to such a point. The 
boundedness condition assumed here is equivalent to requiring 
that only a finite number of subtractions is necessary to obtain the 
exact dispersion relation, as is explained in the third paragraph 
of Sec. III 


does 
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that the theorem is correct without these conditions. 
These conditions are already sufficiently weak to 
accommodate virtually all the cases of actual interest 
in physics. 


III. PROOF OF THE THEOREM 


The Cauchy integral theorem applied to the contour 


C of Fig. 1 is 
Af(x)dx 1 eo 
r—2 2m 2 


R 1 
(= L—+-f 
ig—-x,; : 


cuts 


where the second term is the same as the second term of 
(2) and the last term is the infinite 
circle. 

Since (4) is correct for any z as long as 2 is inside C 
and, therefore, 3’ > in the last term of (4), 
expand 1, (z’—z) in a power series of 2 


at 2 x 


integral over the 


we can 
Applying the 
to the integrands of 


the resulting series, we see that thi 
finite polynomial in z: 


1 f(s’) N 3* e2* f(z! \ 
f dz’ > f de > a,2’ 
2rid, 2'—2 n= D7 A 


exp(i#) and .\ integer 
for which f(z)/2* becomes at most finite at s ==. 

We now see that the contribution from the 
circle can always be eliminated by introducing .\+1 
subtractions, whereas we would need an infinite number 
of subtractions if the series in (5) did not 
Therefore, 
is necessary in any case. 

We can rewrite (4 in a 
introducing regulations 


boundedness condition 


s series becomes a 


; ; . a ie 
where 2 = (2 is some positive 


infinite 


terminate 
our boundedness condition is no more than 


divergenceless form by 


1 
S—-% x«rt—-s8 


integral since 
integral 


integrals, we get 


If we introduce one regulation in the c; 
Af() is finite and \V+1 regulations in the ¢; 


and change the sign of x in all the « 


Af(x)d 


ne a oe da 
f(zj= > wih f A 
I-42; £¥%q, Z(2—5) 


* Af(x)e r 
sor ff 
* Af(—x)dx 
+(a+ f i | 
* Af(—x)dx 
+ cf 
; rx?! 
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Since the first two integrals are now convergent for 
finite z, the polynomial in (7) is also finite for finite s. 
Therefore, the coefficients of various powers of z are 
finite. 

Evidently (7) contains many terms which diverge 
severely as s— ©-+7e. In order that (7) as a whole 
approach finite limits as > * +/e, exact cancellation 
must occur among the various divergences. To analyze 
this, we first rewrite the first integral as follows: 


z eZ Af(x)dx Af(~) fF” 1 1 
f = f ( = Jas 
wiley X(X—2) T Jey x—-2 xt+2 
1 ' 1 1 z * Af(x)dx, 
si | ( = )ecsrav- f (8) 
wc} x—3s x+z wey x(x+2) 


where 
g(x)=Af(x)—Af(2). (9) 


Direct evaluation shows that the first term of (8) 
approaches the finite limits +7A/f(%) as |s| — in 
the upper and lower half planes, respectively. We show 
in the Appendix that the second term tends to zero as 
z —» x. The third term can be shown to diverge at 
most logarithmically and have in fact a logarithmic 
divergence as z— * if Af(«) is not zero. The argument 
is essentially the same as that which follows Eq. (39) 
in the Appendix. 

The behavior of the second integral of (7) is now 
evident since it has the same structure as the third term 
of (8); it could diverge as strongly as 2‘ Inz for 
Z—> ote fact be the [ 
Af(—x)/x* had a nonzero limit as x > ~. 

We thus have seen that the highest divergence in (7) 
as 3—> ©+7e comes from the second integral. In order 
to reproduce the assumed behavior of f(z) ass —> © tie 
however, the second integral can diverge only as 
strongly as z* and moreover this highest divergence 
must exactly cancel the same divergence of the last 
term of (7). Therefore 


which would in case if 


 LAf(—=2) 
lim 0, 


“x x 


‘ * Af(—x)dx 
lim of (10) 
x co N+ ( y+) 


a finite number 


» Af(—x)dx 


The last step of the second equation is guaranteed by a 
theorem quoted and explained by Amati, Fierz, and 
Glaser.2 It follows from (10) that ay=0 since a 24 
divergence would otherwise remain in (7). 

Since (10) also implies that the last regulation intro- 
duced in the c, integral is unnecessary, we go back to 
the previous stage where the whole expression for f(z) 
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becomes the same as (7), except that .V is replaced by 
NV—1. We can then repeat the same argument, provided 
Af(—-) has a definite limit (not necessarily finite) as 
x— %, until we come to the expression (7) for f(z) 
with \=0. In order to apply the same argument once 
more, we rewrite this last expression for f(z) as 


R i 7 1 1 
f()= > + J ( )s f(x)dx 
2— 2X i t—2Z i753 


5. 4° Bs) —-Ap=3) 
—_ J dx 
T x(x-+3) 


e AP) —Ag(—Zx) 
ay+ i dx )+-- (11) 


v wx 


where we have used (8) and c is arbitrary as long as 
c>c, and c>c» and the dots indicate integrals from c, 
and c, to c, which are not only finite but approach zero 
as || — %, as can be shown easily. 

We now apply the same argument to (11): The third 
term, the only one which could possibly diverge in (11), 
must have a finite limit as z— 2 -+ie. By the above 
quoted theorem, this limit is minus the second part of 
the fourth term of (11). 

We now see that even the first regulations introduced 
in the c; and c2 integrals are unnecessary. We also see 
that (11) implies 


lim f(s)=avtiAf(%), (12) 


L € 


which identities do as fi x) according to (3). We thus 

have shown that (4) or (7) reduces eventually to (2). 

It is remarked that the two integrals in (2) must 

together be finite, but do not have to be so separately. 
In order finally to infer (1), we first remark that 


” Af(x)—Af(—z) 
lim { 


a 


(13) 


because this integral is the sum of the third term and 
the second part of the fourth term of (11). We now have 
only to prove that the integral in (13) approaches zero 
since all the rest of (11) becomes exactly 
(13) implies that the same 
Sern 


as |z| — 2, 
f(cotze) as |3| > &. 
integral with z replaced by |3| goes to zero as 
Therefore, we may as well prove that 


s 1 1 
im f ( _ 
i lattes x+2 x«t+/2 


We can prove (14) in almost the same way as we prove 
(33) in the Appendix, because both integrals have 
nearly the same structure. We know by now that 
Af(#)=Af(—-). In fact, (14) becomes the same as 
, where the proof of (14) becomes 


)taray—af —x) ]dx=0. (14) 


(33) when s—> — 
most difficult. 
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We add finally that ao= f(*) is consistent with the 
definition of a) in (5) and the boundary conditions (1), 
as it should be. 


IV. SUPPLEMENTARY REMARKS ON 
THE THEOREM 


Remark 1. The theorem is correct independently of 
the number of poles and cuts, including cuts which do 
not extend to infinity. In the case when no cuts extend 
to infinity, the theorem becomes trivial since the in- 
finite point is then isolated. In the case when only one 
cut (say, the c; cut) extends to infinity, (1) implies that 
Af(x)=0, because /(z) would not otherwise be 
continuous at s=— x. Such an example will be men- 
tioned in Sec. VI. 

Remark 2. In the case when the discontinuities across 
the cuts are pure imaginary, Af(x)=Im/(x) and 
f(x)=Ref(x), where f(x) is understood to mean 
f(x+ie). 

Remark 3. In the case when we have crossing 
symmetry, which says essentially (see the examples in 
Secs. V and VI) f(s)=+/(—2z) as s— x+ie, the 
theorem implies that either Af(%) or f(<) has to be 
zero, depending upon whether the symmetry is even 
or odd. 

Remark +. We assume in Secs. II and III that both 
limits f( * +/e) are finite. This has to be always the case 
when the discontinuities are pure imaginary. Even in 
the case when, say, f(%+/e) is finite and f(x —ie) is 
infinite, the upper half of our statement (1) is correct: 
If f( 2 ++7e) is finite, then f(z) has to tend to f(x +1e) 
when z goes to infinity in any direction in the upper 
half-plane. The proof for this can be worked out in 
virtually the same way as is done in Sec. III; we have 
only to choose a contour line in Fig. 1 which consists of 
an infinite semicircle in the upper half plane and a path 
along the entire real axis. 

Remark 5. If f(z) is known to diverge as z goes to 
either or both of the limits x +ie, we introduce a known 
function F(z) which diverges at least as strongly and 
apply our theorem to the new function f(z)/F(z). Of 
course, F(z) has to be such that f(z)/F(z) still satisfies 
the boundedness condition in Sec. II and cannot have 
branch cuts or zero points elsewhere than on the real 
axis. If such an F(z) exists, we can apply our theorem 
to f(z)/F(z) and conclude that f(z) behaves when 

z — « as F(z) times constants which are the limits 
of f(z)/F(z) at z= o+1e. 

The extra factor F(z) in the denominator introduces, 
in general, new poles and new branch cuts on the real 
axis. However, the residues and the discontinuities of 
f(z)/F(z) at these new singular points can be given 
explicitly in terms of f(z) on the real axis since F(z) is 
known. We, therefore, can obtain the dispersion relation 
for f(z) by first writing down the dispersion relation for 
f(z)/F(z) according to our instruction (2) and then 
multiplying it by F(z). 
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It is expected that this procedure will work in 
virtually all cases of interest in physics. An example in 
which f(z) diverges linearly with respect z as 3 > © tie 
is treated in detail in the next section. 

Remark 6. If f(z) is known to approach zero as 
z— «“+ie, the theorem says that /(z) approaches zero 
everywhere at ||}=* and the no-subtraction disper- 
sion relation [(2) without the last term ] is justified. 

Remark 7. The theorem is proved only when all cuts 
are on the real axis. This, however, does not appear to 
restrict the applicability of the theorem to the cases of 
actual interest, including the case of double dispersion 
relations, as is shown in Sec. VI. 


V. FORWARD PION-NUCLEON DISPERSION 
RELATIONS 


Let f,(w) be the forward pion-nucleon scattering 
amplitudes as functions of pion energy w in the labora- 
tory system (+ referring to components symmetric or 
anti-symmetric with respect to pion isotopic spin). We 
normalize them so that the optical theorem reads 


Im f,(w) = — (q¢ 2)[ops W)EOps w) l, 15) 


where g is the pion laboratory momentum and the o’s 
are total cross sections in the charge channels indicated 
by subscripts. 

Assuming that o() is finite, we begin with the 
boundary conditions that /,(w) w have finite limits /, 
asw— 2%, 

We recall that there is crossing symmetry, /,(w 
= + f,*(—w), and thediscontinuities are pure imaginary 
in this case. We define, according to the instruction in 
Remark 5 of Sec. IV, new functions f,(z)/(s—a@) which 
have finite limits f, when s— «-+ie, are bounded in 
the same sense as f,(z), and have the same analyticity 
properties as f,(z), except for new poles at s=a with 
residues f,(a). These residues become real if a@ falls on 
the portion of the real axis between the two cuts. We 
see also that f,(z)/(s—a) still have crossing symmetry 
in the sense of Remark 3 of Sec. IV, with even-odd 
properties inverted from those of /,(w). It then follows 
from Remarks 2 and 3 that /, has to be pure imaginary, 
while f_ has to be pure real. In particular, the latter 
implies from (15) that spr-(*%)=op2*(*), which is 
nothing but the Pomeranchuk theorem.'” 

To obtain the dispersion relations, we apply (2) to 
fx(z)/(z—a), which yields 


f,(z) R, f(a) 
x ( ; 


Z @j—- a7 2—-W Z—a 


Z—a 
1 Im f, (w)dw 
+ f +Re fx, 
( 


® Ycuts (W—@)(w—2) 


(16) 


where f,(z) have poles at w; with residues R;. Multi- 


t 
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plying (16) by (s—a), we obtain 


R, R, 
fal) fala)+ E ( wns ) 


t 2—-@; Ga; 


1 1 I 
4 f ( i ) Im f,(w)dw+ (s—a) Re fy. 
TH cuts C2. Le 
(17) 


If our knowledge about w,, R;, the cuts, and crossing 
symmetry is exploited, Eq. (17) become 


227 wo 


= f(a) +——- 


~? 9 
2 —W 


1 ¢’*f 2w 2w 
apie. 


T - Pome 


: 2g7w» 
f(z) 
a? — we 


Im f,(w)dw, (18) 


9 
w*— 2° 


a*— ym 


L Pg. zs 2a 
+ f —_ Im f_(w)dw+(z—a) f_, (19) 
ee’, ter = 


a 


where wo=u?/2M, w and M being the pion and nucleon 
masses and g is the renormalized pion-nucleon coupling 
constant. Equation (18) is nothing but the conventional 
once-subtracted dispersion relation,’ which is known to 
be consistent with the present data. (19) is also in-a 
subtracted form but not of the conventional type. The 
terms in the integral in (19) are not in a combination 
that enhances convergence of the integral. We can 
therefore conclude that the individual terms of the 
integral in (19) are already finite. This was first re- 
marked by Amati, Fierz, and Glaser.’ ® 
We can now rewrite (19) in an unsubtracted form: 


) 


2g2 1 ¢* 22 Imf_(w) 
“ f dw+zf_, (20) 
wv, w— 


=) 9 2 
“ Wy a 


where the (real) constant which could in general be 
added to (20) has been dropped because of the odd 
symmetry of f_(z). We claim that (18) and (20) are the 
simplest forms of the dispersion relations for f(s) when 


5M. L. Goldberger, H. Miyazawa, and R. Oehme, Phys. Rev. 
99, 986 (1955). 

® We should point out that their proof (reference 2) is imperfect 
in the following two respects: First, the argument leading to their 
Eq. (10) is misleading, since the trivial example o*(E’)=o0*(~) 
+const/E’+--- gives a term (In/)/E in addition to those of 
their Eq. (10); this term is, in fact, greater than any in their Eq. 
(10). However, their claim based on their Eq. (10) follows from our 
Eq. (32) which is proved in the Appendix. Secondly, their proof is 
hased upon the conventionally subtracted dispersion relation; the 
validity of such a form is not guaranteed and, in fact, (20) below 
constitutes a counter-example 
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f(w)/w approach finite limits as w— «. It is added 
that the conventional form® of f_(z) follows from (20) 
if one (conventional) subtraction is applied to (20). We 
add also that (20) is an example in which the con- 
vergence of the dispersion integral does not justify the 
absence of additional terms in the dispersion relation. 

We found however that the presently available data 
are all consistent with (20) without the last term. 
Incidentally what Goldberger, Miyazawa, and Oehme 
have observed in the note added in proof of their paper® 
amounts to the same claim. We then observe that (20) 
with f_=0 follows immediately from the boundary 
condition with f_(w) have a finite limit 
since f_() will then have to be imaginary (Remarks 2 
and 3) and (2) reduces to (20) with f-=0. We now 
conclude that the boundary conditions 


as w— @, 


f(w)/w, f-(w) 


w 


— finite limits 21) 


are consistent with dispersion relations and the assump- 
tion that o() is finite. 


VI. DOUBLE PION-NUCLEON DISPERSION 
RELATIONS 


Let A, and B, be the invariant pion-nucleon scatter- 
ing amplitudes which are related to f,(w) of the previous 
section by 


fa (wm) =Ax(s, f =0)—wB,(s, /=0), 
s=M?+ y’?+2Ma, 
where the invariant variables are detined by 
s=—(¢+9)*,. 
u=—(p—q’)’, 


— (q'— 49), 
stit+tu=2(M*+ 2°), 


(23) 


p and p’ being initial and final momenta of the nucleon, 
and g and gq’ being those of the pion. According to 
Mandelstam,’ the singularities are three cuts given by 


M? and u=M?. 


and two poles of By located at s 
Crossing symmetry is expressed by 
A,(s,t,u)= +A,(u,1,5), 


¥ Bs (u,ts). 


(25) 
By (s,t,u) = 


We add that Eq. (25) agrees with the statement we made 
in Remark 3 of Sec. IV. 

We argue below that plausible boundary conditions 
are that A, and By, all stay, at most, finite when any or 
all of the variables go to infinity. We start with (22) 
and the differential elastic cross section expressed in 





1900 ! SUGAWARA 


lic. 2. Singularities of 
Bist) in the s plane 
when / is real and greater 


= 2 2 
M+2eH-t (M+) than —2Myu+p?. 


terms of A, and B,, as a function of the c.m. scattering 
angle @, in the limit of large c.m. particle momentum gq: 


do 
— {3 (1—cos@) A 


dQ (8m)? 


+[2¢*(1+cos@)+3M?(1—cosé) ] 


(26) 


xX | B)?—4.M (3+ cos§)(A*B+B*A)}, 


holds for 2=0. A and B are linear combinations 
of Ax and B, depending upon specific charge assign- 
ments and 


whicl 


sé4y, t~—-2y 


1—cos#). um — 2¢° 1+ cos@). 


rhe boundary condition (21) and the requirement that 
do dQ stay at most finite as g—> ~ for 640 [we assume 
that o(x) is finite] imply that all amplitudes stay at 
most finite when any or all of the variables go to infinity, 
A,(s, f=) is allowed to diverge linearly as 
s—+ x. Those boundary conditions which do not follow 
from (22) and (26) can be inferred from the symmetry 


except that 


25). Since we know at present no compelling reasons 
for allowing such a divergence in A,, we assume in the 
present paper that all amplitudes stay at most finite at 
infinity. Incidentally, this is essentially what Mandel- 
stam’ derived from perturbation calculations. We shall 
not further elaborate the boundary condition, since the 
primary purpose of the present paper is to obtain the 
dispersion relation from the 
condition. 


assumed boundary 


Consider B(s,t we and 
pole-terms in all the equations below to simplify nota- 
tion) with ¢ real and greater than —2Myu+y,?. All the 
singularities of B sf) in the s plane then appear on the 


real axis, as shown in Fig. 2, 


shall drop the indices + 


none overlapping any other. 
The dispersion relation is therefore the same as (2): 


1 x 
B(s,t)= f 
WY (M+y)? 
f 
T v 


A, B(s’ t)ds’ 


Av Bw tdw 
T Bs = 
u’—u 


th 
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3. Singularities of 

in the ¢ plane 
when s is real and 
greater than (M+y)? 


where the subscripts on A are those variables with 
respect to which the differences are to be taken and we 
have changed s’ to uv’ in the second integral. 
Next we consider B(s’,t), B(u’,f), and B(s’= x 

(28) separately. Since the singularities of B(s’,t) in the 
¢ plane with s’ real and greater than (M+ )* all appear 
on the real axis as shown in Fig. 3, none overlapping 
another, B(s’,t) satisfies (2). The difference with respect 
to s’ is then given by 


‘ Ava Bs’ u’)du’ 
re 
T MW+p)? (S 7 )— (STH) 


where the pole term in B(s’,f) cancels out exactly in the 
difference. Since (29) is correct for any ¢ inside the 
contour C, of Fig. 3, which includes 4u?>/> —2My?+ 2’, 
we can substitute (29) into the first integral of (28). 
an substitute the 
It is now simple 
give the 
conventional three double integrals and the two single 
integrals with respect to s and u, respectively, the latter 


Into the second term of (28) we « 
analogous expression for A, B(u’,/ 
algebra to show that these two integrals of (28 


having the same structure as the ¢ integral of (30 
below. 

B(s=, t) of the last term of (28 
a single cut from 4y? to ~, all the rest of the singularities 


having moved to infinity along the 


has in the ¢ plane 


negative real axis, 
as is seen from Fig. 3. This is an example where there is 
a single cut. The dispersion relation is still of the form 


(9? 
f Ay Bis 
we4 


(30) 


where we have taken the implied average with respect 
to s at infinity and B... means the averages with respect 
to both s and / at infinity. Since (30) is also correct for 
any real ¢ such that 4u2>/> —2Mu+yp°, we now get the 
complete double B(s,t)=three 


dispe rsion relation: 
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double integrals 


1 ‘ Ay Bi 
son 


T © 4? 


0. t’) 


s= 
{'— 


l 


=o), .(31) 


This is the final form since (31) can be continued 
analytically in the ¢ plane. 


We list 


dispersion relation 


few of the characteristics of the 
(31). Firstly, the three 
integrals together, the three single integrals individ- 
ually, and the additional constant in (31) are finite. 
This can be seen by observing that the single / integra] 


below a 


double 


and the additional constant of (30) are separately finite 
and then remarking that our arguments in this section 
are completely symmetrical with respect to the inter- 
change of the three variables. This is one of the most 
noticeable differences between (31) and the representa- 
tion due to Mandelstam,’ where regulations are intro- 
duced into the integrals involved. 

Secondly, we have identified all the integrands and 
the additional constant in (31) 4s the arguments given 
indicate explicitly ; the integrands in the double integrals 
are obviously the double differences across the cuts 
concerned. Therefore, if we know that some amplitudes 
vanish when some of the variables go to infinity (either 
plus or minus infinity, but not both), we can tell which 
terms of (31) are missing. For example, the symmetry 
conditions (25) imply that the single ¢ integral is missing 
for A_ and B, since A_(s= ~, ¢) and B,(s=, #) have 
to vanish (Remark 3 of Section IV). We can tell also 
that B, cannot have the additional constant in (31), 
since da, dQ (26) would otherwise diverge when g— « 
for r>6>0, as can be seen from (27). We are unable, 
however, to argue that 4, cannot have the additional 
constant in (31) either, which is another marked 
difference between our (31) and that of Mandelstam.* 
Our dispersion relation (31) contains two parameters, 
the residue of the pole-term [which is not given ex- 
plicitly in (31) ] and the additional (real) constant for 
A,. It is expected that this constant is closely related 
to the pion-pion scattering term constant of present 
pion field theory. 

As usual, we now can argue in (31) that all integrands 
and the additional constant are real, even 
individual B’s and AB’s are not necessarily so. 


though 


So far we have developed our arguments on the 
assumption that the total cross section approaches a 
finite limit at infinite energy. To give support to this, 
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we have examined the case that /,(w) both have finite 
limits. In this case, f,(%) is real, and thus (15) implies 
that o(w) approaches zero faster than 1, w. On the other 
hand, the By, would decrease only as 1,s for s— &, 
because they have poles in s. Thus do/dQ for r>é@>0 
would approach zero only as 1/s or 1/w according to 
(26) and (27), which is not consistent with the original 
assumption. 
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APPENDIX 


We here prove that 


1 1 
lim f ( Je r)dx=0, 
z *s y—<z + g 


where ¢ is an arbitrary finite number and g(x) 
approaches zero as r—> &. 
We split (32) into five parts, putting |s =r and 


introducing a finite positive number a smaller than 1, as 


ra 


S-S+0 +L Be 
-{ 


= 1 


g(x) 


where the integrands are the same, when not given, as 
that of (32). We prove in the following that these five 
terms approach zero individually as r— ~. The first 
term behaves as follows: 


LF -% rif —<¢) 


In ey 
(r—\/r)(r+c) 


where x’ is the point. between c and yr at which g(x) 
assumes the maximum magnitude. Since (34) is now 
the first term of (33) 
behaves likewise. The second and the third terms can 
be treated quite the same way: We can show that the 


seen to go to zero as r— ®%, 


magnitudes of these terms cannot exceed | g(x)’| times 
integrals of the type of (34). The integrals now stay 
finite as r— 2 but g(x’)) approaches zero since the 
lower limits of the integrals go to ~. 


The fourth term can be written as 


+a o(ry) 
[ dx, 
~Y j-a p< x 


l 


(35) 


where we have put s=re'® and changed the integration 


variable. We see that the integrand in (35) tends to 
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zero as r—> © everywhere in the (finite) integration 
region as long as 6#0. Therefore the fourth term 
approaches zero as r— © as long as 640. Since the 
fifth term has the same structure as the fourth, we see 
also that the fifth term goes to:zero as r— & as long 
as 0¥ x. 

We now examine the fourth term when @=0 and 
prove that it goes to zero as r— *. This obviously 
completes our proof. In the limit of 6=0, (35) becomes 


+a g(rx)dx 
pf +inrg(r), 
1 r—-1 


a 


(36) 


where P stands for the principal value of the integral 
and the second term of (36) goes to zero as r— ~. If 
we split the principal value integral into two parts, 
l1—a— 1—6 and 1+6— 1+4a, and change the inte- 
gration variables so that the two parts can be combined 
into a single integral, the first term of (36) can be 


written as 
| o(r+arx)—g(r—arx) 
dx. 


We have set 6 equal to zero in (37); at x=0 the inte- 
grand becomes 


2ar[dg(r)/ dr}. (38) 


The integral (37) approaches zero as r— ~ if (38) 
stays at most finite as r — ~. We can in fact show that 
the limit of (38), if it exists whether finite or not, has to 
be zero in order that g(x) tend to zero as x—> =: 
Putting x[dg(x)/dx ]=F(x), we get 


* F(y) * dy 
y J oy 
* F(y)—F(x) 
+ J dy. 


The first integral would diverge as F(x) Inx as x—> = 
if F(x) did not vanish. The second integral could 
diverge, but the divergence of the second integral cannot 
exceed that of the first integral if F(*)#0. This is 
because the lower integration limit of the second inte- 
gral can be shifted to any large finite number without 
introducing any divergence in the limit of x + «. Thus 
we may choose a lower limit for which F(y)—F (x) does 
not exceed in magnitude, say, half of F(x) anywhere 
in the integration region. We see therefore that g(x) as 
given by (39) would diverge at least logarithmically 
as x—» « if F(x) did not vanish. Since g(x) must go 
to zero, F(x) has to vanish. 

In order to examine the case when the limit of (38) 


(39) 
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does not exist, we separate g(x) without any loss of 
generality, into two factors: 


g(x) =A (x)S(x), (40) 


where A(x) approaches zero as x— © in such a way 
that the limit of x[dA(x)/dx] as x— ~ exists, and 
S(x) is bounded by a finite constant but may oscillate 
all the way to infinity. (37) can then be written as the 
sum of three terms: 


1 A(r+arx)—A(r) 
f ——- S(r+arx)dx 


x 


! A(r)—A(r—arx) 
+f S(r—arx)dx 
0 x 


' S(r+arx)—S(r—arx) 
+400 f dx. 


We can show that the first and second terms of (41) 
approach zero as r—> ~ in exactly the same way we 
showed that (37) approaches zero when the limit of 
(38) exists. 

To show that the third term of (41) vanishes as 
r— 2, we have only to prove that the integral involved 
stays at most finite as r 
an expansion 


(41) 


» ©. Todo this, let us assume 


£ 


(42) 


L 


where s(k) may include 6 functions corresponding to 
sin and cos functions in S(x). We can then rewrite the 
integral in question as 


+z 


ar 27 sinky 
f e€ ws(aydk f dy. (43) 


x 


The integrals (42) and (43) are different only in the last 
factor of (43), which is known to be iz, 0 or —in de- 
pending upon whether k>0, k=0, or k<O, respectively, 
in the limit of r— «x. Therefore we see no [ 
divergence in (43) as long as (42) converges. 

We do not know how the integral of the third term 
of (41) behaves if S(x) does not allow an expansion of 
the type of (42). It is possible that this integral remains 
finite even when the expansion (42) fails to be valid. 
However, we shall not further elaborate this point since 
we feel that our conditions implied by (40) and (42 
are weak enough to accommodate practically all cases 
of actual interest in physics. We also remark that the 
function g(x) cannot be completely arbitrary because 
of the original assumptions about f(z) itself. 


sign of 
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We use the electric dipole approximation to study the problem of finding commuting solutions of coupled 
equations of motion. We point out that for a charged particle in an external radiation field, the solutions 
of the coupled equations cannot be considered independent in the sense of commuting with one another if 
the homogeneous solutions are assumed to have the commutation properties of uncoupled variables. We 
explicitly treat the case of a charged free particle and a charged harmonic oscillator in an external radiation 
field. We indicate that for a retarded (advanced) self-field, the free particle fits into a canonical formalism 
while the oscillator does not. For a stationary self-field, both the free particle and the oscillator fit into a 
canonical formalism. We show that the Fourier transforms of the configuration space solutions (based on 


eik-x 


and e'*) do not exist. In the latter connection, we point out that earlier treatments of the oscillator 


by Sokolov and Tumanov and Norton and Watson contain misleading results as a consequence of their 


using Fourier transforms. 


I. INTRODUCTION 


HIS paper will be the first in a series! dealing with 

the electric dipole approximation in electro- 
dynamics.” 
developing a consistent canonical formalism in a theory 
where variables associated with the electromagnetic 
field as well as the particle variables are treated as 
dynamical variables. With the understanding that in 
the quantum theory of the model to be discussed the 
particles are to be treated in first quantization while 
the radiation field is to be treated in second quantiza- 
tion, the discussion will be valid for both classical and 
quantum theory.’ 

In order to develop a consistent canonical formalism, 
we will have to deal with two related problems. First 
we will have to identify a complete set of dynamical 
variables. By completeness we mean that the dynamical 
variables form the minimal set of conjugate pairs 
required to determine the canonical equations of 
motion. Having identified a complete set of dynamical 
variables we are then faced with the next problem. 
Suppose the solutions of the inhomogeneous equati 
of motion are given as some functions of the solutions 
of the uncoupled equations. Now the identification of 
dynamical variables must be made for all times. 
Therefore the commutation relations for the uncoupled 
solutions will have to be specified for all times. In 
particular, if one imposes conditions such that the 
solution for the particle variables reduces to the solution 
of the uncoupled equation at some initial time, the 
commutation rules for the uncoupled particle variables 
will then be fixed. However, the solution for the 


* Supported by the National Science Foundation. 

+ Present address: Adelphi College, Garden City, Long Island, 
New York 

‘The other papers will be written in collaboration with R. 
Schiller. 

27H. A. Kramers, Proceedings of the Solvay Congress 1948 
“Collected Scientific Papers” (North-Holland Publishing Company, 
\msterdam, 1956); N. G. Van Kampen, Klg. Danske Vid. Sels. 
Mat. fys. Medd. 26, 15 (1951). 

’ Hereafter it should be understood that commutation relation 
and Poisson bracket relation may be used interchangeably. 


We propose to discuss the problem of 


electromagnetic field variables will contain a mixture 
of uncoupled field and particle variables in such a way, 
that at the initial time, one will be left with a mixture 
of uncoupled field and uncoupled particle variables. 
One may then argue that the commutation rules for 
the uncoupled field variables should be determined by 
the requirement that they guarantee that the full set 
of dynamical variables satisfy the proper commutation 
rules. Suppose one requires that the free-field variables 
satisfy free-field commutation rules. Will it then be 
consistent with the canonical commutation rules for 
the dynamical variables if the free-field variables are 
assumed to satisfy free-field commutation rules at all 
times ?4 

Since it is the radiation field which will be treated in 
second quantization, one would hope that the above 
question may be answered affirmatively. 

In this first paper of the series we should like to 
emphasize that the choice of position, momentum 
conjugate to position, electromagnetic vector potential, 
and its conjugate momentum as dynamical variables 
is not complete in the electric dipole approximation. 
In order to illustrate the preceding statement and 
elucidate the mathematical problems to be overcome 
in connection with the free-field commutation rules, we 
will solve the free-particle and harmonic-oscillator 
models exactly. At the end of the paper we will indicate 
the course of action to be followed in overcoming some 
of the problems raised. 

To some extent, the problems to be raised have been 
dealt with by Kramers,’ Sokolov and Tumanov,* and 
Norton and Watson.® However, Kramers is incomplete 
in that he does not discuss constraints nor does he 
(from our point of view) adequately discuss the free- 
field problem. Sokolov and Tumanov and Norton and 
Watson treat the oscillator model. However, they did 

‘A. S. Wightman and H. Epstein, Ann. Phys. 11, 201 (1960) 
have considered a relativistic theory in which the above question 
is answered negatively. 

5 A. Sokolov and I. 
(1956-57). 

"Rh. £ 
(1959). 


Tumanov, Soviet Phys. JETP 3, 958 


Norton and W. K. R. Watson, Phys. Rev. 116, 1597 
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not deal with the completeness question. Moreover, 
they incorrectly assume the existence of Fourier 
transforms and are led to misleading conclusions. 


II. COMMUTATION RULES AND 
INDEPENDENT VARIABLES 


We wish to consider a charged particle under the 
influence of an external potential and an external 
radiation field. We use the Coulomb gauge and assume 
the electric dipole approximation.?’ We start with 
the Lagrangian, 


Lo=4mV2+eV- A—eb— U(R) 
+3 f etCEoT +H aon, (1) 


where mp is the bare (unrenormalized) mass, R(t) and 
V(t) are respectively, the position and velocity oper- 
ators of the particle, l’(R) is a scalar potential energy, 
E(x,t) and H(x,t) represent respectively the electric 
and magnetic field vectors at the space point x, and A 
and # are respectively the vector and scalar potentials 
associated with the electromagnetic field. Units are 


chosen so that #=c=1. 


a= ferols A(x,/) 


and 


8= fe p(x) ox), 


where p(x) is a form factor describing the charge 
distribution. p(x) is normalized so that /d*x p(x)=1. 
Now, 
E=—0A/di-Ve H=VxXA, (4) 


and 


so that the variation of L» will be determined by varying 
R, V, A, dA/dt, and ¢. Assuming the usual boundary 
conditions at infinity, it is well known that {d*xdA/dt 
- Ve, which arises from E?, is equivalent to a constraint 
with ¢ as a Lagrange multiplier. Upon assuming that 
A is independent of V, the resulting Euler-Lagrange 
equations will be 


m R 
Ve 


—Vl — Ay al. 


= €p( x), 
and 


DA —TrepV —ep(xX V+Ve(x 4 (7 


where TrB denotes transverse part of a vector field B. 
7 Strictly speaking, the electric dipole approximation can be 
made only after separating an external field from a proper field 
in the sense of Kramers.? Only then can one get the correct electric 
dipole approximation solutions of the field equations. However, 
if we simply accept the appearance of Eqs. (2) and (3) in Lo, with 
p independent of the particle position as characterizing the 
electric dipole approximation, and exercise care, no inconsistencies 
ith the approximation will arise 
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Since the term e® does not affect the particle equa- 
tions of motion, we may without loss of generality drop 
it and fd'x(V¢)? from Lo. The reduced Lagrangian 
is then 


L=}mV?+eV-A—U(R) 


OA 
+3 fexiCt(E) (rr) })— fas gV-—, (8) 
ot 
with ¢ playing the role of a Lagrange multiplier in the 
last term and 
TrE=—0A/ 0. (9) 
The conjugate pairs of variables are 
R <> P= mi V+e%, 
A l= — E=0A/0/(+ Ve¢. 


The Hamiltonian is 


H=1/2m,(P—eM)?+U(R) 
ei sf ast oA al)?+ ( VA )- |, (11) 


where Eqs. (9) and (10), H?= (VX A)?= —A-V°A, and 
an integration by parts have been used to write the 
Hamiltonian in the above form. As the fundamental 
commutation rules we adopt 


[R (t),P;(t) ] 


1 1 
0 a;( 
dor x—x’ 


All other equal time commutators are assumed to be 
zero. The assumption that A is independent of V is 
now to be realized by the condition that [R,A]=0. We 
proceed to investigate the validity of that assumption. 

We determine A by solving Eq. (7). If, in order to 
be specific, we use the retarded Green’s function, we get* 


e p(x’) V(t— |x—x’!) 
A=A,+Tr fev = (13) 
dor 


[A (x,t), 11, (x’,t) ] 


= 11 6;,6(x—x’)— (12) 


x—x 
where A, is an arbitrary solution of the homogeneous 
equation. The appearance of V(/— x—x’ ) in Eq. (13) 
raises the possibility that the assumption that A, 
satisfies free field commutation rules is 
with [R,A]=0.° In the examples treated below, we 
will point out that such an inconsistency exists. A 
similar argument holds if 


inconsistent 


one uses advanced or 


* Note that in the electric dipole approximation, ¢ is a static 
Coulomb potential so that ¢g= V Veo 

If the particles were treated in second quantization with y¥ 
denoting the particle field, the analogous result would be [y,A ]#0 
However, one couldn’t make such a statement without actually 


having solutions to the coupled field e« 


juations 
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*(retarded+advanced) Green’s functions to find the 
self-field. 

The above conclusion was not discussed in the paper 
by Norton and Watson,® but its consideration is 
essential if one wants to make comparison with current 
formulations of quantum field theory. 

If we continue to insist that A, has the properties of 
the free field, then one is led to conclude that there are 
constraints as well as additional variables to be con- 
sidered. In fact, the first half of Eq. (10) is a constraint 
relation while the appearance of V in Eq. (13) leads to 
an acceleration dependence in L. Kramers? has devel- 
oped a theory which properly presents a complete set 
of dynamical variables, but he does not consider the 
constraint problem for his variables nor certain impli- 
cations regarding the possibility of quantization. In 
the second paper of this series we will present a formu- 
lation alternative to Kramers.' Our formulation will be 
based on the Ostrogradsky method" and the constraint 
problem will be fully discussed. We will find the self- 
field arising from several different boundary conditions 
and discuss the possibilities for quantization in each 
case. 

In order to get a feeling for the problems to be 
encountered, we will devote the next two sections of 
this paper to the free particle and the harmonic oscil- 
lator. 

III. FREE PARTICLE 

For the free particle U'(R)=0. We retain Eqs. (5)-(7) 

as fundamental equations. It follows from Eq. (5) that 


P=mR+e% (14) 


const. 


The particular solution of Eq. (7) will depend on the 
boundary conditions chosen. We will consider the cases 
of retarded and stationary [3(advanced+retarded) } 
boundary conditions. The solution for advanced 
boundary conditions is immediately obtainable from 
the retarded case by appropriate substitution of the 
advanced time. 


(i) Retarded Case 


The solution of Eq. (7) is given by Eq. (13). If we 
substitute Eq. (13) into Eq. (14) we get 
iT 


; e p(x)p(x’) . 
myR+ fe r Trf ae R 
di x—x’ 
= —eYA,. 


The second term on the left in Eq. (15) blows up in 
the point charge limit. In order to avoid the blow up, 
introduce mass renormalization in a!well known 
fashion. Define! 


x—x’!) 


(15) 


we 


(16) 


© E. T. Whittaker, Analytical Dynamics (Dover Publications, 
New York, 1944). 

"Apart from a solution of the homogeneous wave equation, 
the definition of Ay and A, follows Kramers. 
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and 


A,= A—A,— Ao. (17) 


Replace the left-hand side of Eq. (15) by moR+e%, 
+eM. Lei 


; e aatel 
ém= dxd°x 
Or 


denote the electromagnetic mass, and call 


(x)p(x’) 
(18) 


' 
= 


(19) 


the observed mass. Since mpR+eM%=mR, Eq. (15) 
becomes 


m= mot+dm 


mR+e%, = P—eX%A,,. (20) 


arrived at a procedure for obtaining finite 
equations of motion in the point charge limit, we will 
now pass to that limit. By restricting ourselves to 
point charges, we will lose no essential generality and 
gain immense simplification of the calculations. _ 

For a point charge M1, (¢) = A, (0,1) = —2(e/4r) RO). 
Equation (20) then reduces to 


Having 


Wy 
A,(0,)— —P, 


m m 


€W)() 


R(t) —awo R(t) (21) 


where wo=6rm/e*?. The characteristic 
homogeneous part of Eq. (21) is 


function of the 


Dr(w) 


W(W— wy), (22) 


where the subscript R is used to indicate that it is 
associated with retarded boundary conditions. Partic- 
ular solutions of Eq. (22) may be obtained by means 


of the Green’s function, 


Gr lt ) 


wW(w + iwy) 


'—t>0 
(23) 


l'—1<0 
Gr(tt') satisf.es 


6(t—?’). (24) 


PGR al 2— wy 7 R al 


A solution of Eq. (21) which satisfies the condition 
that R(— x<)=P/m is 


R(/)=R,+ R,e* it 


e n P 
f ve —1)A,(0,)+—t. (25) 


m m 


The appearance of the runaway exponential in Eq. (25) 
is a manifestation of the fact that R, Pr, A, Ma do not 
form a complete set of dynamical variables, i.e., one 
cannot base a Hamiltonian formalism on those variables 
alone. Since Hamilton’s equations of motion are first 
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order, the solutions must be determined by specifying 
data at a single time. However, it is clear from Eq. (25) 
that the requirement that R(/) be finite at all times 
requires that R,;=0, which in turn requires specifying 
R at some finite time as well as at ‘= — » . As mentioned 
previously, we will overcome this difficulty in the 
second paper of the series by use of the Ostrogradsky 
technique. At the present stage we will simply require 
that R(x) be finite and set R,;=0. Then 


R(/) = Ry)— . 


me 


= P 
[ ae —*1)A,(0)+—1, = (26) 


m 


(28) 


It is worth noting that Gr determines a particular 
solution the first time derivative of which remains 
finite for all times. There exist other particular solutions 
which when combined with the homogeneous solution 
will satisfy the condition R(— x)=P/m, but cannot 
avoid R(t) blowing up For example, 


another solution is 
; ; 
dl Te 
mJ: 


$y setting R,= P) may we obtain 


, : P 
R(t)= fav e- ; A,(0,0)+ ~) 
mt m 


which satisfies R(¢o)=P/m, but R(=) blows up. 
We turn now to the commutators. Our particular 


solution involves 


1 . Pie i 
f at f dw A,(0.t’). 
dr £ a Dy 1) 


If one does not interchange the order of integration, 
then straight-forward calculation that this 
particular solution contributes only to [R,A]. We may 
then state that except for [R,A ]¥0, all the initially 
assumed commutation rules will be satisfied. 

In calculating commutators the following pitfall must 
be avoided. If we make the usual plane wave expansion 


when /=2. 


R(t)= Ryo + Rye“ —1)A,(0,1’) 


Pet P 


oie 


shows 
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of A, and interchange orders of integration in the 
above particular solution without regard for the zeros 


of Dr(iw), then 


1 pt et) 1 Op wh 
~- f dt'dw — : f —[ 
2r Dr(tw) (29)! J (2k)! 


— 


a,.e mae | 


(29) 
kt a,'e"*! 


1 ak ace 
-— f- + 
(29)! (2k)! Dr(—iw) Dr(iw) 


However, the zeros of De(iw) introduce a nonuniform 
convergence with respect to /’ and make the use of 
5(w+k) to obtain the right-hand side of Eq. (29) 
invalid. If one were to use the right-hand side of Eq. 
(29) in calculating commutators, then would 
obtain misleading contributions from the particular 
solution. 

That the particular solution should contribute 
nothing to the [R,P] commutators is just what we 
would expect from the fact that it vanishes in Eq. (27) 
in the limit /—> +2. Were we to use the right-hand 
side of Eq. (29), we would get a time-independent 
contribution to the commutators—which contradicts 
the result in the preceding sentence. 

It is now clear that the Fourier transform of the 
solution does not exist. If one initially assumed the 
existence of Fourier transforms and transformed the 
differential equations into algebraic ones, one would 
arrive at the right-hand side of Eq. (29) as a particular 
solution. However, the homogeneous solution for R(/) 
obviously has no Fourier transform, while the above 
particular solution has none either. In treating the 
harmonic oscillator, Sokolov and Tumanov’ and Norton 
and Watson® used the Fourier transform method and 
consequently arrive at misleading conclusions. We will 
return to the latter point again when we discuss the 
harmonic oscillator. 


one 


(ii) Stationary Case 


The solution of Eq. (7) is now given by 


‘ 
A=A,+Tr fev om 
&r 


[Vi—|x—x’ )+V(t4+ x—x’|)] 
x , (x) 


, 


x—X 
Upon going over to the point-charge limit and using 
Eqs. (16)-(19), we get the equation of motion 
R(t) = — (e/m)A,(0,t1)+ (1/m)P, 
the solution of which is 


t 


e 1 
R(i)= Ro— f dt’ A,(0,t')+—Prt. 
m ” 


m 
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The results regarding commutators are the same now 
as in the preceding case. 


IV. HARMONIC OSCILLATOR 
(i) Retarded Case 

We now take U(R)=43KR°. The solution of Eq. (7) 
is again given by Eq. (13). We substitute Eq. (13) 
into Eq. (5). We again adopt the defining Eqs. (16) 
(19). Upon passing to the point charge limit, the 
resulting equation of motion is 
aR _ad’R 


; — —a(K/m)R= (ea/m)dA,(0,t)/ dt, 
df* df? 


(33) 
where a=62rm/e*. The characteristic function of the 
homogeneous part of Eq. (33) is 

(34) 


Drew) =w*—aw"*—ak /m. 


A particular solution of Eq. (33) may be obtained by 
means of the Green’s function, 


1 eet 
f du — 
2x J_, Drliw) 


| 


Gr(i,t’)= 


— evnt t’) 


—_—_——_—— ; —it>0 
(two+tw+w2) (two +iw)— we) 


erwalt t’) 


€ iwe(t—t’) 
cera 
Keke ©) 


| 

a 

- | ei 

| 2wol (two+-iw1+we) 
| 


'—t<0 (35) 


where wo>0 and —w,;+iw with w,;>0 are the zeros of 
Dr(w). Gr(t,t’) satisfies 
iG R ad’G p 


— —(aK/m)Gr=s6(t—-’). 
df® dt? 


(36) 


The solution of Eq. (33) may now be written 


R (1) = Rees + Ryeo1-ien) 4 Retort iene 
e x 
+—a 


m - 


dt’ Gr(t,t’)dA,(0,t’)/dt’. (37) 


It follows from Eq. (35) that once again one cannot use 
the plane-wave decomposition for A,(x,f) and inter- 
change orders of integration in the particular solution to 
obtain the form of Sokolov and Tumanov' and Norton 
and Watson,*” namely 


foo() 


iea 1 
R(#)=—- 


m (2r)} 
aye ikt a,tet*t 

x| aan ~ | (38) 
Dr(—ik) Dp(tk) 


12 In using their Fourier transform method, Norton and Watson 
first treat the case of a finite size charge. In Dr(w), there then 
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If we now follow Dirac’s prescription" for getting rid 
of the real exponentials in Eq. (37), we are left with 
just the last term on the right hand side. But P 
= md R(t)/dt— (m/a)d?R(t)/d@+eA,(0,t). A 


tion then shows that 


calcula- 


CR(t),P() J=7} 1- 


4 (w?+ Ws") 
| (39) 


wy + 2 (w+ wo") 


Although Eq. (38) is not equivalent to the particular 
solution in Eq. (37), one can use it to calculate 
[R(#),P(t)] and obtain the same result as in Eq. (39). 
However, the two calculations are not equivalent. 
Upon using the particular solution in Eq. (37) we find 
that [R,R]J=[R@R/d?@]=0 so that [R(d),P()] 
=e[ R(t),A,(0,/) ]. A direct calculation shows that the 
preceding statement is not true if one uses Eq. (38). 

In any case Eq. (39), leads us to conclude (from the 
next paper of the series) that (within the framework of 
Ostrogradsky method") the above solutions are not 
consistent with the canonical formalism. 


(ii) Stationary Case 


Using Eq. (30) and following the procedure outlined 
above, we arrive at the equation of motion 


@R 
: +w,?R = 


é 0A,(0,0) 
(40) 
df m al 


where wo?=A/m. The characteristic function of the 


homogeneous part of Eq. (38) is 


D,(w) (41) 


=O) TF Wo", 


where the subscript s is used to indicate that D, is 
associated with stationary boundary conditions. 
Using the Green’s function 


1 x eiw(t t 
G.7)= f dw 
2r *  D,(tw) 


sinw(t—?’) 
t'—t>0 


ey 
ow) 


sinwo(t—?’) 


f—1<¥ 


09 
“<W) 


appears an integral over k space. This led them to conclude that 
Dpr(w) had only one zero. However, they overlook the fact that 
in the point-charge limit, their expression reduces to a cubic in w 
with three nonzero roots (one real, two complex). Moreover, if 
they had not taken Fourier transforms in the finite-size charge 
case, the above-mentioned integral would appear as a double 
integral over x space. Further analysis would then show that for 
sufficiently small size charge (m»<0), Dr(w) has three zeros. 
138 P. A. M. Dirac, Proc. Roy. Soc. (London) 167, 148 (1938). 
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the solution of Eq. (39) may be written 
R(¢) =——[ Roe *** + Ro*e'*] 
i 


m(2w)? 
€ " 0A,(0,t’) 
f dt’ G,(t,t’)———_. 


m . ot’ 


(43) 


Again, the particular solution on the right-hand side 
of Eq. (42) will contribute only to [R,A]. We are 
therefore led into setting 


(44) 


CR.,Ro*]=1. 


The assumption of Eq. (43) will then guarantee that 
except for [R,A ]0, all the desired commutation rules 
will be satisfied. This will enable us in the next paper 
of the series to fit the above solution into a canonical 
scheme based on the Ostrogradsky method. 


V. SUMMARY 


We have used the electric dipole approximation to 
study the problem of finding commuting solutions of 
coupled equations of motion. We pointed out that for 
a charged particle in an external radiation field, the 
solutions of the coupled equations cannot be considered 
independent in the sense of commuting with one another 
if the homogeneous solutions are assumed to have the 
commutation properties of uncoupled variables. As we 
will show in the next paper of this series, the lack of 
independence is a result of constraints in the theory. 
In that paper, we will combine the Ostrogradsky 
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method with the modified Poisson brackets of Dirac! 
to show how the theory fits into a canonical formalism. 

We have explicitly solved the case of a charged free 
particle and a charged harmonic oscillator in an 
external radiation field. We have indicated that for a 
retarded (advanced) self-field, the free particle fits into 
a canonical formalism while the oscillator does not. For 
a stationary self-field, both the free particle and the 
oscillator fit into a canonical formalism. However, we 
have shown that the Fourier transforms of the con- 
figuration space solutions (based on e'*’* and e'*‘) do 
not exist. In the latter connection, we pointed out that 
one could construct particular solutions using a plane- 
wave expansion for the free field, but those solutions 
lead to misleading contributions to the commutators. 
In fact if one takes the stationary solution for the 
self-field, the integrals appearing in the commutators 
are ambiguous and divergent. 

In the succeeding papers we will also deal with the 
problem of alternative Fourier decompositions and 
associated boundary conditions. 
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